J. Symbolic Computation (2003) 11, 1–??

REDUCED GRÖBNER BASES OF FREE DIFFERENCE-DIFFERENTIAL MODULES AND DIFFERENCE-DIFFERENTIAL DIMENSION POLYNOMIALS

ALEXANDER LEVIN^† †Department of Mathematics, The Catholic University of America, USA

(Received 28 January 1999)

We define a special type of reduction in a free left module over a ring of differencedifferential operators and develop the appropriate Gröbner basis technique that allows to determine the Hilbert function of a finitely generated difference-differential module equipped with a natural double filtration. The results obtained are applied to the study of difference-differential field extensions and systems of difference-differential equations. We prove the theorem on difference-differential dimension polynomial that generalizes both the classical Kolchin’s theorem on dimension polynomial of a differential field extension and the corresponding author’s result for difference fields. We also determine the invariants of a difference-differential dimension polynomial and consider a method of computation of the dimension polynomial associated with a system of linear differencedifferential equations.

1. Introduction

The efficiency of the classical Gröbner basis methods for the computation of Hilbert polynomials of graded and filtered modules over polynomial rings is well-known. Similar approaches have been explored in differential algebra where the theory of Gröbner bases in free modules over rings of differential operators gives methods of computation of differential dimension polynomials, see (Mikhalev and Pankratev, 1980), (Kondrateva, Pankratev, Serov, 1985), (Levin and Mikhalev, 1987), and (Kondrateva, Levin, Mikhalev, Pankratev, 1992).

The concept of differential dimension polynomial was introduced in (Kolchin, 1964) where E. Kolchin proved the theorem that lies in the foundation of the dimension theory in differential algebra. Recall that a differential field is a field L considered together with a finite set Δ = {δ_1, . . . , δ_m} of mutually commuting derivations of L. It is also called a Δ-field and the set Δ is said to be a basic set of the differential field L. A subfield K of a Δ-field L is called a differential (or Δ-) subfield of L if δ(K) ⊆ K for any δ ∈ Δ. In this case L is said to be a Δ-field extension of K. If K is a Δ-subfield of a Δ-field L and

0747–7171/90/000000 + 00 $03.00/0 © 2003 Academic Press Limited

Σ ⊆ L, then the intersection of all Δ-subfields of L containing K and Σ is the unique Δ-subfield of L containing K and Σ and contained in every Δ-subfield of L containing K and Σ. It is denoted by K⟨Σ⟩. If the set Σ is finite, Σ = {η_1, . . . , η_p}, the Δ-field L is said to be a finitely generated Δ-extension of K. In this case we write L = K⟨η_1, . . . , η_p⟩.

Let K be a differential field of zero characteristic with a basic set of derivation operators Δ = {δ_1, . . . , δ_m} and let L be a differential field extension of K generated by a finite set η = {η_1, . . . , η_p}. Furthermore, let Θ_Δ denote the free commutative semigroup generated by the set Δ and for any nonnegative integer r, let Θ_Δ(r) be the set of all elements θ = δ^{k1}_1 . . . δ^{km}_m ∈ Θ_Δ such that ∑_m i=1 k_i ≤ r. Then L = K({θη_j |θ ∈ Θ, 1 ≤ j ≤ n}) and the fields L_r = K({θη_j |θ ∈ Θ_Δ(r), 1 ≤ j ≤ n}) (r = 0, 1, 2, . . .) form an increasing sequence of subextensions of the field extension L/K. The following classical Kolchin’s theorem describes the function f(r) = trdeg_K L_r and gives some parameters of this function that characterize the Δ-extension L/K.

Theorem 1.1. With the above notation and conventions, there exists a polynomial ω_{η|K} (t) in one variable t with rational coefficients such that

(i) ω_{η|K} (r) = trdeg_K L_r for all sufficiently large r ∈ Z; (ii) deg ω_{η|K} ≤ m and ω_{η|K} (t) can be written as ω_{η|K} (t) = ∑_m i=0 a_i (_{t+i} i ) where a_0, . . . , a_m are integers;

(iii) The numbers d = deg ω_{η|K} , a_m and a_d do not depend on the choice of the system of Δ-generators η of the extension L/K (clearly, a_d ≠ a_m if and only if d < m, i. e., a_m = 0). Moreover, a_m is equal to the differential transcendence degree of L over K, i. e., to the maximal number of elements ξ_1, . . . , ξ_k ∈ L such that the set {θξ_i|θ ∈ Θ, 1 ≤ i ≤ k} is algebraically independent over K.

The polynomial ω_{η|K} (t) is called the dimensional polynomial of the Δ-field extension L/K associated with the system of Δ-generators η = {η_1, . . . , η_p}.

J. Johnson ( 1969 and 1974) showed that the differential dimension polynomial of a differential field extension coincides with the Hilbert polynomial of the filtered module of Käller differentials associated with the extension. In this connection, J. Johnson developed the technique of dimension polynomials for differential modules and applied it to the study of some classical problems of differential algebra. Various problems of differential algebra involving differential dimension polynomials were studied in (Sit, 1975), (Sit, 1978), (Johnson and Sit, 1979), (Levin and Mikhalev, 1987) and some other works.

Discussing the problems connected with the differential dimension polynomial one should mention its analytic interpretation. While developing a gravitation theory, A. Einstein ( 1953) introduced a concept of the strength of a system of differential equations as certain function of integer argument associated with the system. A. Mikhalev and E. Pankrat’ev ( 1980) showed that this function coincides with the appropriate differential dimension polynomial and found the strength of some well-known systems of partial differential equations using methods of differential algebra.

Since 1980th the Hilbert polynomial technique has been spread to difference algebra. The concept of difference dimension polynomial was introduced by the author first for difference field extension (Levin, 1978) and then for inversive difference field extensions and for difference and inversive difference modules, see (Levin, 1980, 1982, and 1985).

For the case of difference fields of zero characteristic, the main theorem on difference dimension polynomial is formulated as follows.

Theorem 1.2. Let K be a difference field of zero characteristic with a basic set σ = {α_1, . . . , α_n}, i. e., a field K considered together with a finite set σ of mutually commuting automorphisms of this field. Let Γ be the free commutative group generated by the set σ, and for any nonnegative integer r, let Γ(r) denote the set of all elements γ = α^{k1}_1 . . . α^{kn}_n ∈ Γ (k_1, . . . , k_n are some integers) such that ∑_n i=1 |k_i| ≤ r. Furthermore, let L be a difference field extension of K generated by a finite set η = {η_1, . . . , η_p}. (As a field, L = K({γ(η_i)|γ ∈ Γ, 1 ≤ i ≤ p}) ).

Then there exists a polynomial ϕ_{η|K} (t) in one variable t with rational coefficients (it is called a difference dimension polynomial of the extension L/K) such that (i) ϕ_{η|K} (r) = trdeg_K K({γ(η_j )|γ ∈ Γ(r), 1 ≤ j ≤ p}) for all sufficiently large integers r; (ii) deg ϕ_{η|K} ≤ n and the polynomial ϕ_{η|K} (t) can be written as ϕ_{η|K} (t) = ∑_n i=0 a_i2^i (_{t+i} i ) where a_0, . . . , a_n are some integers;

(iii) The degree d of the polynomial ϕ_{η|K} and the coefficients a_n and a_d do not depend on the choice of the system of σ-generators η of the extension L/K (clearly, a_d ≠ a_m if and only if d < m, that is a_m = 0). In other words, d, a_m, and a_d are difference birational invariants of the extension. Moreover, the coefficient a_m is equal to the difference transcendence degree of L over K, i. e., to the maximal number of elements ξ_1, . . . , ξ_k ∈ L such that the set {γ(ξ_i)|γ ∈ Γ, 1 ≤ i ≤ k} is algebraically independent over K.

Difference dimension polynomials play the same role in difference algebra as Hilbert polynomials in commutative algebra or differential dimension polynomial in differential algebra. In particular, the strength of a system of equations in finite differences (defined in the sense of Einstein) coincides with certain difference dimension polynomial. Difference dimension polynomials and their invariants were studied in (Balaba, 1984), (Evanovich, 1984), (Kondrateva, Pankratev, Serov, 1985), (Levin, 1978, 1980, 1982, and 1985), (Pankratev, 1989) and some other works.

In this paper we introduce a special type of reduction in a free module over a ring of difference-differential operators and develop the appropriate Gröbner basis technique that allows to prove the existence and find the approach to the computation of dimension polynomials in two variables associated with a finitely generated difference-differential field extension. The two main theorems (see Theorem 5.1 and Theorem 5.3 ) not only generalize the E. Kolchin’s and J. Johnson’s results on differential dimension polynomials and the author’s theorems on difference characteristic polynomials, but also allow to develop methods of computation of dimension polynomials associated with systems of algebraic difference-differential equations. The results of the paper give a new tool for the study of systems of algebraic differential equations with delay (in particular, they give a new approach to the study of the strength of such a system in the sense of (Einstein, 1953)).

2. Preliminaries

Throughout the paper Z, N, Z_−, and Q denote the sets of all integers, all non-negative integers, all non-positive integers, and all rational numbers, respectively. By a ring we always mean an associative ring with a unit. Every ring homomorphism is unitary (maps unit onto unit), every subring of a ring contains the unit of the ring. Unless otherwise indicated, by the module over a ring A we mean a left A-module. Every module over a ring is unitary and every algebra over a commutative ring is also unitary.

Let K be a commutative ring and let Δ = {δ_1, . . . , δ_m} and σ = {α_1, . . . , α_n} be sets of derivations and automorphisms of the ring K, respectively, such that any two elements of the set Δ ⋃ σ commute. (In other words, β(γ(x)) = γ(β(x)) for any β, γ ∈ Δ ⋃ σ, x ∈ K). Then K is said to be a difference-differential ring with the basic set of derivations Δ and the basic set of automorphisms σ. This ring is also called a Δ-σ-ring. If a Δ-σ-ring K is a field, it is called a Δ-σ-field (or a difference-differential field with the basic set Δ ⋃ σ). If K_0 is a subfield of a Δ-σ-field K such that β(x) ∈ K_0 and γ^{−1}(x) ∈ K_0 for any x ∈ K_0, β ∈ Δ ⋃ σ, γ ∈ σ, then K_0 is called a difference-differential (or Δ-σ-) subfield of K. If, in addition, Σ is a subset of K, then the intersection of all Δ-σ-subfields of K containing K_0 and Σ is the unique Δ-σ-subfield of K containing K_0 and Σ and contained in every Δ-σ-subfield of K containing K_0 and Σ. This intersection is denoted by K_0⟨Σ⟩. If K = K_0⟨Σ⟩ and the set Σ is finite, Σ = {η_1, . . . , η_p}, then K is said to be a finitely generated Δ-σ-extension of K_0 with the set of Δ-σ-generators {η_1, . . . , η_p}. In this case we write K = K_0⟨η_1, . . . , η_p⟩.

If K is a Δ-σ-ring, then Λ (or Λ(Δ, σ), if the basic sets should be specified) will denote the commutative semigroup of elements of the form

λ = δ^{k1}_1 . . . δ^{km}_m α^{l1}_1 . . . α^{ln}_n (2.1)

where k_1, . . . , k_m ∈ N and l_1, . . . , l_n ∈ Z. This semigroup contains the free commutative semigroup Θ generated by the set Δ and free commutative group Γ generated by the automorphisms of the set σ. Furthermore, the subset {α_1, . . . , α_n, α^{−1}_1 , . . . , α^{−1}_n } of Λ will be denoted by σ^∗.

By the orders of the element λ of the form (2.1) with respect to the sets Δ and σ we mean the numbers ord_Δλ = ∑_m i=1 k_i and ord_σ λ = ∑_n j=1 |l_j |, respectively; the number ord λ = ord_Δλ + ord_σ λ is called the order of λ. Furthermore, for every r, s ∈ N, Λ(r, s) will denote the set of all elements λ ∈ Λ such that ord_Δλ ≤ r and ord_σ λ ≤ s.

An ideal I of a Δ-σ-ring K is said to be a Δ-σ-ideal of K if β(x) ∈ K for any x ∈ K, β ∈ Δ ⋃ σ^∗. If Σ ⊆ K, then the smallest Δ-σ-ideal of K containing Σ is denoted by [Σ]. Clearly, this ideal is generated (as an ideal in the usual sense) by the set {λ(x)|λ ∈ Λ, x ∈ Σ}. Let K and L be two Δ-σ-rings. A ring homomorphism f : K −→ L is called a Δ-σ-homomorphism, if f(β(x)) = β(f(x)) for any x ∈ K, β ∈ Δ ⋃ σ^∗. In this case Ker f is a Δ-σ-ideal of K and conversely, if f is a ring epimorphism of a Δ-σ-ring K onto some ring L such that Ker f is a Δ-σ-ideal of K, then L has a unique structure of a Δ-σ-ring such that f is a Δ-σ-epimorphism. In particular, if I is a Δ-σ-ideal of K, then the factor ring K/I has a unique structure of a Δ-σ-ring such that the natural mapping of K onto K/I is a Δ-σ-epimorphism; in this case K/I is said to be a Δ-σ factor ring of K by I.

Let K be a Δ-σ-field. A set Σ of elements of some Δ-σ-field extension of K is said to be Δ-σ-algebraically dependent over K, if the set {λ(x)|λ ∈ Λ, x ∈ Σ} is algebraically dependent over K; otherwise, the set Σ is said to be Δ-σ-algebraically independent over K. If K is a Δ-σ-ring and Y = {y_1, . . . , y_q} is a finite set of symbols, then one can consider a polynomial ring K[{y_{i,λ}|1 ≤ i ≤ q, λ ∈ Λ}] in a denumerable set of indeterminates {y_{i,λ}} with the index set {1, . . . , q} × Λ as a Δ-σ-ring such that β(y_{i,λ}) = y_{i,βλ} for any β ∈ Δ ⋃ σ^∗. (The elements of Δ ⋃ σ^∗ act on the coefficients of the polynomials as they act in the ring K.) The Δ-σ-ring obtained is called a ring of Δ-σ-polynomials in Δ-σ-indeterminates y_1, . . . , y_q over K.

If K is a Δ-σ-ring and the semigroup Λ is as above, then an expression of the form ∑ λ∈Λ a_λλ, where a_λ ∈ K for all λ ∈ Λ and only finitely many coefficients a_λ are different from zero, is called a difference-differential (or Δ-σ-) operator over the Δ-σ-ring K. Two Δ-σ-operators ∑ λ∈Λ a_λλ and ∑ λ∈Λ b_λλ are considered to be equal if and only if a_λ = b_λ for any λ ∈ Λ.

The set of all Δ-σ-operators over a Δ-σ-ring K can be equipped with a ring structure if one set ∑ λ∈Λ a_λλ + ∑ λ∈Λ b_λλ = ∑ λ∈Λ(a_λ + b_λ)λ, a( ∑ λ∈Λ a_λλ) = ∑ λ∈Λ(aa_λ)λ, ( ∑ λ∈Λ a_λλ)μ = ∑ λ∈Λ a_λ(λμ), μa = μ(a)μ for any Δ−σ-operators ∑ λ∈Λ a_λλ, ∑ λ∈Λ b_λλ and for any elements a ∈ K, μ ∈ Λ, and extend these rules by the distibutivity. The ring obtained is called the ring of difference-differential (or Δ-σ-) operators over K, it will be denoted by D (or D_K , if the ring K should be specified).

If u = ∑ λ∈Λ a_λλ is a Δ-σ-operator over K, then the orders of u relative to the sets Δ and σ are defined as numbers ord_Δu = max{ord_Δλ|a_λ ≠ 0} and ord_σ u = max{ord_σ λ|a_λ ≠ 0}, respectively. The number ord u = ord_Δu + ord_σ u is said to be the order of the Δ-σ-operator u.

In what follows we consider D as a bifiltered ring with the bifiltration (D_{rs})_{r,s∈Z} such that D_{rs} = {u ∈ D|ord_Δu ≤ r, ord_σ u ≤ s} for any r, s ∈ N and D_{rs} = 0, if at least one of the numbers r, s is negative. Obviously, ⋃ {D_{rs}|r, s ∈ Z} = D, D_{rs} ⊆ D_{r+1,s}, D_{rs} ⊆ D_{r,s+1} for any r, s ∈ Z and D_{kl}D_{rs} = D_{r+k,s+l} for any r, s, k, l ∈ N. Definition 2.1. Let D be a ring of Δ-σ-operators over a Δ-σ-ring K. Then a left D-module M is called a difference-differential K-module or a Δ-σ-K-module. In other words, a K-module M is called a Δ-σ-K-module, if the elements of the set Δ ⋃ σ^∗ act on M in such a way that β(x + y) = β(x) + β(y), β(γ(x)) = γ(β(x)), δ(ax) = aδ(x) + δ(a)x, τ(ax) = τ(a)τ(x), and τ(τ^{−1}(x)) = x for any β, γ ∈ Δ ⋃ σ^∗, δ ∈ Δ, τ ∈ σ^∗, a ∈ K, and x ∈ M.

If K is a Δ-σ-field, a Δ-σ-K-module is called a vector Δ-σ-K-space (or a differencedifferential vetor space over K).

We say that a Δ-σ-K-module M is finitely generated, if it is finitely generated as a left D-module, i. e., M = ∑_q i=1 Dx_i for some elements x_1, . . . , x_q ∈ M. (Such elements are called generators of the Δ-σ-K-module M.)

Definition 2.2. Let K be a Δ-σ-ring and M a Δ-σ-K-module. A bisequence (M_{rs})_{r,s∈Z} of vector K-subspaces of the module M is called a bifiltration of M if the following three conditions hold:

(i) If r ∈ Z is fixed, then M_{rs} ⊆ M_{r,s+1} for all s ∈ Z and M_{rs} = 0 for all sufficiently small s ∈ Z. Similarly, if s ∈ Z is fixed, then M_{rs} ⊆ M_{r+1,s} for all r ∈ Z and M_{rs} = 0 for all sufficiently small r ∈ Z.

(ii) ⋃ {M_{rs}|r, s ∈ Z} = M. (iii) D_{kl}M_{rs} ⊆ M_{r+k,s+l} for any r, s ∈ Z; k, l ∈ N. Definition 2.3. A bifiltration (M_{rs})_{r,s∈Z} of a Δ-σ-K-module M is called excellent if every vector K-space M_{rs} (r, s ∈ Z) is finitely generated and there exist numbers r_0, s_0 ∈ Z such that D_{kl}M_{rs} = M_{r+k,s+l} for all r ≥ r_0, s ≥ s_0, k ≥ 0, and l ≥ 0.

Example 2.1. Let K be a Δ-σ-field and let M be a finitely generated vector Δ-σ-K-space with generators f_1, . . . , f_q. Then the vector K-spaces M_{rs} = ∑_q i=1 D_{rs}f_i (r, s ∈ Z) form an excellent bifiltration of the module M. This bifiltration will be called a natural bifiltration of M associated with the system of generators f_1, . . . , f_q .

Definition 2.4. Let M and N be two Δ-σ-modules over a Δ-σ-ring K. A homomorphism of K-modules f : M −→ N is called a Δ-σ-homomorphism (or difference-differential homomorphism), if f(βx) = βf(x) for any x ∈ M, β ∈ Δ ⋃ σ^∗. Surjective (respectively, injective or bijective) Δ-σ-homomorphism is called a Δ-σ-epimorphism (Δ-σ-monomorphism or Δ-σ-isomorphism, respectively).

3. Characteristic polinomials of subsets of N^m and N^m × Z^n

Definition 3.1. A polynomial f(t_1, . . . , t_p) in p variables t_1, . . . , t_p with rational coefficients is called numerical if f(r_1, . . . , r_p) ∈ Z for all sufficiently large (r_1, . . . , r_p) ∈ Z^p, i. e., there exists a n-tuple (s_1, . . . , s_p) ∈ Z^p such that f(r_1, . . . , r_p) ∈ Z for all integers r_1, . . . , r_p ∈ Z with r_i ≥ s_i (1 ≤ i ≤ p).

It is clear that any polynomial with integer coefficients is numerical. As an example of a numerical polynomial in p variables (p ≥ 1) with noninteger coefficients one can consider a polynomial (_{t1} k_1 ) . . . (_{tp} k_p ) where k_1, . . . , k_p ∈ N and at least one k_i is greater

than 1. (As usual, for any positive integer k, (_t k ) denotes the polynomial^{t(t−1)...(t−k+1)}_{k!} in one variable t; furthermore, we set (_t 0 ) = 1 and (_t k ) = 0 for any k < 0.)

If T = t^{i1}_1 . . . t^{ip}_p is a monomial in variables t_1, . . . , t_p, then the exponent i_ν (1 ≤ ν ≤ p) is said to be the degree of T with respect to t_ν , it is denoted by deg_{tν} T . By the degree (or total degree) of the monomial T we mean the number deg T = deg_{t1} T + . . . + deg_{tp} T . If f(t_1, . . . , t_p) = a_1T_1 +. . .+a_dT_d is a representation of a numerical polynomial f(t_1, . . . , t_p) as a sum of monomials with nonzero coefficients, then the degree of f(t_1, . . . , t_p) with respect to the variable t_ν (1 ≤ ν ≤ p) and its total degree are defined, respectively, as numbers deg_{tν} f = max{deg_{tν} T_j |1 ≤ j ≤ d} and deg f = max{deg T_j |1 ≤ j ≤ d}. The following theorem gives a ”canonical” representation of a numerical polynomial.

Theorem 3.1. Let f(t_1, . . . , t_p) be a numerical polynomial in p variables t_1, . . . , t_p (p ≥ 1) and let deg f = m. Then the polynomial f(t_1, . . . , t_p) can be represented in the form f(t_1, . . . , t_p) = ∑ i_1, . . . , i_p ∈ N i_1 + . . . + i_p ≤ m a_{i1 ...ip} ( t_1 + i_1

i_1 ) . . . ( t_p + i_p i_p ) (3.1)

where a_{i1...ip} are integers uniquely defined by the polynomial f(t_1, . . . , t_p).

Proof. We proceed by induction on p. For p = 1 the theorem is proved in (Kolchin, 1973, Chapter 0, Sect.17), so we can assume p > 1. By the inductive hypothesis, there exist s_1, . . . , s_p ∈ Z such that for any r_1 ≥ s_1, . . . r_{p−1} ≥ s_{p−1}, f(r_1, . . . , r_{p−1}, t_p) is a numerical polynomial in one variable t_p that can be written as f(r_1, . . . , r_{p−1}, t_p) = ∑ 0≤i_p≤d_p a_{ip} (r_1, . . . , r_{p−1}) ( t_p + i_p i_p ) , where d_p = deg_{tp} f and a_{ip} (t_1, . . . , t_{p−1}) (1 ≤ i_p ≤ d_p) are uniquely defined numerical polynomials of degree less than or equal to m − d_p (since deg (_{tp+ip} i_p ) = i_p for i_p = 0, 1, . . . , d_p). Applying the inductive hypothesis once again we can write every numerical polynomial a_{ip} (t_1, . . . , t_{p−1}) as a_{ip} (t_1, . . . , t_{p−1}) = ∑ i_1, . . . , i_{p−1} ∈ N i_1 + . . . + i_{p−1} ≤ m − i_p a_{i1 ...ip−1 ip} ( t_1 + i_1 i_1 ) . . . ( t_{p−1} + i_{p−1} i_{p−1} )

where a_{i1 ...ip−1 ip} ∈ Z for all indices i_1, . . . , i_p that appear in the sum. Therefore, f(t_1, . . . , t_p) = ∑ 0≤i_p ≤d_p ∑ i_1, . . . , i_{p−1} ∈ N i_1 + . . . + i_{p−1} ≤ m − i_p a_{i1...ip−1ip} ( t_1 + i_1

i_1 ) . . . ( t_{p−1} + i_{p−1} i_{p−1} ) ( t_p + i_p i_p ) =

∑ i_1, . . . , i_{p−1} ∈ N 0 ≤ i_p ≤ d_p, i_1 + . . . + i_{p−1} ≤ m − i_p a_{i1 ...ip} p∏ j=1 ( t_j + i_j i_j ) =

∑ i_1, . . . , i_p ∈ N i_1 + . . . + i_p ≤ m a_{i1 ...ip} p∏ j=1 ( t_j + i_j i_j ) .

(Clearly, in the last sum we have a_{i1 ...ip} = 0 for all multi-indices (i_1, . . . , i_p) such that i_p > d_p.) This completes the proof. □ In what follows (until the end of the section) we deal with subsets of N^m and N^m ×Z^n where m and n are positive integers. We consider N^m as an ordered set relative to the product order ≤ such that (i_1, . . . , i_m) ≤ (j_1, . . . , j_m) if and only if i_ν ≤ j_ν for ν = 1, . . . , m. (There are no problems with the using the same symbol for the product order on N^m and the natural order on N.)

Let us fix a partition

N_m = Ω_1 ⋃ . . . ⋃ Ω_p (3.2)

of the set N_m = {1, . . . , m} into p disjoint subsets (p ∈ N, p ≥ 1), and let us associate with any set A ⊆ N^m the family of its subsets {A(s_1, . . . , s_p)|s_1, . . . , s_p ∈ N} such that A(s_1, . . . , s_p) = {(i_1, . . . , i_m) ∈ A| ∑ ν∈Ω_1 iν ≤ s1, . . . , ∑ ν∈Ω_p iν ≤ sp} for any s_1, . . . , s_p ∈ N. Furthermore, for any A ⊆ N^m, let V_A denote the set of all elements v = (v_1, . . . , v_m) ∈ N^m such that v does not exceed any element of A with respect to the product order. (In other words, v ∈ V_A if and only if there is no element (i_1, . . . , i_m) ∈ A such that i_j ≤ v_j for j = 1, . . . , m.)

The following result is proved in (Kondrateva, Levin, Mikhalev, Pankratev, 1992).

Theorem 3.2. With the above notation, for any set A ⊆ N^m, there exists a numerical polynomial ω_A(t_1, . . . , t_p) in p variables t_1, . . . , t_p such that

(i) ω_A(r_1, . . . , r_p) = Card V_A(r_1, . . . , r_p) for all sufficiently large (r_1, . . . , r_p) ∈ N^p;

(ii) deg ω ≤ m and deg_{tj} ω ≤ k_j where k_j denotes the number of elements of the set Ω_j (j = 1, . . . , p);

(iii) deg ω = m if and only if the set A is empty, in this case ω_A(t_1, . . . , t_p) = p∏ j=1 ( t_j + k_j k_j ) ; (iv) ω_A(t_1, . . . , t_p) = 0 if and only if (0, . . . , 0) ∈ A.

Definition 3.2. The polynomial ω_A(t_1, . . . , t_p), whose existence is established by Theorem 3.2, is called the characteristic or dimension polynomial of the set A associated with the partition (3.2) of N_m.

Now we are going to define dimension polynomials of subsets of N^m × Z^n (m, n ∈ N). First of all, we introduce some analog of the product order on the set N^m ×Z^n as follows. Let us consider the set Z^n as a union

Z^n = ⋃ 1≤j≤2^n Z^{(n)}_j (3.3)

where Z^{(n)}_1 , . . . , Z^{(n)}_2n are all different Cartesian products of n sets each of which is either N or Z_−. We assume that Z^{(n)}_1 = N^n and call Z^{(n)}_j the jth ortant of the set Z^n (1 ≤ j ≤ 2^n). Furthermore, we consider N^m ×Z^n as a partially ordered set with the order ⊴ such that (e_1, . . . , e_m, f_1, . . . , f_n) ⊴ (e^′_1, . . . , e^′_m, f^′_1, . . . , f^′_n) if and only if (f_1, . . . , f_n) and (f^′_1, . . . , f^′_n) belong to the same ortant Z^{(n)}_k (1 ≤ k ≤ 2^n) and the (m + n)-tuple (e_1, . . . , e_m, |f_1|, . . . , |f_n|) is less than (e^′_1, . . . , e^′_m, |f^′_1|, . . . , |f^′_n|) with respect to the product order on N^{m+n}.

The following lemma gives some combinatorial formulas that will be used below

Lemma 3.1. For any positive integer m and for any r ∈ N, let g_0(m, r) and g(m, r) denote the numbers of solutions (x_1, . . . , x_m) ∈ N^m of the equation x_1 + . . . + x_m = r and the inequality x_1 + . . . + x_m ≤ r, respectively.

Furthermore, let h_0(m, r) and h(m, r) denote the numbers of solutions (y_1, . . . , y_m) ∈ Z^m of the equation |y_1|+. . .+|y_m| = r and the inequality |y_1|+. . .+|y_m| ≤ r, respectively. Then

g_0(m, r) = ( m + r − 1 m − 1 ) , (3.4)

g(m, r) = ( m + r m ) , (3.5)

h_0(m, r) = m∑ i=0 2^i ( m i )( r − 1 i − 1 ) , (3.6)

h(m, r) = m∑ i=0 2^i ( m i )( r i ) = m∑ i=0 ( m i )( r + i m ) = m∑ i=0 (−1)^{m−i}2^i ( m i )( r + i i ) . (3.7)

(As usual, we assume that (_s i ) = 0, if i < 0 or i > s.)

Proof. For the proof of formulas (3.5) and (3.6) see (Stanley, 1997, Section 1.2). In order to prove (3.6), notice, first, that the number of m-tuples (x_1, . . . , x_m) ∈ N^m such that x_i > 0 (1 ≤ i ≤ m) and x_1 + . . . + x_m = r, is equal to (_{r−1} m−1 ) . (Indeed, the mapping (x_1, . . . , x_m) −→ (x_1 − 1, . . . , x_m − 1) gives one-to-one correspondence between such mtuples and the solutions (x^′_1, . . . , x^′_m) ∈ N^m of the equation x_1 + . . . + x_m = r − m, so the desired formula follows from (3.4).)

It follows that the number of m-tuples (x_1, . . . , x_m) ∈ N^m such that x_1 + . . . + x_m = r and all coordinates, except of x_{k1} , . . . , x_{ki} (1 ≤ i ≤ m, 1 ≤ k_1, . . . , k_i ≤ m), vanish, is equal to (_{r−1} i−1 ) . Therefore, the number of m-tuples (x_1, . . . , x_m) ∈ Z^m such that |x_1|+. . .+ |x_m| = r and all coordinates, except of x_{k1} , . . . , x_{ki} vanish, equals 2^i (_{r−1} i−1 ) , whence there are precisely (_m i ) 2^i (_{r−1} i−1 ) elements (y_1, . . . , y_m) ∈ Z^m such that ∑_m i=1 |y_i| = r and exactly i coordinates are different from zero (i = 10, 1, . . . , m). Thus, h_0(m, r) = ∑_m i=0 2^i (_m i )(_{r−1} i−1 ) . The first of the equalities (3.8) follows from the fact that h(m, r) = ∑_r j=0 h_0(m, r) = ∑_r j=0 ∑_m i=0 2^i (_m i )(_{j−1} i−1 ) = ∑_m i=0 2^i (_m i ) ∑_r j=0 (_{j−1} i−1 ) . Since ∑_r j=0 (_{j−1} i−1 ) = (_r i ) (see, for example, (Riordan, 1968, Section 1.3, (1))), we obtain that h(m, r) = ∑_m i=0 2^i (_m i )(_r i ) . The other equalities in (3.8) immediately follow from the corresponding combinatorial identities (see, for example, (Tomescu, 1985, 1.6(d, e))). □

In what follows, for any set A ⊆ N^m × Z^n, W_A will denote the set of all elements of N^m × Z^n that do not exceed any element of A with respect to the order ⊴. (Thus, w ∈ W_A if and only if there is no element a ∈ A such that a ⊴ w.) Furthermore, for any r, s ∈ N, A[r, s] will denote the set of all elements x = (x_1, . . . , x_m, x^′_1, . . . , x^′_n) ∈ A such that ∑_m i=1 x_i ≤ r and ∑_n j=1 |x^′_j | ≤ s. Let us fix the partition

N_{m+2n} = Ω_1 ⋃ Ω_2 (3.8)

of the set N_{m+2n} = {1, . . . , m+2n} such that Ω_1 = {1, . . . , m} and Ω_2 = {m+1, . . . , m+ 2n}. As above, for any set C ⊆ N^{m+2n} and for any r, s ∈ N, C(r, s) will denote the set of all elements (c_1, . . . , c_{m+2n}) ∈ N^{m+2n} such that ∑_m i=1 c_i ≤ r and ∑_{m+2n} i=m+1 ci ≤ s. The following statement gives some properties of the mapping ρ : N^m ×Z^n −→ N^{m+2n} defined by the condition ρ((e_1, . . . , e_m, f_1, . . . , f_{m+n})) = (e_1, . . . , e_m, max{f_1, 0}, . . . , max{f_n, 0}, max{−f_1, 0}, . . . , max{−f_n, 0}). Lemma 3.2. Let A be a subset of N^m × Z^n. Then for any r, s ∈ N, Card A[r, s] = Card ρ(A)(r, s) and ρ(W_A) = V_{ρ(A)} ⋂ ρ(N^m × Z^n).

Proof. First of all, notice that the mapping ρ is injective. Indeed, if ρ((e_1, . . . , e_m, f_1, . . . , f_{m+n})) = (a_1, . . . , a_{m+2n}), then a_1, . . . , a_{m+2n} uniquely determine the coordinates e_1, . . . , e_m, f_1, . . . , f_{m+n}, since e_i = a_i (1 ≤ i ≤ m), |f_j | = max{a_{m+j} , a_{m+n+j} } = a_{m+j} + a_{m+n+j} (1 ≤ j ≤ n), and the inequality a_j > 0 implies f_j > 0 while the equality a_j = 0 implies f_j ≤ 0.

Now, if ρ((e_1, . . . , e_m, f_1, . . . , f_{m+n})) = (a_1, . . . , a_{m+2n}), then ∑_m i=1 e_i = ∑_m i=1 a_i and ∑_n j=1 |f_i| = ∑_n j=1(a_{m+j} + a_{m+n+j} ) = ∑_{m+2n} i=m+1 ai, whence

ρ(A[r, s]) = ρ(A)(r, s). Furthermore, for any two elements u, v ∈ N^m × Z^n, the inequality u ⊴ v is equivalent to the inequality ρ(u) ≤ ρ(v) whence ρ(W_A) = V_{ρ(A)} ⋂ ρ(N^m × Z^n). □

Definition 3.3. A set V ⊆ N^m is called an initial subset of N^m if the inclusion v ∈ V implies that v^′ ∈ V for any element v^′ ∈ N^m such that v^′ ≤ v. Similarly, a set W ⊆ Z^n is called an initial subset of Z^n if the inclusion w ∈ W implies w^′ ∈ W for any w^′ ∈ Z^n such that w^′ ⊴ w.

Let us consider the set N^m × N_q (m, q ∈ N, m ≥ 1, q ≥ 1) as an ordered set with respect to the product order ≤: (a_1, . . . , a_m, b) ≤ (a^′_1, . . . , a^′_m, b^′) if and only if a_i ≤ a^′_i for all i = 1, . . . , m and b ≤ b^′. The proof of the following statement can be found in (Kolchin, 1973, Ch.0, Sect.17).

Lemma 3.3. Every infinite sequence of elements of N^m ×N_q has an infinite subsequence, strictly increasing relative to the product order, in which every element has the same projection on N_q .

Lemma 3.4. A set V ⊆ N^m is an initial subset of N^m if and only if there exists a finite set A ⊆ N^m such that V = V_A. Similarly, a set W ⊆ N^m × Z^n is an initial subset of N^m × Z^n if and only if there exists a finite set B ⊆ N^m × Z^n such that W = W_B .

Proof. Let us prove the first statement of the lemma (the proof of the second statement is similar). Clearly, if A ⊆ N^m, then V_A is an initial subset of N^m. Conversely, let V be an initial subset of N^m and let A be the set of all minimal elements of N^m \ V with respect to the product order. It follows from Lemma 3.3 (where one should set n = 1) that the set A is finite. Furthermore, the inclusion x ∈ N^m \ V is equivalent to the fact that there exists x^′ ∈ A such that x^′ ≤ x, i. e., x /∈ V_A. Thus, V = V_A. □

Lemma 3.5. Let W be an initial subset of N^m × Z^n. Then ρ(W ) is an initial subset of N^{m+2n}.

Proof. By Lemma 3.4, there exists a finite subset B ⊆ N^m × Z^n such that W = W_B . Furthermore, by Lemma 3.2, ρ(W ) = ρ(W_B ) = V_{ρ(B)} ⋂ ρ(N^m × Z^n). Since the intersection of the initial subsets of N^{m+2n} is, clearly, an initial subset of N^{m+2n}, it remains to notice that ρ(N^m × Z^n) is an initial subset of N^{m+2n}. Indeed, an element (a_1, . . . , a_{m+2n}) ∈ N^{m+2n} belongs to ρ(N^m × Z^n) if and only if a_{m+i}a_{m+n+i} = 0 for i = 1, . . . , n. Therefore, if a = (a_1, . . . , a_{m+2n}) ∈ N^{m+2n} belongs to ρ(N^m × Z^n), then for any b ∈ N^{m+2n}, the inequality b ≤ a implies b ∈ ρ(N^m × Z^n). □

Theorem 3.3. Let A be a subset of N^m × Z^n. Then there exists a numerical polynomial ϕ_A(t_1, t_2) in two variables t_1 and t_2 with the following properties.

(i) ϕ_A(r, s) = Card W_A[r, s] for all sufficiently large (r, s) ∈ N^2. (ii) deg ϕ ≤ m + n, deg_{t1} ϕ ≤ m, and deg_{t2} ϕ ≤ n. (iii) Let B = ρ(A) ⋃ {e_1, . . . , e_n} where e_i (1 ≤ i ≤ n) is a (m + 2n)-tuple from N^{m+2n} whose (m + i)th and (m + n + i)th coordinates are equal to 1 and all other coordinates are equal to 0. Then ϕ_A(t_1, t_2) = ω_B (t_1, t_2) where ω_B(t_1, t_2) is the dimension polynomial of the set B (see Definition 3.2) associated with the partition (3.8) of the set N_{m+2n}.

(iv) If A = ∅, then deg ϕ_A = m + n. In this case, ϕ_A(t_1, t_2) = (_{t1 +m} m ) ∑_n i=0(−1)^{n−i}2^i (_n i )(_{t2+i} i ) . (v) ϕ_A(t_1, t_2) = 0 if and only if (0, . . . , 0) ∈ A.

Proof. By Lemma 3.5, ρ(W_A) is an initial subset of N^{m+2n}, and by Lemma 3.4, there exists a set B ⊆ N^{m+2n} such that ρ(W_A) = V_B . Therefore (see Lemma 3.2), Card W_A[r, s] = Card V_B (r, s) for all r, s ∈ N. Applying Theorem 3.2 we obtain that there exists a numerical polynomial ϕ_A(t_1, t_2) that satisfies conditions (i) and (ii) of our theorem.

It follows from the proof of Lemma 3.4 that a set C with the property ρ(W_A) = V_C can be chosen as the set of all minimal (with respect to the product order) elements of the set N^{m+2n} \ ρ(W_A) = N^{m+2n} \ (V_{ρ(A)} ⋂ ρ(N^m × Z^n)) = (N^{m+2n} \ V_{ρ(A)}) ⋃ (N^{m+2n} \ ρ(N^m × Z^n)). Furthermore, all minimal elements of the set N^{m+2n} \ V_{ρ(A)} are contained in ρ(A) and any element a ∈ N^{m+2n} \ ρ(N^m × Z^n) exceeds some e_i (1 ≤ i ≤ n) with respect to the product order (since a /∈ ρ(N^m × Z^n), there exists an index j (1 ≤ j ≤ n) such that both (m + j)th and (m + n + j)th cordinates of a are positive). Thus, the set B = ρ(A) ⋃ {e_1, . . . , e_n} satisfies the condition ρ(W_A) = V_B whence ϕ_A(t_1, t_2) = ω_B (t_1, t_2).

If A = ∅, then for any r, s ∈ N, W_A[r, s] = {(e_1, . . . , e_m, f_1, . . . , f_n) ∈ N^m×Z^n| ∑_m i=1 e_i ≤ r and ∑_n j=1 |f_j | ≤ s}. By Lemma 3.1, Card W_A[r, s] = g(m, r)h(n, s) = (_{r+m} m ) ∑_n i=0(−1)^{n−i}2^i (_n i )(_{s+i} i ) . Finally, it remains to note that the inclusion (0, . . . , 0) ∈ A is equivalent to the equality W_A = ∅, i. e., to the equality ϕ_A(t_1, t_2) = 0. □

Definition 3.4. The polynomial ϕ_A(t_1, t_2) whose existence is established by Theorem 3.3, is called the N-Z-characteristic or N-Z-dimension polynomial of the set A ⊆ N^m × Z^n.

4. Reduction in finitely generated free Δ-σ-modules

Let K be a difference-differential field with a basic set of derivations Δ = {δ_1, . . . , δ_m} and a basic set of automorphisms σ = {α_1, . . . , α_n}, let D denote the ring of Δ-σ-operators over K, and let F be a finitely generated free left D-module with free generators f_1, . . . , f_q. (Using the ”difference-differential” terminology introduced in section 2, one can say that F is a free difference-differential (or Δ-σ-) K-module with the set of free Δ-σ-generators {f_1, . . . , f_q}.) Then F can be considered as a vector K-space generated by the set of all elements of the form λf_i (1 ≤ i ≤ q) where λ is an element of the form (2.1) from the semigroup Λ (we use the notation and conventions of section 2). This set will be denoted by Λf and its elements will be called terms. For any term λf_i, the element λ will be called the head of the term.

It is clear that the set Λf is linearly independent over K and every element f ∈ D has a unique representation as a linear combination of terms:

f = a_1λ_1f_{i1} + . . . + a_dλ_1f_{id} (4.1)

for some nonzero elements a_j ∈ K and some λ_j ∈ Λ (1 ≤ j ≤ d). We say that the element f contains a term λ_k f_k, if this term appears in the representation (4.1) with nonzero coefficient.

We define the orders of a term λf_j ∈ Λf relative to the sets Δ and σ as the appropriate orders of the element λ: ord_Δ(λf_j ) = ord_Δλ and ord_σ (λf_j ) = ord_σ λ. The number ord (λf_j ) = ord_Δ(λf_j ) + ord_σ (λf_j ) is said to be the order of the term λf_j .

In what follows, we assume that a representation (3.3) of the set Z^n as a union of 2^n ortants is fixed. Two elements λ_1 = δ^{k1}_1 . . . δ^{km}_m α^{l1}_1 . . . α^{ln}_n and λ_2 = δ^{r1}_1 . . . δ^{rm}_m α^{s1}_1 . . . α^{sn}_n from Λ are called similar, if the n-tuples (l_1, . . . , l_n) and (s_1, . . . , s_n) belong to the same ortant of Z^n. Two terms u = λ_1f_i and v = λ_2f_j (λ_1, λ_2 ∈ Λ, 1 ≤ i, j ≤ q) are said to be similar, if the elements λ_1 and λ_2 are similar.

An element λ_1 = δ^{k1}_1 . . . δ^{km}_m α^{l1}_1 . . . α^{ln}_n ∈ Λ is said to be a multiple of an element λ_2 = δ^{r1}_1 . . . δ^{rm}_m α^{s1}_1 . . . α^{sn}_n ∈ Λ, if the elements are similar, r_ν ≤ k_ν for ν = 1, . . . , m, and |s_μ| ≤ |l_μ| for μ = 1, . . . , n. In this case we write λ_2|λ_1. It is clear that λ_1 is a multiple of λ_2 if and only if these elements are similar and there exists λ^′ ∈ Λ such that λ^′ is similar to λ_1 (and λ_2) and λ_1 = λ^′λ_2.

A term u = λ_1f_i is said to be a multiple of a term v = λ_2f_j (λ_1, λ_2 ∈ Λ, 1 ≤ i, j ≤ q) if i = j and λ_1 is a multiple of λ_2. In this case we write v|u. (Obviously, v|u if the terms u and v are similar and there exists λ ∈ Λ such that λ is similar to λ_1 (and λ_2) and u = λv.) Below we consider two orders <_Δ and <_σ on the set of all terms Λf that are defined as follows: if u = δ^{k1}_1 . . . δ^{km}_m α^{l1}_1 . . . α^{ln}_n f_i, v = δ^{r1}_1 . . . δ^{rm}_m α^{s1}_1 . . . α^{sn}_n f_j ∈ Λf, then u <_Δ v (u <_σ v) if and only if the (m + 2n + 3)-tuple (ord_Δu, ord_σ u, i, k_1, . . . , k_m, |l_1|, . . . |l_n|, l_1, . . . , l_n) is less than (ord_Δv, ord_σ v, j, r_1, . . . , r_m, |s_1|, . . . |s_n|, s_1, . . . , s_n) (respectively, (ord_σ u, ord_Δu, i, k_1, . . . , k_m, |l_1|, . . . |l_n|, l_1, . . . , l_n) is less than (ord_σ v, ord_Δv, j, r_1, . . . , r_m, |s_1|, . . . |s_n|, s_1, . . . , s_n)) relative to the lexicographic order on N^{m+n+3} × Z^n. It is easy to see that the set Λf is well-ordered with respect to each of the orders <_Δ, <_σ .

Definition 4.1. Let f be an element of the free Δ-σ-K-module F written in the form (4.1) and let λ_kf_{ik} and λ_lf_{il} be the greatest terms of the set {λ_1f_{i1} , . . . , λ_df_{id} } relative to the orders <_Δ and <_σ, respectively. Then the terms λ_kf_{ik} and λ_lf_{il} are called the Δ-leader and σ-leader of the element f; they are denoted by u_f and v_f , respectively.

Definition 4.2. Let f and g be two elements of the free Δ-σ-K-module F . The element f is said to be reduced (or Δ-reduced) with respect to g if f does not contain any multiple λv_g (λ ∈ Λ) of the σ-leader v_g such that ord_Δ(λu_g ) ≤ ord_Δu_f . An element h ∈ E is said to be reduced with respect to a set Σ ⊆ E, if h is reduced with respect to every element of the set Σ.

Definition 4.3. A subset Σ of the free Δ-σ-K-module F is called autoreduced if every element of Σ is reduced with respect to any other element of this set.

The following statement is the direct consequence of Lemma 3.3.

Lemma 4.1. Let F be the free Δ-σ-K-module considered above and let S be an infinite sequence of terms from the set Λf. Then there exists an index j (1 ≤ j ≤ q) and an infinite subsequence λ_1f_j , λ_2f_j , . . . , λ_kf_j , . . . of the sequence S such that λ_k|λ_{k+1} for all k = 1, 2, . . ..

Theorem 4.1. Every autoreduced subset of the free Δ-σ-K-module F is finite.

Proof. Let Σ be an autoreduced subset of F . First of all, note that if f, g ∈ Σ and f ≠ g, then v_f ≠ v_g. Indeed, since the elements f and g are reduced with respect to each other, the equality v_f = v_g would imply that ord_Δu_g < ord_Δu_f and ord_Δu_f < ord_Δu_g at the same time.

Suppose that our autoreduced set Σ is infinite. Then the set V = {v_h|h ∈ Σ} is infinite and it does not contain two equal elements. By Lemma 4.1, there exists an infinite sequence

v_{h1} , v_{h2} , . . . (4.2)

of elements of V such that v_{hi} |v_{hi+1} for all i = 1, 2, . . ., i.e., any two elements of the sequence are similar, and v_{hi+1} = λ_iv_{hi} for some element λ_i ∈ Λ (i = 1, 2, . . .) which is similar to the head of v_{hi} (and v_{hi+1} ). Let k_i = ord_Δv_{hi} and l_i = ord_Δu_{hi} (i = 1, 2, . . .). It is clear that if l_{i+1}−l_i ≥ k_{i+1}−k_i for some index i, then h_{i+1} is not reduced with respect to h_i, so we should have l_{i+1} −l_i < k_{i+1} −k_i for all i = 1, 2 . . .. Therefore, l_{i+1} −k_{i+1} < l_i −k_i for all i = 1, 2, . . . that contradicts the fact that l_i ≥ k_i for i = 1, 2, . . .. This completes the proof. □

Theorem 4.2. Let Σ = {g_1, . . . , g_r} be an autoreduced subset of the free Δ-σ-K-module F and let f ∈ F . Then there exists an element g ∈ F such that f − g = ∑_r i=1 Q_ig_i for some Δ-σ-operators Q_1, . . . , Q_r ∈ D and g is reduced with respect to the set Σ.

Proof. If f is reduced with respect to Σ, the statement is obvious (one can set g = f). Suppose that f is not reduced with respect to Σ. Let u_i and v_i be the leaders of the element g_i relative to the orders <_Δ and <_σ , respectively, and let a_i be the coefficient of the term v_i in g_i (i = 1, . . . , r). In what follows, a term w_h, that appears in an element h ∈ F , will be called a Σ-leader of h if w_h is the greatest (with respect to the order <_σ) term among all terms λv_j (λ is an element of Λ similar to the head of v_j , 1 ≤ j ≤ r) that appear in h and satisfy the condition ord_Δ(λu_j ) ≤ ord_Δu_h. (As above, u_h and v_h denote the leaders of the element h relative to the orders <_Δ and <_σ, respectively).

Let w_f be the Σ-leader of the element f and let c_f be the coefficient of w_f in f. Then w_f = λv_j for some λ ∈ Λ, λ is similar to the head of w_f , and for some j (1 ≤ j ≤ r) such that ord_Δ(λu_j ) ≤ ord_Δu_f . Without loss of generality we may assume that j corresponds to the maximum (with respect to the order <_σ) σ-leader v_j in the set of all σ-leaders of elements of Σ. Let us consider the element f^′ = f −^{cf}_{aj} λg_j . Obviously, f^′ does not contain w_f and ord_Δ(u_f ′ ) ≤ ord_Δu_f . Furthermore, f^′ cannot contain any term of the form λ^′v_i (λ^′ ∈ Λ, λ^′ is similar to the head of v_i (1 ≤ i ≤ r), that is greater than w_f (with respect to <_σ) and satisfies the condition ord_Δ(λ^′u_i) ≤ ord_Δu_f ′ . Indeed, if the last inequality holds, then ord_Δ(λ^′u_i) ≤ ord_Δu_f , so that the term λ^′v_i cannot appear in f. This term cannot appear in λg_j either, since v_{λgj} = λv_j = w_f <_σ λ^′v_i. Thus, λ^′v_i cannot appear in f^′, whence the Σ-leader of f^′ is strictly less (with respect to the order <_σ) than the Σ-leader of f. Applying the same procedure to the element f^′ and continuing in the same way, we obtain an element g ∈ E such that f − g is a linear combination of elements g_1, . . . , g_r with coefficients from D and g is reduced with respect to Σ. This completes the proof. □

The process of reduction described in the proof of the last theorem can be realized by the following algorithm (that can be used for the reduction with respect to any finite set of elements of the free Δ-σ-K-module F ). The symbol lc_σ(g) (g ∈ F ) denotes the coefficient of the σ-leader v_g of the Δ-σ-operator g, D denotes the ring of Δ-σ-operators over K.

Algorithm 4.1. (f, r, g_1, . . . , g_r; g)

Input: f ∈ F , a positive integer r, Σ = {g_1, . . . , g_r} ⊆ F where g_i ≠ 0 for i = 1, . . . , r Output: Element g ∈ F and elements Q_1, . . . , Q_r ∈ D such that

g = f − (Q_1g_1 + . . . + Q_rg_r) and g is reduced with respect to Σ Begin Q_1 := 0, . . . , Q_r := 0, g := f While there exist i, 1 ≤ i ≤ r, and a term w, that appears in g with a nonzero coefficient c(w), such that v_{gi} |w and ord_Δ(^w_{vgi} v_{ui} ) ≤ ord_Δv_g do z:= the greatest (with respect to <_σ) of the terms w that satisfy the above conditions.

j:= the smallest number i for which v_{gi} is the greatest (with respect to <_σ) σ-leader of an element g_i ∈ Σ such that v_{gi} |z and ord_Δ(^z_{vgi} u_{gi} ) ≤ ord_Δu_g. λ_j := λ_j +^{c(z)z}_{lcσ (gj )vgj} g := g −^{c(z)z} lc_σ (g_j )v_{gj} gj End Definition 4.4. Let f and g be two elements of the free Δ-σ-K-module F . We say that the element f has lower rank than g and write rk(f) < rk(g) if either v_f <_σ v_g or v_f = v_g and u_f <_Δ u_g. If v_f = v_g and u_f = u_g , we say that f and g have the same rank and write rk(f) = rk(g).

In what follows, while considering autoreduced subsets of the free Δ-σ-K-module F , we always assume that their elements are arranged in order of increasing rank. (Therefore, if we consider an autoreduced set Σ = {h_1, . . . , h_r} ⊆ E, then rk(h_1) < . . . < rk(h_r)).

Definition 4.5. Let Σ = {h_1, . . . , h_r} and Σ^′ = {h^′_1, . . . , h^′_s} be two autoreduced subsets of the free Δ-σ-K-module F . An autoreduced set Σ is said to have lower rank than Σ^′ if one of the following two cases holds:

(1) There exists k ∈ N such that k ≤ min{r, s}, rk(h_i) = rk(h^′_i) for i = 1, . . . , k − 1 and rk(h_k ) < rk(h^′_k ).

(2) r > s and rk(h_i) = rk(h^′_i) for i = 1, . . . , s.

If r = s and rk(h_i) = rk(h^′_i) for i = 1, . . . , r, then Σ is said to have the same rank as Σ^′.

Theorem 4.3. In every nonempty set of autoreduced subsets of the free Δ-σ-K-module F there exists an autoreduced subset of lowest rank.

Proof. Let Φ be any nonempty set of autoreduced subsets of F . Define by induction an infinite descending chain of subsets of Φ as follows: Φ_0 = Φ, Φ_1 = {Σ ∈ Φ_0|Σ contains at least one element and the first element of Σ is of lowest possible rank},

. . . , Φ_k = {Σ ∈ Φ_{k−1}|Σ contains at least k elements and the kth element of Σ is of lowest possible rank}, . . . . It is clear that if a set Φ_k is nonempty, then kth elements of autoreduced sets from Φ_k have the same σ-leader v_k and the same Δ-leader u_k. If Φ_k were nonempty for all k = 1, 2, . . ., then the set {f_k|f_k is the kth element of some autoreduced set from Φ_k} would be an infinite autoreduced set, and this would contradict Theorem 4.1. Therefore, there is the smallest k such that Φ_k is empty.(Since, Φ_0 = Φ is nonempty, k > 0). It is clear that every element of Φ_{k−1} is an autoreduced subset in Φ of lowest rank. □

Definition 4.6. Let N be a Δ-σ-submodule of the free Δ-σ-K-module F (i. e., N is a D-submodule of F where D, as usual, denotes the ring of Δ-σ-operators over K). Then an autoreduced subset of N of lowest rank is called a reduced Gröbner basis of the module N. Theorem 4.4. Let N be a Δ-σ-submodule of the free Δ-σ-K-module F and let Σ = {g_1, . . . , g_r} be a reduced Gröbner basis of N. Then an element f ∈ N is reduced with respect to Σ if and only if f = 0.

Proof. Suppose that f is a nonzero element of N reduced with respect to Σ. If rk(f) < rk(g_1), then the autoreduced set {f} has lower rank than Σ. If rk(g_1) < rk(f) (f and g_1 cannot have the same rank, since f is reduced with respect to Σ), then f and the elements g ∈ Σ that have lower rank than f form an autoreduced set that has lower rank than Σ. In both cases we arrive at the contradiction with the fact that Σ is a reduced Gröbner basis of N. □

Theorem 4.5. Let N be a Δ-σ-submodule of the free Δ-σ-K-module F and let Σ = {g_1, . . . , g_r} be a reduced Gröbner basis of N. Then the elements g_1, . . . , g_r generate the Δ-σ-module N.

Proof. Let f be any element of N. By Theorem 4.2, there exist elements Q_1, . . . , Q_r ∈ D and an element f^′ ∈ F such that f^′ is reduced with respect to Σ and f − f^′ = ∑_r i=1 Q_ig_i.

Therefore, f^′ ∈ N, and Theorem 4.4 shows that f^′ = 0, whence f = ∑_r i=1 Q_ig_i. □

Theorem 4.6. Let Σ_1 = {g_1, . . . , g_r} and Σ_2 = {h_1, . . . , h_s} be two reduced Gröbner bases of some Δ-σ-submodule N of the free Δ-σ-K-module F . Furthermore, suppose that the coefficients of the σ-leaders of all elements of these Gröbner bases are equal to 1. Then r = s and g_i = h_i for all i = 1, . . . , r.

Proof. Since Σ_1 and Σ_2 are two autoreduced sets of the same (lowest possible) rank, r = s, u_{gi} = u_{hi} , and v_{gi} = v_{hi} for i = 1, . . . , r. Suppose that there exists i, 1 ≤ i ≤ r, such that g_i ≠ h_i. Setting f_i = g_i − h_i we obtain that v_{fi} <_σ v_{gi} (since the coefficients of v_{gi} in g_i and h_i are equal to 1), u_{fi} ≤_Δ u_{gi} , and f_i is reduced with respect to any element g_j (1 ≤ j ≤ r). Indeed, suppose that f_i contains a multiple λv_{gj} of some σ-leader v_{gj} such that ord_Δ(λu_{gj} ) ≤ ord_Δu_{fi} (obviously, f_i is reduced with respect to g_i, so we can assume that j ≠ i). Then at least one of the elements g_i, h_i must contain λv_{gj} and ord_Δ(λu_{gj} ) ≤ ord_Δu_{fi} ≤ ord_Δu_{gi} = ord_Δu_{hi} that contradicts the fact that the sets Σ_1 and Σ_2 are autoreduced. Now, Theorem 4.4 shows that f_i = 0 whence g_i = h_i. This completes the proof. □

Theorem 4.7. Let K be a Δ-σ-field, D the ring of Δ-σ-operators over K, and M a finitely generated Δ-σ-K-module with a system of generators {h_1, . . . , h_q}. Let F be a free Δ-σ-K-module with a basis f_1, . . . , f_q, and π : F −→ M the natural Δ-σ-epimorphism of F onto M (π(f_i) = h_i for i = 1, . . . , q). Furthermore, let N = Ker π and let Σ = {g_1, . . . , g_d} be a reduced Gröbner basis of N. Finally, for any r, s ∈ N, let M_{rs} = ∑_p i=1 D_{rs}h_i and U_{rs} denote the set of all terms w ∈ Λf such that ord_Δw ≤ r, ord_σ w ≤ s, and either w is not a multiple of any v_{gi} (1 ≤ i ≤ d) or ord_Δ(λu_{gj} ) > r for any λ ∈ Λ, g_j ∈ Σ such that λ is similar to the head of v_{gj} and w = λv_{gj} .

Then π(U_{rs}) is a basis of the vector K-space M_{rs}.

Proof. Let us prove, first, that every element λh_i (1 ≤ i ≤ q, λ ∈ Λ(r, s)), that does not belong to π(U_{rs}), can be written as a finite linear combination of elements of π(U_{rs}) with coefficients from K (so that the set π(U_{rs}) generates the K-vector space M_{rs}). Since λh_i /∈ π(U_{rs}), λf_i /∈ U_{rs} whence λf_i = λ^′v_{gj} for some λ^′ ∈ Λ, 1 ≤ j ≤ d, such that λ^′ is similar to the head of v_{gj} and ord_Δ(λ^′u_{gj} ) ≤ r. Let us consider the element g_j = a_j v_{gj} + . . . (a_j ∈ K, a_j ≠ 0), where dots are placed instead of the other terms that appear in g_j (obviously, those terms are less than v_{gj} with respect to the order <_σ). Since g_j ∈ N = Ker π, π(g_j ) = a_j π(v_{gj} ) + . . . = 0, whence π(λ^′g_j ) = a_j π(λ^′v_{gj} ) + . . . = a_j π(λf_i)+. . . = a_j λh_i +. . . = 0, so that λh_i is a finite linear combination with coefficients from K of some elements λ̃h_k (1 ≤ k ≤ q) such that λ̃ ∈ Λ(r, s) and λ̃f_k <_σ λ^′v_{gj} . (ord_σλ̃ ≤ s, since λ̃f_k <_σ λf_i and λ ∈ Λ(r, s); ord_Δλ̃ ≤ r, since λ̃f_k ≤_σ u_λ′_{gj} = λ^′u_{gj} and ord_Δ(λ^′u_{gj} ) ≤ r). Thus, we can apply the induction on λf_j (λ ∈ Λ, 1 ≤ j ≤ q) with respect to the order <_σ and obtain that every element λh_i (λ ∈ Λ(r, s), 1 ≤ j ≤ q) can be written as a finite linear combination of elements of π(U_{rs}) with coefficients from the field K.

Now, let us prove that the set π(U_{rs}) is linearly independent over K. Suppose that ∑_l i=1 a_iπ(u_i) = 0 for some u_1, . . . , u_l ∈ U_{rs}, a_1, . . . , a_l ∈ K. Then h = ∑_l i=1 a_iu_i is an element of N that is reduced with respect to Σ. Indeed, if an element u = λf_j appears in h (so that u = u_i for some i = 1, . . . , l), then either u is not a multiple of any v_{gj} (1 ≤ j ≤ d) or u = λv_{gk} for some λ ∈ Λ, 1 ≤ k ≤ d, such that λ is similar to the head of v_{gk} and ord_Δ(λu_{gk} ) > r ≥ ord_Δu_h (since u_h is one of the elements u_1, . . . , u_l that lie in U_{rs}). By Theorem 4.4, h = 0, whence a_1 = . . . = a_q = 0. This completes the proof of the theorem. □

5. Main theorems on difference-differential dimension polynomials

In what follows we keep the notation and conventions of the preceding section.

Theorem 5.1. Let K be a Δ-σ-field, D the ring of Δ-σ-operators over K, M a finitely generated Δ-σ-K-module, and (M_{rs})_{r,s∈Z} an excellent bifiltration of M. Then there exists a numerical polynomial ψ(t_1, t_2) in two variables t_1, t_2 such that deg_{t1} ψ(t_1, t_2) ≤ m, deg_{t2} ψ(t_1, t_2) ≤ n, and ψ(r, s) = dim_K M_{rs} for all sufficiently large (r, s) ∈ N^2.

Proof. Since the bifiltration (M_{rs})_{r,s∈Z} is excellent, every its component M_{rs} is a finitely generated vector K-space and there exist r_0, s_0 ∈ Z such that D_{kl}M_{rs} = M_{r+k,s+l} for all r ≥ r_0, s ≥ s_0, k ≥ 0 and l ≥ 0 (see Definition 2.3). Let {h_1, . . . , h_q} be a basis of the vector K-space M_{r0s0} . Then the elements h_1, . . . , h_q generate M as a left D-module and M_{rs} = ∑_q i=1 D_{r−r0,s−s0} h_i for all pairs (r, s) ∈ Z^2 such that r ≥ r_0 and s ≥ s_0.

Without loss of generality we can assume that r_0 = s_0 = 0. (If ψ(t_1, t_2) is a numerical polynomial with the desired properties that corresponds to the case r_0 = 0, s_0 = 0, then the numerical polynomial ψ(t_1 − r_0, t_2 − s_0) satisfies the conditions of the theorem in the case of arbitrary r_0, s_0 ∈ Z.) Thus, from now on, we suppose that M = ∑_q i=1 Dh_i for some elements h_1, . . . , h_q ∈ M and M_{rs} = ∑_q i=1 D_{rs}h_i for all r, s ∈ Z.

Let F be a free Δ-σ-K-module with a basis f_1, . . . , f_q , let N be the kernel of the natural epimorphism π : F −→ M, and let the set U_{rs} (r, s ∈ N) be the same as in the conditions of Theorem 4.7. Furthermore, let Σ = {g_1, . . . , g_d} be a reduced Gröbner basis of N. By Theorem 4.7, for any r, s ∈ N, π(U_{rs}) is a basis of the vector K-space M_{rs}. Therefore, dim_K M_{rs} = Card π(U_{rs}) = Card U_{rs}. (It was shown in the second part of the proof of Theorem 4.7 that the restriction of the mapping π on U_{rs} is bijective).

Let U^′_{rs} = {w ∈ U_{rs}| w is not a multiple of any element v_{gi} (1 ≤ i ≤ d)} and U^{′′}_{rs} = {w ∈ U_{rs}| w = λv_{gj} for some g_j (1 ≤ j ≤ d) and λ ∈ Λ such that λ is similar to the head of v_{gj} and ord_Δ(λu_{gj} ) > r}. Then U_{rs} = U^′_{rs} ⋃ U^{′′}_{rs} and U^′_{rs} ⋂ U^{′′}_{rs} = ∅, whence Card U_{rs} = Card U^′_{rs} + Card U^{′′}_{rs}. By Theorem 3.3, there exists a numerical polynomial ϕ(t_1, t_2) in two variables t_1 and t_2 such that ϕ(r, s) = Card U^′_{rs} for all sufficiently large (r, s) ∈ N^2.

In order to express Card U^{′′}_{rs} in terms of r and s, note that by the combinatorial principle of inclusion and exclusion (see, for example, (Cameron, 1994, Chapter 5, Theorem 5.1), Card U^{′′}_{rs} (r, s ∈ Z) can be obtained as an alternating sum of the numbers of the form L(u, v; r, s) = Card {w = λv|λ ∈ Λ, λ is similar to the head of v, ord_σ λ ≤ s − ord_σ v, and r − ord_Δu < ord_Δλ ≤ r − ord_Δv} where u and v are some terms. If u = δ^{k1}_1 . . . δ^{km}_m α^{l1}_1 . . . α^{ln}_n f_i and v = δ^{r1}_1 . . . δ^{rm}_m α^{s1}_1 . . . α^{sn}_n f_j , then, using the notation of Lemma 3.1, we obtain that L(u, v; r, s) = Card {(a_1, . . . , a_m, b_1, . . . , b_n) ∈ N^{m+n}| ∑_n i=1 b_i ≤ s − ∑_n i=1 s_i and r − ∑_m i=1 k_i < ∑_m i=1 a_i ≤ r − ∑_m i=1 r_i} for all sufficiently large (r, s) ∈ N^2.

By Lemma 3.1, L(u, v; r, s) = (_{s+n−}∑n_{i=1 si} n ) [(_{r+m−}∑m_{i=1 ri} m ) − (_{r+m−}∑m_{i=1 ki} m )] for all sufficiently large (r, s) ∈ N^2.

It follows that there exists a numerical polynomial ϕ_1(t_1, t_2) such that ϕ_1(r, s) = Card U^{′′}_{rs} for all sufficiently large (r, s) ∈ N^2 and ϕ_1(t_1, t_2) can be written as an alternative sum of the polynomials of the form [(_{t1−c1} m ) − (_{t1−c2} m )] (_{t2−c3} n ) (c_1, c_2, c_3 ∈ Z).

Therefore, deg_{t1} ϕ_1 ≤ m and deg_{t2} ϕ_1 ≤ n.

Now, it is clear that the polynomial ψ(t_1, t_2) = ϕ(t_1, t_2) + ϕ_1(t_1, t_2) satisfies all the conditions of the theorem. □ Definition 5.1. Numerical polynomial ψ(t_1, t_2), whose existence is established by Theorem 5.1, is called a difference-differential (or Δ-σ-) dimension polynomial of the module M associated with the excellent bifiltration (M_{rs})_{r,s∈N}.

Example 5.1. Let K be a difference-differential field with a basic set of derivations Δ = {δ_1, . . . , δ_m} and a basic set of automorphisms σ = {α_1, . . . , α_n}, and let D be the ring of Δ-σ-operators over K considered with the natural bifiltration (D_{rs})_{r,s∈Z} introduced in section 2. Then (D_{rs})_{r,s∈Z} can be treated as an excellent bifiltration of the Δ-σ-K-module D and one can consider the corresponding Δ-σ-dimension polynomial ψ_D (t_1, t_2). In order to find this polynomial, note that ψ_D(r, s) = dim_K D_{rs} = Card {δ^{k1}_1 . . . δ^{km}_m α^{l1}_1 . . . α^{ln}_n ∈ Λ| ∑_m i=1 k_i ≤ m, ∑_n j=1 |l_j | ≤ n} = g(m, r)h(n, r) =

(_{m+r} m ) ∑_n i=0(−1)^{n−i}2^i (_n i )(_{r+i} i ) for all sufficiently large (r, s) ∈ N^2 whence ϕ_D (t_1, t_2) = (_{t1 +m} m ) ∑_n i=0(−1)^{n−i}2^i (_n i )(_{t2 +i} i ) . If M is a finitely generated Δ-σ-module over a Δ-σ-field K and ψ(t_1, t_2) is a Δ-σ-dimension polynomial associated with an excellent bifiltration of M, then ψ(t_1, t_2) can be written as

ψ(t_1, t_2) = m∑ i=0 n∑ j=0 a_{ij} ( t_1 + i i )( t_2 + j j ) (5.1)

where a_{ij} ∈ Z for all i = 0, . . . , m; j = 0, . . . , n (see Theorem 3.1). Let A_ψ denote the set of all pairs (i, j) ∈ N^2 such that a_{ij} ≠ 0 in (5.1) and let μ(A_ψ ) = (μ_1, μ_2), ν(A_ψ ) = (ν_1, ν_2) be the maximal elements of the set A_ψ relative to the lexicographic and reverse lexicographic orders on N^2, respectively.

The following statement gives some invariants of a Δ-σ-dimension polynomial (i. e., numbers that are carried by any Δ-σ-dimension polynomial of a finitely generated Δ-σ- K-module M and that do not depend on the excellent bifiltration of M this polynomial is associated with).

Theorem 5.2. With the above notation and conventions, the elements μ = μ(A_ψ ) and ν = ν(A_ψ ), as well as the coefficients a_{mn}, a_{μ1μ2} and a_{ν1ν2} , of the Δ-σ-dimension polynomial ψ(t_1, t_2) written in the form (5.1) do not depend on the excellent bifiltration of the Δ-σ-K-module M this polynomial is associated with.

Proof. Let ((M^′_{rs}))_{r,s∈Z} be another excellent filtration of the Δ-σ-K-module M, ψ_1(t_1, t_2) = ∑_m i=0 ∑_n j=0 b_{ij} (_{t1+i} i )(_{t2+j} j ) (b_{ij} ∈ Z for i = 0, . . . , m; j = 0, . . . , n) the Δσ-dimensional polynomial associated with this filtration, A_{ψ1} = {(i, j) ∈ N^2|0 ≤ i ≤ m, 0 ≤ j ≤ n, and b_{ij} ≠ 0}, and γ = (γ_1, γ_2), ϵ = (ϵ_1, ϵ_2) the maximal elements of A_{ψ1} relative to the lexicographic and reverse lexicographic orders on N^2, respectively. In order to prove the theorem, we should show that μ = γ, ν = ϵ, a_{mn} = b_{mn}, a_{μ1μ2} = b_{γ1γ2} , and a_{ν1ν2} = b_{ϵ1ϵ2} .

It follows from the definition of excellent filtration that there exist elements r_0, s_0 ∈ N such that M_{r0+i,s0 +j} = D_{ij} M_{r0s0} and M^′_{r0+i,s0 +j} = D_{ij} M^′_{r0s0} for all i, j ∈ N. Let {e_1, . . . , e_k} and {e^′_1, . . . , e^′_l} be bases of the vector K-spaces M_{r0s0} and M^′_{r0s0} , respectively. Since ⋃ {M_{rs}|r, s ∈ Z} = ⋃ {M^′_{rs}|r, s ∈ Z} = M, there exist positive integers p_1 and p_2 such that e_1, . . . , e_k ∈ M^′_{r0+p1 ,s0+p2} and e^′_1, . . . , e^′_l ∈ M_{r0+p1,s0 +p2} . Then M_{r0s0} ⊆ M^′_{r0+p1 ,s0 +p2} and M^′_{r0s0} ⊆ M_{r0+p1 ,s0+p2} , therefore M_{rs} = D_{r−r0,s−s0} M_{r0s0} ⊆ D_{r−r0,s−s0} M^′_{r0+p1 ,s0+p2} = M^′_{r+p1,s+p2} and M^′_{rs} = D_{r−r0,s−s0} M^′_{r0s0} ⊆ M_{r+p1,s+p2} for all (r, s) ∈ Z^2 such that r ≥ r_0, s ≥ s_0. In other words, ψ(r, s) ≤ ψ_1(r + p_1, s + p_2) and ψ_1(r, s) ≤ ψ(r + p_1, s + p_2) for all sufficiently large (r, s) ∈ Z^2, namely, for all (r, s) ∈ Z^2 such that r ≥ r_0 and s ≥ s_0. Therefore, a_{mn} = m!n! lim_{r→∞,s→∞}^{ψ(r,s)}_{rmsn} ≤ m!n! lim_{r→∞,s→∞}^{ψ1(r+p1,s+p2 )} r^ms^n = m!n! limr→∞,s→∞ ψ_1 (r,s) r^ms^n = bmn and similarly bmn ≤

a_{mn}, so that b_{mn} = a_{mn}.

If a_{mn} ≠ 0, then (m, n) ∈ A_ψ and (m, n) ∈ A_{ψ1} hence μ = ν = γ = ϵ = (m, n) and a_{μ1 μ2} = a_{ν1ν2} = b_{γ1γ2} = b_{ϵ1ϵ2} = a_{mn} = b_{mn}.

Suppose that a_{mn} = 0. Then (μ_1, μ_2) ≠ (m, n), a_{μ1 μ2} ≠ 0, and the coefficient of the monomial t^{μ1}_1 t^{μ2}_2 in the polynomial ψ(t_1, t_2) is equal to^{aμ1μ2}_{μ1 !μ2!} . Let s ∈ N, s ≥ s_0, and let d be a positive integer such that s^d ≥ r_0. By the choice of the elements μ and γ, ψ(s^d, s) =^{aμ1 μ2}_{μ1 !μ2!} s^{dμ1+μ2} + o(s^{dμ1 +μ2} ) and ψ_1(s^d, s) =^{bγ1γ2}_{γ1!γ2!} s^{dγ1+γ2} + o(s^{dγ1+γ2} ) for all sufficiently large values of d. (As usual, for any positive integer k, o(s^k) denotes a polynomial of s whose degree is less than k). Since ψ(s^d, s) ≤ ψ_1(s^d + p_1, s + p_2) = b_{γ1 γ2} γ_1!γ_2 ! s dγ_1+γ_2 + o(sdγ_1+γ_2 ) and ψ

1(s^d, s) ≤ ψ(s^d + p_1, s + p_2) =^{aμ1μ2}_{μ1 !μ2!} s^{dμ1+μ2} + o(s^{dμ1+μ2} ) for all s ≥ s_0, we conclude that dμ_1 + μ_2 = dγ_1 + γ_2 for all sufficiently large d ∈ N and the coefficients of the power s^{dμ1+μ2} in the polynomials ψ(t_1, t_2) and ψ_1(t_1, t_2) are equal. Therefore, μ_1 = γ_1, μ_2 = γ_2 and a_{μ1 μ2} = b_{μ1μ2} . The equalities ν_1 = ϵ_1, ν_2 = ϵ_2 and a_{ν1 ν2} = b_{ν1 ν2} can be proved similarly. □

We conclude with the following result that generalizes both the Kolchin’s theorem on differential dimension polynomial (see Theorem 1.1) and the corresponding author’s result for difference field extensions (Theorem 1.2).

Theorem 5.3. Let K be a difference-differential field of zero characteristic with a basic set of derivations Δ = {δ_1, . . . , δ_m} and a basic set of automorphisms σ = {α_1, . . . , α_n}. and let L = K⟨η_1, . . . η_p⟩ be a finitely generated differential field extension of K with the set of Δ-σ-generators η = {η_1, . . . , η_p}. (Recall that, as a field, L = K(Λη_1 ⋃ . . . ⋃ Λη_p), where Λη_i (1 ≤ i ≤ p) denotes the set {λ(η_i)|λ ∈ Λ}).

Then there exists a numerical polynomial χ_{η|K} (t_1, t_2) in two variables t_1 and t_2 with the following properties. (i) χ_{η|K} (r, s) = trdeg_K K(Λ(r, s)η_1 ⋃ . . . ⋃ Λ(r, s)η_p) for all sufficiently large (r, s) ∈ N^2.

(ii) deg_{t1} χ_{η|K} ≤ m and deg_{t2} χ_{η|K} ≤ n,, so that the polynomial χ_{η|K} (t_1, t_2) can be written as

χ_{η|K} (t_1, t_2) = m∑ i=0 n∑ j=0 a_{ij} ( t_1 + i i )( t_2 + j j )

where a_{ij} ∈ Z for all i = 0, . . . , m; j = 0, . . . , n.

(iii) Let A_χ = {(i, j) ∈ N^2|0 ≤ i ≤ m, 0 ≤ j ≤ n, and a_{ij} ≠ 0} and let μ = (μ_1, μ_2), and ν = (ν_1, ν_2) be the maximal elements of the set A_χ relative to the lexicographic and reverse lexicographic orders on N^2, respectively. Then μ, ν and the coefficients a_{mn}, a_{μ1 ,μ2} and a_{ν1 ,ν2} do not depend on the choice of the system of Δ-σ-generators η of the difference-differential field extension L. (Thus, μ, ν, a_{mn}, a_{μ1 ,μ2} and a_{ν1 ,ν2} are differencedifferential birational invariants of the Δ-σ-extension L = K⟨η_1, . . . η_p⟩).

Proof. Let Der_K L denote the vector L-space of all K-linear derivations of the field L into itself (i.e., the set of all derivations D : L −→ L such that D(a) = 0 for any a ∈ K), and let Ω_K (L) be the module of differentials associated with the given Δ-σ-field extension, that is a linear L-subspace of the vector L-space (Der_K L)^∗ = Hom_L(Der_K L, L) generated by the set of all mappings dη (η ∈ L) such that dη(D) = D(η) for any D ∈ Der_K L. As it was shown in (Johnson, 1969), Ω_K (L) can be considered as a differential (with the basic set Δ) vector L-space where the action of elements of Δ on the generators dη (η ∈ L) is defined in such a way that γ(dη) = dγ(η) for any γ ∈ Δ, η ∈ L. At the same time, as it was shown in (Levin, 1982), Ω_K (L) can be treated as a difference (with the basic set σ) vector L-space such that β(dη) = dβ(η) for any β ∈ σ^∗, η ∈ L. Furthermore,

(see (Johnson, 1969)) a set Σ ⊆ L is algebraically independent over K if and only if the set {dξ|ξ ∈ Σ} is linearly independent over L.

For any r, s ∈ N, let Ω_K (L)_{rs} denote the vector L-subspace of Ω_K (L) generated by the set {dη|η ∈ K(Λ(r, s)η_1 ⋃ . . . ⋃ Λ(r, s)η_p)} and let Ω_K (L)_{rs} = 0, if r, s ∈ Z and at least one of the numbers r, s is negative. Then (Ω_K (L)_{rs})_{r,s∈Z} is an excellent filtration of the Δ-L-module Ω_K (L) and dim_LΩ_K (L)_{rs} = tr deg_K K(Λ(r, s)η_1 ⋃ . . . ⋃ Λ(r, s)η_p) for all r, s ∈ N. Now, applying Theorems 5.1 and 5.2 we obtain all three statements of our theorem. □

Definition 5.2. Numerical polynomial χ_{η|K} (t_1, t_2), whose existence is established by Theorem 5.3, is called a Δ-σ-dimension polynomial of the Δ-σ-field extension L/K associated with set of Δ-σ-generators η = {η_1, . . . , η_p}.

Theorem 5.3 allows to assighn certain numerical polynomial to any system of linear difference-differential equations with coefficients from a difference-differential (Δ-σ-) field K. Such a system can be written as

f_i(y_1, . . . , y_p) = 0 (i ∈ I) (5.2)

where f_i(y_1, . . . , y_p) are linear Δ-σ-polynomials in Δ-σ-indeterminates y_1, . . . , y_p. Precisely as in the case of differential polynomials (see (Kolchin, 1973, Chapter IV, Sect. 5)), one can show that if Q is the Δ-σ-ideal of the ring of Δ-σ-polynomials K{y_1, . . . , y_p} generated by the Δ-σ-polynomials f_i(y_1, . . . , y_p) (i ∈ I), then this ideal is prime, whence the quotient field L of the factor ring K{y_1, . . . , y_p}/Q is a finitely generated Δ-σ-field extension of K: L = K⟨η_1, . . . , η_p⟩ where η_j (1 ≤ j ≤ p) is the image of the Δ-σ-indeterminate y_j under the natural epimorphism K{y_1, . . . , y_p} −→ K{y_1, . . . , y_p}/Q. In this case, the corresponding Δ-σ-dimension polynomial χ_{η|K} (t_1, t_2) of the extension L/K is said to be a Δ-σ-dimension polynomial of the system (5.2).

If K is a field of differentiable functions of n real variables x_1, . . . , x_n, and h_1, . . . , h_n are some constants such that g(x_1, . . . , x_{i−1}, x_i + h_i, x_{i+1}, . . . , x_n), g(x_1, . . . , x_{i−1}, x_i − h_i, x_{i+1}, . . . , x_n) ∈ K whenever g(x_1, . . . , x_n) ∈ K, then K can be considered as a difference-differential field whose basic set of derivations Δ consists of the partial differentiations ∂/∂x_i (1 ≤ i ≤ n) and the basic set of automorphisms σ consists of n mappings α_i : K → K such that (α_ig)(x_1, . . . , x_n) = g(x_1, . . . , x_{i−1}, x_i +h_i, x_{i+1}, . . . , x_n) (i = 1, . . . , n). It follows that any system of linear difference-differential equations (also known as a system of differential equations with delay) can be written in the form (5.2) where y_1, . . . , y_p denote the unknown functions. Now, as in the ”differential” case (see (Mikhalev and Pankratev, 1980)), we obtain that the Δ-σ-dimension polynomial of such a system represents the strength of the system in the sense of (Einstein, 1953).

The last remark shows the importance of the concept of Δ-σ-dimension polynomial of a system of difference-differential equations and methods of computation of Δ-σ-dimension polynomials. The proofs of Theorems 5.3 and 5.1, together with Theorem 3.3 and Algorithms 1 and 2 from (Kondrateva, Levin, Mikhalev, Pankratev, 1992), provide the idea of such a method. If L = K⟨η_1, . . . , η_p⟩ is the Δ-σ-field extension corresponding to the system of linear Δ-σ-equations (5.2) with the coefficients from K, then the Δ-σ-dimension polynomial of the system coinsides with the appropriate Δ-σ-dimension polynomial ψ(t_1, t_2) of the Δ-σ-K-module of differentials Ω_K (L) generated, as a difference-differential module, by the elements dη_i, 1 ≤ i ≤ p (we use the same notation as in the proof of Theorem 5.3). If N is the kernel of the natural epimorphism π : F → Ω_K (L) (F is a free Δ-σ-K-module with p free generators) and Σ is a reduced Gröbner basis of N in the sense of Definition 4.6, then the computation of the Δ-σ-dimension polynomial consists of the computation of certain binomial coefficients and a N-Z-dimension polynomial of a subset of N^m × Z^n (see the proof of Theorem 5.1). By Theorem 3.3 (iii), the computation of the N-Z-dimension polynomial can be reduced to the computation of a characteristic polynomial of a subset of N^{m+2n} (see Definition 3.2) associated with partition (3.8) of the set N_{m+2n}, and the last problem can be solved with the help of Algorithm 1 or 2 from (Kondrateva, Levin, Mikhalev, Pankratev, 1992).

References

Balaba, I. N. (1984). The dimension polynomials of the extensions of difference fields. Vestnik Mosk.

Univ., Ser. I, no.2, 31 - 35. In Russian.

Buchberger, B. (1965). Ein Algorithmus zum Auffinden der Basiselemente des Restklassenringes nach einem nulldimensionalen Polynomideal. Ph. Thesis. Univ. of Innsbruck, Austria.

Cameron P. J. (1994). Combinatorics. Topics, Techniques, Algorithms. Cambridge: Cambridge University Press.

Einstein, A. (1953) The Meaning of Relativity. Appendix II (Generalization of gravitation theory), 4th edn. Princeton, 133 - 165.

Evanovich, P. (1984). Finitely generated extensions of partial difference fields. Trans. Amer. Math. Soc., 281, no.2, 795-811.

Johnson J. (1969). Differential Dimension Polynomials and a Fundamental Theorem on Differential Modules. Amer. J. Math. 91, 239 - 248.

Johnson, J.(1974) Kähler differentials and differential algebra in arbitrary characteristic. Trans. Amer.

Math. Soc. 192, 201 - 208.

Johnson, J. and Sit, W. (1979). On the differential transcendence polynomials of finitely generated differential field extensions. Amer. J. Math, 101, no.6, 1249-1263.

Kolchin, E. R. (1964). The notion of dimension in the theory of algebraic differential equations. Bull.

Amer. Math. Soc. 70, 570 - 573.

Kolchin, E. R. (1973). Differential Algebra and Algebraic Groups. New York: Academic Press. Kondrateva, M. V., Pankratev, E. V., Serov, R. E. (1985). Computations in differential and difference modules. Proceedings of the Internat. Conf. on the Analytic Computations and their Applications in Theoret. Physics. Dubna, 208 - 213. In Russian.

Kondrateva, M. V., Pankratev, E. V. (1992). A recursive algorithm for the computation of Hilbert polynomial. Lect. Notes Comp. Sci. 378, 365 - 375.

Kondrateva, M. V., Levin, A. B., Mikhalev, A. V., Pankratev, E. V. (1992). Computation of Dimension Polynomials. Internat. J. Algebra and Comput. 2, 117 - 137.

Levin, A. B. (1978). Characteristic polynomials of filtered difference modules and of difference field extensions. Russian Math Surv. 33, 165 - 166.

Levin, A. B. (1980). Characteristic polynomials of inversive difference modules and some properties of inversive difference dimension. Russian Math Surv. 35, 217 - 218.

Levin, A. B.(1982). Type and dimension of inversive difference vector spaces and difference algebras.

Dep. VINITI , no. 1606-82, 1 - 36. In Russian.

Levin, A. B. (1985). Characteristic polynomials of Δ-modules and finitely generated Δ-field extensions.

Dep. VINITI , no. 334-85, 1 - 23. In Russian.

Levin, A. B., Mikhalev, A. V. (1987). Differential dimension polynomial and the strength of a system of differential equations. Computable Ivariants in the Theory of Algebraic Systems. Collection of papers, 58 - 66. Novosibirsk. In Russian.

Mikhalev, A. V., Pankratev, E. V. (1980). Differential dimension polynomial of a system of differential equations. Algebra. Collection of papers. Moscow State Univ. Press, Moscow, 57 - 67. In Russian.

Mora, F., Möller, H. M. (1983). The computation of the Hilbert function. Lect Notes Comp. Sci. 162, 157 - 167.

Pankrat’ev, E. V. (1989). Computations in differential and difference modules. Symmetries of partial differential equations, Part III. Acta Appl. Math., 16, no.2, 167 - 189.

Riordan, J. (1968). Combinatorial Identities. New-York: John Wiley and Sons Inc. Sit, W. (1975). Well-ordering of certain numerical polynomials. Trans. Amer. Math. Soc. 212, 37 - 45. Sit, W. (1978). Differential dimension polynomials of finitely generated extensions. Proc. Amer. Math.

Soc. 68, 251 - 257.

Stanley, R. (1997). Enumerative Combinatorics, Vol. I. New York: Cambridge Univ. Press. Tomescu, I. (1985). Problems in Combinatorics and Graph Theory. New-York: John Wiley and Sons Inc.