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Monge problem (1784)

e Let D be a ring of differential operators (e.g., D = An(k)).
e Let F be a left D-module (e.g., k[x1,...,xs], F = C*(R")):

VPi,PoeD, Vyi,yo€F: Piyn+Payr € F.
Let us consider R € D9%P and the linear system of PDEs:
kerr(R.) £ {n € FP|Rn=0}.
e Question: When does Q € DP*™ exist such that:
kerr(R.) = imz(Q.) £ QF™?

= Q is called a parametrization of kerz(R.).
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o Example: D = By(R) = R(t) [0;id, ], F = C®(R), a € R(t),

= (®+a(t)0+1, =0 —a(t)) € DV*%

y(t) +a(t) y(t) + y(t) = u(t) —a(t)u(t) =0 (%)
- { y(t)i E(t) + a(t) (1), ()
u(t) = £(t) + a(t) €(t) + (a(t) + 1) £(1).
(%) is an injective parametrization of (x) because { = —y + u.

o Example: D= R[81,82,83], 8,' = 8/8X,‘, F = COO(R3),

—

divA=0 < 3IBeF: A=culB,
curlB=0 < 3IfeF: é:gradf.
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Involution & formal adjoint

e Let k be a field, char(k) > 0, and D = A, (k) or By(k).
e Let 0 be the involution of D defined by:

0(0;)) = —0i, 0(xj))=x;, 6(a)=a, Vack.
(0 : D — D k-linear map, 6(P Q) =6(Q)0(P), 6% =1id).
e If R € D9%P, then the formal adjoint of R is defined by:
0(R) = (0(R;))" € DP*q.

o N = D¥9/(DY*P §(R)) is adjoint left D-module of the finitely
presented left D-module M = D*P/(D1*9 R).

o If F is a left D-module, then we have:
kerr(R.) = {n € FP | Rn =0} = homp(M, F).

Alban Quadrat Stafford theorem



e Definition: 1. M is free if 3 r € Z4 such that M = D",
2. M is stably free if 3 r, s € Z such that M @ D* = D".
3. M is projective if 3 r € Z4 and a D-module P such that:

Mo P=D"

4. M is reflexive if € : M — homp(homp(M, D), D) is an
isomorphism, where:

e(m)(f)=f(m), YmeM, Vfe&homp(M,D).
5. M is torsion-free if:
t(M)={meM|30#PecD:Pm=0}=0.
6. M is torsion if t(M) = M.



Classification of modules

e Theorem:

1. We have the following implications:
free = stably free = projective = reflexive = torsion-free.
2. If D is a principal domain (e.g., B1(Q) = Q(t) [9;id, %]), then:
torsion-free = free.
3. If D is a hereditary ring (e.g., A1(Q) = Q[t] [9;id, £]), then:
torsion-free = projective.
4. If D = k[01,...,0n], k is a field of constants, then:

projective = free  (Quillen-Suslin theorem).
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Module Homological F injective
M algebra cogenerator
with torsion | t(M) = extlD(/A\'/7 D)e 0
torsion-free extb(lf\vl, D)=0 kerr(R.) = QFh
reflexive ext} (N D) = kerr(R.) = @ Fh
=1,2 ker]:(Ql.) =@ Fh

projective extiD(N, D)=0 kerr(R.) = @ Fh
= kerz(Q1.) = @ F"
stably free 1<i<n=gld(D)
ker 7(Qn— 1) Qn Fln

free ? kerr(R.) = QF™
I3T: TQ=In
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Computation bases

eV={(x vy 2)Tek¥|2x+3y+52z=0}, k=Q,R,C.

; x:%y—gz,
5
2x+3y+52:0:>x:—§y—§z:> y=y, Vy,z € k.
z =z,

3 T 5 T
:>V:k<—2 1 0> +k(—2 0 1> basis of V.

eM={(x y 2)Te€Z¥|2x+3y+5z=0}.
X = a1ty + s,
M=Z(1 B m) +Z(a2 B2 1) &S y=pt+bat,t€l,
z=mtit+rt, ()
= {(a; Bi 7i)T}i=1.2 is a basis of M iff (x) is injective, i.e.:

Ea,-jEZ, i=1,2: ti=anix+apy+asz.



Shorter free resolutions

e Theorem: Let us consider a finite free resolution of M:

Rm_1
—_— ..

R, R R
0 pixpm -Bm [1Xpm_1 22 plxer M pIXpe T L.

1. If m > 3 and there exists S,,, € DPm—1*Pm sych that
Rm Sm = |5, then we have the finite free resolution of M:

~Tm71 'Tm72 ~an73
—_— —_— —_— ..

0 —s DxPm D (Pm—2+pm) DY*Pn-3 .S M—0,(1)

where Tm,1 == (Rm,1 Sm), Tm,2 == ( Rn(q)—Q > .

2. If m =2 and there exists S, € DP**P2 such that R, So = I,
then we have the finite free resolution

1

O _ D1><p1 L) DlX(PO+P2) L) M SN O, (2)
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Example: annihilator of §

e § satisfies the system: t2y(t) =0, ty(t)+2y(t)=0.
e We consider D = Q[t] [9;id, &] and the left D-module:
M=D/(Dt*+ D(td+2)).
e M admits the following finite free resolution of M:
0o—ppr2e R p ™ oy o
Ri= (2 to+2), R=(O -1).

e S =(t 8)T is a right-inverse of R», and thus, we get:

t2 t
0——-p2 L plx2 T,y g T;= .
to+2 0
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Example: contact transformations

e D = A3(Q) = Q[x1, x2, x3] [81; id, 8%1] [82; id, %} [(93 id, de
00 0+1 x0+ 30
Ri=| —3xd -3 0 30 € D¥3,
—o—L1x0  —0, ~10

elf Ro=(02 —(01+x303) x202+2), then the left D-module
M = DY*3/(D'*3 Ry) admits the finite free resolution:

0— DR, ptx3 R pix3 ™ o o

eSS=(—x 0 1Tisa right—inverse of Ry and we get:

0 — D1><3 - D1><4 M — 0
EXgal Xo0p +1 X283+§81 —Xo
T = —1%0, -3 0 10, 0
*61 — %Xz 83 *82 *%33 1
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Projective dimensions

e Definition: A projective resolution of a left D-module M is an
exact sequence of the form

On On— é 1]
0— P, Py =5 5P M—0, (¥

where the P!s are projective left D-modules.

e Definition: We call left projective dimension of a left D-module
M, denoted by Ipdp(M), the smallest n such that there exists a
projective resolution of the form ().

e Proposition: Ipdp(M) = n iff there exists a finite projective
resolution (%) of M, where 4, is nonsplit, i.e., there exists no
D-morphism 7, : P,_1 — P, such that 7, 0§, = idp,, with the
convention P_; = M.
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Computation of left projective dimensions

e Algorithm: 1. Compute a finite free resolution of M.
2. Set j=mand T; = Rp,.

3. Check if R; admits a right-inverse S; over D.

= If not, then exit and lpdp(M) = j.

= If yes and:
(a) If j =1, then exit with Ipdp(M) = 0.
(b) If j =2, then compute (2) and return to 3 with j «— j — 1.
(c) Ifj >3, then compute (1) and return to 3 with j « j — 1.

e Example: The left A;(Q)-module M associated with the
annihilator of ¢ has Ipdp(M) = 1.

e Example: The left A3(Q)-module M associated with the contact
transformations has Ipd,(M) = 0.
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Shortest free resolutions

e If M is a projective left D-module, then Ipdp(M) = 0.
e Moreover, if M admits a finite free resolution

Rm_1
—

-R, -R; R,
0 — D'XPm 2, plXpmo ... =5 DY DY DM — 0,

then the previous algorithm returns a matrix R € D9*P such that
0— D9 K plxp T 50 (%)

is a split finite free resolution of M, i.e., (x) is exact and R admits
a right-inverse S € DP*9 ie., RS = I,.

In particular, we have D'*P = M @ D'*9, which proves that M is
a stably free left D-module (Serre’s theorem).

e The matrix R will be called a minimal presentation matrix of M.
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Example: contact transformations

e We consider the left D = A3(Q)-module M = DY*3/(D**3 Ry):
%XQal Xp O0p +1 X283—|—%61
Ri=| —3xd -3 0 30
—01 — 3 %203 —0a —310s
e M is a stably free left D-module defined by the minimal
presentation matrix T;: 0 — D1X3 T pixa Ty 0,

%X261 X282+1 x263+%81 —X2

T1: —%X262—% 0 %82 0 5
—61 — %XQ 83 —62 —% 83 1
0 -1 0
o 0 X2 TiS =1
1— 0 —x 0 ) 1°1 — 13-

Oy —01—x03 X0 +2



Existence of finite free resolutions

e Theorem: Let A be a left noetherian ring of finite left projective
dimension 1gld(A) and whose finitely generated projective left

A-module are stably free. Let D = A[01; a1, 1] - - . [Om; &m, Bm] be
an Ore algebra where the «;'s are automorphisms. Then, we have:

© Every finitely generated left D-module admits a finite free
resolution of length 1pd(D) + 1.

@ Every finitely generated projective left D-module is stably free.

e Example: D = A[xi, ..., xpn|, where A is a principal ideal domain
(e.g., A=7Z, A= k afield).

e Example: The Weyl algebras D = A,(k) and B,(k).

Alban Quadrat Stafford theorem



Characterization of free modules

e Let M be a stably free left D-module defined by a minimal
presentation matrix R:

0— D9 K, plxp T, 00 RS=1,

e GL,(D)={U e DP*P |3V eDPP: UV =VU=I}

e Theorem: Let R € D9*P be a matrix admitting a right-inverse
over D. Then, the left D-module M = D**P/(D'*9 R) is free of
rank p — q iff there exists U € GL,(D) satisfying:

RU=(l, 0).

Then, U™1 = ’; , where T € D(P~9%P and the family
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e Let us suppose that there exists U € GL,(D) such that:
RU=(l; O0).

e We obtain the following commutative exact diagram

0 0
! !

0 — Dxqg —R> D1xp SGIN M —0
| l.u 0

00— Dxg —>'(Iq 0 Dlxp —>( s ) pix(p—a) 0,
! !
0 0

which proves that M = D*(P=9) 'je., M is a free of rank p — q.
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o Let M be a free left D-module, i.e., ¢ : M — D*(P=9),

e We have the following exact commutative diagram (.Q = ¢ o)

.S .T
— AR
0— plxa R, pixp -9 pixte-a) __,
I | To
0— pxa B puw Ty o

where the first horizontal exact sequence splits, namely:

RQ=0, RS=1l, TQ=l 4 TS=0, SR+QT =1,

i.e.,<§_>(5 Q)(’g /p(iq)/p, (s Q)(’i)/p.
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— —
0_- pixa R pixp @ pixpp-9) __
| | Tolo?
0— Dxa R pixp 7, M 0,

The isomorphism ¢ is defined by:

6 M — p1x(p—aq) ¢*1;D1X(pfq) - M
m(A) — AQ, w +— 7(uT).

-----

= the residue classes of the rows of T in M define a basis of M.
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Injective parametrizations

77777

{yj = n(f;)}j=1...p a family of generators of M = D1*P /(D9 R).

e Forj=1,...,p, we have
pP—q pP—q

vi=¢ Y oly) =0 Q) =0 (Z Qi hk) => Qi zi, (%)
k=1 k=1

which shows that @ defines a parametrization of M.

e The elements z, = ¢~ (hx) = 7(Txe) of the basis of M satisfy

p p p
ze=m D Tgfi| => Tgn(f)=>_ Tyy,
j=1 j=1 j=1

which proves that (%) is an injective parametrization of M.
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Injective parametrizations

e Let M = D'*P /(D9 R) be a torsion-free left D-module.

e From the vanishing of ext} (N, D), where N = D9/(R DP) is the
Auslander transpose of M, we obtain @ € DP*™ such that

ptxa B ope T, M 0

R Q.

0— N<& D9 &~ ppP & pm
D1><q _R> D1><p _Q) D1><m
exth(N, D) = kerp(.Q)/(D**9R) =0 & M= D**PQ C D*™.

o If .Q: D*P — DIXM s surjective, i.e, Q admits a left-inverse
T ¢ D™*P je., T Q = I, then we have

M [ Dl><p Q — D1><m

i.e., M is a free left D-module of rank m, {7(Tke)} k=1, misa
basis and @ an injective parametrization of M.
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Example: contact transformations

e We consider the left D = A3(Q)-module M = D*3/(DY*3 R):
%Xgal Xp O0p +1 X283+%(91
R = —%Xg 82 — % 0 %82

—81 — %XQ 83 —82 —%(93

e Checking the vanishing of extlD(Kl, D) = 0, we obtain that
Q= (—32 X 03 + O1 —(X282+2))T
defines a parametrization of M, i.e., M= D3 Q C D.

e Q admits the left-inverse T =1 (x 0 — 1), which proves
that M = D3 Q = D and z = 7(T) is a basis of M.

e The generators {y; = m(fj)}j=1,2,3 of M satisfying the relations
Ry =0, where y = (y1, y2, y3) T, satisfy y = Qzand z = T y:

vi=-0z, yr=(x03+01)z, y3=—(x2x0+2)z,

_ 1
zZ=3 (x2y1 — y3).



Computation of bases of general free modules

e Let P € DP*M and D1*P = P, pixm.

1. If U = D'*P P is free, then compute R € D9*P such that:

0 — Dx9 =R, plxp P pixm o oiact
0 —s D1><q _R> D1><p _P> DlXpP —0
= | | T
0— D¢ R pxp Ty

where ¥(7(A\)) = AP, VA € DY*P. We get U = /(M) and:

= U=DYP=9(TP), where ( f; ) (S Q)=
2. If V = kerp(.P) is free, then compute R € D9*P such that
kerp(.P) = D9 R and go to 1 with V = D'*P R,

3. If W = D %P/ kerp(.P), then W = D¥P/(D1X9 R) = M.



Stafford’s results

e Theorem: Let us consider aj, a, az € D and the left ideal:

I=Da;+Day+ D as.
= dg,eD: /:D(al+cla3)+D(ag+cza3).

e Two constructive proofs have been developed in:

% A. Hillebrand, W. Schmale, “Towards an effective version of a theorem
of Stafford”, J. Symbolic Computation, 32 (2001), 699-716.

* A, Leykin, “Algorithmic proofs of two theorems of Stafford”,
J. Symbolic Computation, 38 (2004), 15 35-1550.

e Implementation in the package STAFFORD of OREMODULES.

e Corollary: A stably free left D-module M with rankp(M) > 2 is
free, i.e., M admits a finite basis over D.
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Elementary operations

e Definition: 1. The general linear group GL,(D) is the group of
invertible matrices with entries in D:

GLn(D)={UeD™™|IVeD™™: UV=VU=I,}.

2. The elementary group EL,,(D) is the subgroup of GL,(D)
generated by all matrices of the form

Im+rEj, reD, i#],

Ejj is the matrix defined by 1 at the position (/, /) and 0 else.

3.a=(a1 ... am)’ € D™ is called unimodular if:

Ib=(br ... bw) €D¥™: ba=) bja=1.
i=1

We denote by Up,(D) the set of unimodular vectors of D™.
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-
e Theorem: Let m>3 and a= (a; ... am)’ € Upn(D). Then,
there exists E € EL,(D) which satisfies:

Ea=(1 0...0)7,
e Using Stafford’s result, there exist ¢;, ¢ € D such that:
d=(a1+cram a+cam a ...am1)" €Un_1(D).

edi=a+cam aH=at+cay a=a, >3

1 00 ... 0 ¢
01 0 C
0 0 1 0 O
E = ) S ELm(D).
0 0O 1 0
0 0O 0 1
Then, we have Eya=(a} a5 ... a, ; am)’.
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e €U,_1(D) = 3 by,...,by—1 € D such that:

m—1 m—1
Zb,-af- =1= Z(a’l—l—am)b;aﬁ =(a] —1—ap).
i=1 i=1

o Let us define a’ = () —1—am) b, i>1, and:

1 0 0 ... 0 O
0o 1 0 ... 0 O
0o 0 1 ... 0 O
h : : : : : : € ELm(D).
0O 0 0 ... 1 0
al & a ... a1

Using 27;_11 alal = aj —1— an, we then have:

Ex(dy ... a1 am) =(a) ... d, ; a—1)".
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o If we define by

1 00 . 0 -1
010 .0 O
001 ... 0 0
Es={( . . . . . . € ELn(D),
0 0O 1 0
0 0O 0 1
then we have:
E; (3/1 3:7771 a; — 1)T =1 a 3/m71 a — 1)T
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e Finally, if we denote by

1 00 ... 00
—a, 10 ...00
—-a, 01 ... 00

E, = _ S € EL,(D),
—-a,, 00 ... 10
—-aj+1 0 0 01

then we finally get:
E;(1 a...a,, &-1)"T=@1 0...0)7".
e Hence, if we denote by E = E4 E3 Ep E; € EL (D), then:
E(ap ... am)"=(1 0...0)7".
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Computation of basis

e Let R € D9*P be a matrix such that p > g + 2 and which
admits a right-inverse S € DP*9,

0 — D9 £ plxe T,y 0,
= M is a stably free left D-module with:
rankp(M) =p—q > 2.
e Compute the formal adjoint R = §(R) € DP*4:
0 «— D'>d i DY*P kerp(ﬁ) «— 0.

o If we denote by S = 6(S), then we have SR = lg.
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- _________________________________________________
e Compute E; € EL,(D) such that:

1 x

—~ 0 —

ER=| . - |, Repevx@D,
. R2
0

e Compute E, € ELp_1(D) such that:

1 =%
_—— 0 —
ER, = ], R; € D(P=2)x(a-2)
. R3
0 1 x *%
01 «x
A (- EE)R=| i 0
>=\0o 5 = (B2 E1)R= N
S
00
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e By induction, we obtain U € EL,(D) such that:

1 « x * %
01 « x =«
0 01 x =«
0 00 1 %
T=UR= :
0 0O 1
0 0O 0
0 00 0O O

e We easily check that we have:

kerp(.T) = D=9 (0 1, ).
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o If we denote by P = (0 /,_4) € D(P~9*P then we obtain the
commutative exact diagram:

0 0
T B T

0 «— D3 B plxp  kerp(.R)— 0
| ) 1o

0 «— pDlxa <_T Dlxp <_P pix(p—a) 0.
T 7
0 0

e In particular, we obtain:

kerD(.ﬁ) — pix(p=a) (',5 D) ~ plx(p—a).
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Therefore, we have the split exact sequence:

0« D> . DlXp (PU) ptx(p=a) . 0.

e By duality, we obtain the split exact sequence

(UP)
—_—

0 pixa R, pixp pix(p—a) __,

where U = 0(U), which proves
M = cokerp(.R)= DY*P (U P) = D**(P=4),
i.e., M is a free left D-module of rank p — g.

o Let Q = UP e DP*(P=9) be formed by the last p — g columns of
U and T € D(P=9)XP the left-inverse of Q, ie., T Q = lo—q
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e Let us consider the time-varying linear control system:

o — tup =0, 00 0 -1
et ) = R= .
xy —tug =0, o 0 —t 0
e (x) admits the injective parametrization of over the second Weyl
algebra B1(Q) = Q(t) [9;id, &]:

x1 = &1,
X2 2527
_ 14 (%)
up = ?617
up = &.

e But, the parametrization (x*) is singular at t = 0.
o M = B1(Q)**/(B1(Q)**2 R) is free with basis {x1,x}.



e Let D =A;1(Q) =QJt] [(‘); id, %] and P = D14 /(D1*2 R).

e P is a stably free D-module as R admits the right-inverse:
s_(000 -1 T
~\t 00 0 ’
e Computing extE(KI, D), we obtain the parametrization of (x):

x1=—t2& +t& — &,

X2 = 7537

. . (% * )
up = —t& — 26+ &,
P

(% % %) is clearly non-injective because rankp(P) = 2.

e P is a stably free left D-module of rankp(P) = 2, i.e., free.
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-
. — 0 -0 0 -1
e The formal adjoint of R is R = ( 9 0 -t o0 ) .

e We have the following equality of left ideals of D:
DO+D (-0)+D(-1)=D(0—-(-1))+D (-0+0x(-1)).

Taking c; = —1 and ¢ = 0, we define the elementary matrices:
10 0 -1 10 0 0
= 010 0 = 01 00
B=lo o1 o | B0 01 0|
0 0 0 1 10 0 1
1 00 -1 1 000
=~ 010 0 =~ 8 1 0 0
EB=loo0o1 o | B 0010
000 1 0 0 0 1

e Defining E= /EV4/EV3E2/EV1 we get:

-
== 10 0 O
ER_(O 0 —t —8) '
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e We have the following equality of left ideals of D:
DO+D(—-t)+ D (-0)=D (0-9)+ D (—t+0x(=9)).

Taking ¢; =1 and ¢j = 0, we define the elementary matrices:

N 10 1 N 1
F1:010,F2:010
001 —t 0 1
N 10 -1 N 1 00
F=(01 0 |, R= t 10
00 1 d+1 0 1

o If we define F = /FZ/F;/F;IA:I and G = diag(1, F) then we get:
0
(GE)R=

OO O
o O =
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e Taking the last two columns of the formal adjoint of GE, we
obtain the matrix defining a parametrization of (x):

t2 —to+1
0 t(t+1) —(t+1)0+1
N to+2 —9?

t(t+1)0+2t+1 —(t+1)06°

e The matrix Q defines an injective parametrization of (x) because

F_( 0 0 tf1 -1
“\t+1 -t 0 o0

is a left-inverse of Q, i.e., T Q = b.
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e Equivalently, time-varying linear control system

xp —u2 =0,
x1 —tug =0,
is injectively parametrized by

X1 = t2§1—té2+§27
xo=t(t+1)& — (t+1)& + &,

m = t& +2& — &,
m=t(t+1)&+(Qt+1)& — (t+1),

(x) &

and {1, &} is a basis of the free left D-module P because:

&1 =(t+1)u — u,
& = (t+1)X1 — tXxo.
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o let D= A3(@) and R = —(61 —x3 O 33) e D3,
e We define the left D-module M = DY*3/(D R) defining:

O1y1+02ya+03y3 —x3y1 =0. (%)

e Does (%) admit an injective parametrization?

eS=(-03 0 01— X3)T satisfies RS =1, i.e., M is stably free
of rank 2, and thus, free.

e The formal adjoint R of R is defined by
ﬁ = (81 +x3 O 83)T

is unimodular because we have SR = 1.
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e An constructive version of Stafford’s result gives
D(al +X3) +D0o+ D03 = D(al +X3)+ D(az +83),

because we have the relations

02 = (02 (02 4 03)) P1 — (02 (01 + x3)) P2,
03 = (03 (02 4 03)) P1 — (03 (01 + x3)) P2,

where P; = 01 + x3 and P, = 0 + 0s.

e Taking c; = 0 and ¢ = 1, we can define

/100 N 1 0 0
E]_: 011 5 E2: 0 1 0 3
0 0 1 QG @ 1

Q1 = (81 +x3—1— 83) (82 +83),
Q= —(01 +x3 —1—03) (01 + x3),
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where:



) |

= = O

- 1 0 -1 - 1 0
E; = 01 O , E4= —(62 + 83) 0
00 1 —(01+x3—1) 0

e Defining E= E;,E;EE we get:

E(31+X3 ) 83)7-:(1 0 O)T.

e Taking the last two columns of A(E), we obtain:

yi=1-"L)(02+093)& + (1 - L) (01 —x3) +1)&,
(L2 (024 03) +1) & — Lo (01 — x3) &2,
(—(14L2) (02 +03) +1) &1 — (1 + L2) (01 — x3) &2,

Y2

y3
Li =(02+03) (01 — 05 —x3 +1),
where
Ly, = (—81 + X3) (81 — 03 —x3+ 1)



yi=1-"L)(02+03)& +((1 - L) (01 —x3) +1)&,
yo = (—L2 (024 03) + 1) &i(x) — Lo (01 — x3) &,
ys=(—(14+L)(02+03)+1)& — (14 L2) (01 — x3) &2,

is an injective parametrization of the system

Oyi+oy:+03ys—x3y1 =0, (%)

as we have:
=0 4+010—x305+(2x3—1)8 — x5 +x3+1) yo
+ (0 — 0103 +x305 — (2x3 — 1) 01 + X5 — x3) 3,
L=+ (~H+010:— D0+ 0105+ 0 — (x3—1)03 — x5 — 2) yo
+(05 010+ D205 — 0105+ (x3 — 1) 05 + (xs — 1) D2 + 2) ys.

e {{1,&2} is a basis of the left D-module defined by (x).
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Sontag's example

e We consider the time-varying OD system:
x(t) —tu(t) =0.
e The system is controllable in a neighborhood of t = 0 as:
rankg (B(t) = t, B(t) — A(t) B(t) = 1)(0) = 1.
elet D=A1(Q)=QJt][0], R=(0 ~—t)e€ D2 and:
M = D2 /(D R).
e The matrix R admits a right-inverse S = (t 8)7,ie, RS=1
= M is a projective left D-module of rank 1.
e We have M= DV>2Q =Dt>+ D (t0 +2)
= M is not free because | = Dt? + D (td + 2) is not principal.



e Let us consider the time-varying linear control system:

Xz(t)—UQ(t):O, _ 0 0 0 -1
{Xl(t)—tul(t)zo, L = R‘(a 0 —t 0 )

e (x) admits the injective parametrization of over the second Weyl

algebra B1(Q) = Q(¢) [9]:

a(t) = (1),
(t) = &(t),
()= 1w,
us(t) = E(t).

e But, the parametrization (2) is singular at t = 0.

o M = B1(Q)**/(B1(Q)**2 R) is free with basis {x1,x}.



o Let D = A(Q) = Q[t] [£] and P = DY**/(D¥*2R).

e P is projective because R admits the right-inverse:

5_000—1T
~\t 00 0 '

e Computing exth (N, D), we obtain the parametrization of (1):

(3)

(3) is clearly non-injective because rankp(P) = 2.

e P is a projective left D-module of rankp(P) = 2, i.e., free.
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e The time-varying linear control system

{ x1(t) — tuy(t) =0,

xo(t) — up(t) =0,

is injectively parametrized by (STAFFORD (Robertz, Q.))

xa(t) = £ &u(t) — t&a(t) + &(2),
xo(t) = t (¢ + 1) &a(t) — (¢ +1) (1) + &(2),
ur(t) = t&(t) + 26 (t) — &o(1),

up(t) = t(t+1)&a(t) + (2t + 1) &a(t) — (¢ + 1) &(2),

and {&1, &} is a flat output of the flat system kerx(R.):

&(t) = (t+ 1) w(t) — w(t),
&(t) = (t+ 1) x1(t) — t xa(t).

o Idem for 01 y1 + Do yo + 3 y3 +x3y1 = 0.

Alban Quadrat Stafford theorem



Blowing-up of projective modules

e Theorem: If M = D'*P/(D'X9 R) is a projective left D-module
defined by a matrix R € D9*P admitting a right-inverse S € DP*9,
then, we have:

Q kerg(R.) @ FI = FPta ie., kerr(R.) @ F9is flat.

@ kerr(R.) ® F9 admits the following injective parametrization

Rn=0,
n € FP o {n:(lp_SR)g’
D C=RE

and £ =n+ S (is a flat output of kerg(R.) & F9.

@ kerr(R.) & F9 projects onto kerg(R.).
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e The system x(t) — t u(t) = 0 is not flat at t = 0.

e But, the following flat linear OD system
x(t) = —t&i(t) + &i(t) + 2 &(),
& u(t) = —&(t) + t& (1) + 26(t),
v(t) = &(t) — t&(t),

admitting the following flat outputs

{ &(t) = x(t) + tv(t),

x(t) — tu(t) =0,
{ veF,

&2(t) = u(t) + v(t),

projects onto x(t) — t u(t) = 0.
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Blowing-up of singularities

3

Figure: Graph of the curve y? = x5.
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Blowing-up of singularities

Figure: Graph of the curve t — (x(t) = t3, y(t) = t2, z(t) = t).
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Stable unimodular vectors

e Notation: Up,(D) = {unimodular vectors of D™}.

e Definition: a= (a1 ... am)™ € Up(D) is stable if there exist
C1,---,Cm—1 € D such that:

(a1 +Cc1am ... Am-1 + Cm—-1 am)T S Umfl(D).

ea=(a; ... am)' is stable iff there exist c,...,cm_1 € D and
bi,...,bm—1 € D such that:

m—1 m—1 ai
Z bi(aji+ciam) =1 < (bl coo bm—1 Z b; C,‘) =1,
i=1 i=1

am

m—1

ie. b, & Zb,-c,-eb10+...+bm,1o.
=1
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e Example: Let D =Q[x] and a= (x> +1 x)T € D?. The vector
a is unimodular because:

1 —x) <X2X+1 > ~1.

Moreover, a is stable because (x*> + 1) — xx = 1 € Uy(D).

The vector ' = (x x?+1)7 is also unimodular but not stable:
VceD, deg(x+c(x)(x*+1))>1.

e Example: Let D = A3(Q) and a= (01 +x3 0> 33)T € D3.
The vector a is unimodular because b= (93 0 —(d1+x3)) is a
left-inverse of a over D. Moreover, we have:

01+ x3+003 > 1

@+o @) (R0
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Stable rank

e Definition: The stable rank of D, denoted by sr(D) is the least
integer m such that every element of U,,.1(D) is stable.

e Example: sr(D) =2

V(ar a a3)7 €U3(D), 3c, €D
= (31+C1 a ar+ o 33)T EUQ(D),

3(81 82)T€U2(D) :VceD, ag+ca ¢U1(D).
e Example: st(D) =1 = V(a1 a2)” € Uy(D), Ic e D:
ay+ca € Ul(D) & (31 + Caz)_1 eD.

e Example: According to Stafford theorem (D = A,(k) or B,(k),
char(k) > 0), for all a1, ap, a3 € D, there exist ¢; and ¢, € D s.t.

Daj+Day+Daz=D(a1+cra3)+D(ax+cas) = st(D) =2.



e Example: If k is a field of characteristic 0, then sr(A,(k)) = 2.
e Example: If k is a field of characteristic 0, then sr(B,(k)) = 2.

e Example: If D is a a commutative noetherian ring of Krull
dimension d, then sr(D) < d + 1.

e Example: If D is an integral domain (e.g., Z, k[x], k a field),
then sr(D) < 2.

e Example: sr(R[x1,...,xp]) = n+ 1.
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Generalization |

e Proposition: If a=(a; ... am)' is a stable element of Up(D),
then there exists £ € EL,,(D) such that:

a 1
! 0
E : = ,
am O
More precisely, let c1,...,cm—1 € D such that
a = (alJFCl am &+ Cam ... Am—-1+ Cm—1 am)T € Umfl(D)ﬁ

and by,...,bm_1 € D satisfying 277:_11 bja; = 1. Let us introduce

a{/:(a&_l_am)bh i:l,...,m—l,

1

and following matrices E; € EL,(D):



Generalization |

0 0 0 c1 0 0 0 0
0 C2 O
S - A e
Cm—1 0 O o ... 1 0
0 00 ... 0 1 al ay &y ... a1
0 -1 1 0
0 0 —ab 1
Es=|(: o 0 | &= : -
0O 00 ... 1 O —a,; 0 0 ... 1 0
0 0 0 ... 0 1 —a;+1 0 0 ... O

Then, we have (£, E3 E; Ey)a=(1 0 ...0)".
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Generalization |l

e Theorem: Let D be a ring (admitting an involution #) and M a
stably free left D-module defined by the finite free resolution:

0 — D9 & ptxp T 0.
If rankp(M) = p — g > sr(D), then M is a free left D-module.

e The proof of the theorem is similar as for the Stafford thm.

We can apply the previous proposition till the last column

1 ~ ... ... %
01 x ... %

EO(R) = N
0 0 O

because we have L € D(P=(a=1))x1 and p — g + 1 > sr(D) +.1.



Quillen-Suslin theorem

e Theorem: Every finitely generated projective module over the
ring D = k[xi,...,xp|, where k is a field, is free.

e Corollary: For every stably free D-module M = D*P/(D'*9 R)
defined by a minimal presentation matrix R € D9%P, there exists
U e GLy(D), ie., det U € k \ {0}, such that:

RU=(l; 0).

e Corollary: For every stably free D-module M = D*P/(D**9 R)
defined by a minimal presentation matrix R € D9*P, there exists
T € D(P=9)%P gych that:

w(($) 0

e Constructive proofs of the Quillen-Suslin have been given in the
literature (e.g., Logar-Sturmfels, Park, Lombardi-Yengui).
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Particular case: principal ideal domain D

e Let D be a principal ideal domain D (e.g., D = k[x], k a field).

e Computing a Smith normal form of R € D9*P satisfying
RS = I, we obtain F € GLg(D) and G € GL,(D) satisfying:

R=F(, 0)G=F(ly 0) ( G
2

FIRY Fl oo R\
Gl=1, = Gl=1,
G2 0 Ip—q G2
R Floo
= G_l = Ip-
G 0 g

F~t 0
0 /P*q
RU=(lg 0).

)ZFGl = G1:F_1R.

Then, the matrix U = G~ ! < ) € GL,(D) satisfies:



Particular case: R € D(P-1)xp

e Let D be a commutative ring and R € D(P~1)*P admitting a
right-inverse S € DP*(P—1),

e Let us denote by m; the (p — 1) x (p — 1)-minor of R obtained
by removing the it column of R.

e The m;'s satisfy a Bézout identity > 7, nj m; = 1, with n; € D.

e Then, we can check that the matrix

V = R € DP*P
(=1)Ptrny ... (=1)%Pn,

is such that det V = 1 and its inverse U = V1 € DP*P satisfies:

RU=(l,1 0).
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Reduction to the case of a single row

e Let R € D9*P a matrix admitting a right-inverse S € DP*9,

e The computation of U € GL,(D) satisfying RU = (I; 0) can
be reduced to the case of row vectors with entries in D:

Let Uy € GL,(D) be such that Ria Uy =(1 0 ... 0)

RU 1 0
:> frn .
! G R

RS=1, & (RU)(U'S) =1,
W =1,

o (10 WX\_ (1 o), ) x=o
G R Yy z) 0 I G+RY=0,

R2 Z= quly

U L% ) ecanm) Ry = P °
= g . =
? Y s P e 0 Ry
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Particular case: one invertible entry in R

e Let R € D**P a row vector admitting a right-inverse S € DP*1,
e If one entry of R is invertible over D, e.g., Ry € U(D), then
w

R7Y 0
(Ry ... Ry) ( é | 1) = (1 R ... Ry,
-

and det W = R;* € D. Denoting by L = (R, ... Rp), we get:

(1 L)((l) I_Ll):(l 0...0).

_ R;Y 0 1 —L
Then, the matrix U = € GLy(D)
0 Iy 0 Ips

satisfies:
RU=(1 0...0).
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Particular case: 2 entries of R generate D

e Let D be a commutative ring.
e Let R € D**P a row vector admitting a right-inverse S € DP*1,

e We suppose that two entries of R, e.g., R; and R» generate D:
there exist X1 and Xo € D such that Ry X1 + R Xo = 1.

e The matrix defined by

X, —R, 0
W=| X R 0
0 0 Iho

satisfies det W =1and RW =(1 0 Rz ... Rp).
e Denoting by L = (R3 ... Rp), we finally obtain:

10 —L
1ornfo1 o |=@o0..0).
00 Ipo
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H. A. Park’'s example

e Let us consider D = Q[x,y] and R=(1—-xy x% y?).
e R admits the right-inverse S = (xy +1 y2 0) over D.

e In particular, the first two entries Ry =1 — xy and R, = x? of R
generate D: Ry X1+ Ro X = 1, where X3 = xy + 1 and Xp = y2.

e Then, the unimodular matrices defined by

xy+1 —x> 0 1 0 —y?
W = y2 1-xy 0|, Zz=[01 o0 ,
0 0 1 00 1

satisfydet W =1, RW=(1 0 y?)and R(WZ)=(1 0 0).

xy+1 —x* —(xy+1)y?
WZ= y2  1—xy —y* € GL3(D).
0 0 1
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Particular case: one entry of R is 0

e Let D be a commutative ring.

e Let R € D**P a row vector admitting a right-inverse S € DP*1,
e We suppose that one entry of R (e.g., ki) is 0, >, S; R = 1.
e The matrix defined by

1
1-R)S 1

W =
(1-R1)S, 1

satisfies det W = 1 and:

P
RW=(Ri+(1-R)> SR=1 R ...Ry).
i=2
The row vector RW = (1 R, ... Rp) can then be reduced to
(1 0 ...0) by means of elementary operations.
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Particular case: first condition on the right-inverse

e Let D be a commutative ring.
e Let R € DY*P a row vector admitting a right-inverse S € DP*1,
e Let us suppose that one entry of S, e.g., 51 is invertible.

e The matrix defined by

satisfies det W = S; e U(D)and RW = (1 Ry ... Rp).

The row vector RW = (1 R ... Rp) can then be reduced to
(1 0 ...0) by means of elementary operations.
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Particular case: second condition on the right-inverse

e Let D be a commutative ring.
e Let R € D**P a row vector admitting a right-inverse S € DP*1,

e Let us suppose that two entries of S, e.g., S; and S, generate D:
there exist X7 and X5 € D such that X; 51 + X> S, = 1.

e The matrix defined by

ST =X
S X
S, 1

satisfies det W =1and RW = (1 * Rz ... Rp), which can be
reduced to (1 0 ... 0) by means of elementary operations.
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Example: locally free modules

e Let us consider the D = Q[xq, xo]-module M = DY*3/(D R):
R=0-x—-1 XX+ -1 x—x).

e The matrix S=(—1 0 x;+ x2) is a right-inverse of R, a fact
proving that M is a projective, i.e., free D-module of rank 2.

e Checking that exth(D/(DY*3 RT), D) = 0, we obtain that

x1—Xx2 —x1+x2 xX2+x3-1
Q= —Xx1+ X0 —x1+ X0 —Xl2 +X22
2 2
2 X3 2xi —2 0

defines a parametrization of M, i.e., M =2 D*3 Q C D*3,

e The parametrization Q is not injective because rankp(M) = 2.

Alban Quadrat Stafford theorem



Example: locally free modules

e We have the following 3 minimal parametrizations of M:

—x1 + X X12+X22—1 X1 — Xo x12—|—x22—1
Q=] x+tx —x+x3 , Q= xtx —xF+x3 ;
2x2 =2 0 2x3 0
X1 —X2 —X1+Xx
QB=| —xi+tx —x1+x
2x22 2x12—2

None of them admits a left-inverse over D.
e The annihilators of the torsion D-modules L; = D**?/(D'*3 Q;)
annD(Ll) = (Xl2 — 1),
annp(L) = (3),
annp(L3) = (x1 — x2).
satisfy the Bézout identity —p; + po + (x1 + x2) p3 = 1, where:
pL=xi—1, p=x3, p3s=x—x.
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Example: locally free modules

e Over the localizations Dp, = {a/p/ |a € D, r € N} of D, the
minimal parametrizations Q;'s admit the following left-inverses:

1 0 0 1 1 (001
M=oy L =55 ,
26:2-1) {1 -1 0 22\ 110

1 -1 1 0
T3= 0 :
2(X1—X2) 1 1 0

i.e., satisfy T; Qi =h, i=1, 2, 3.
e Projective D-modules are locally free.

e Computation of minimal parametrizations gives us local bases.
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A constructive proof of the Quillen-Suslin theorem

e We shortly explain the idea of a constructive proof of the
Quillen-Suslin theorem (Logar and Sturmfels).

e Normalization step: Let us consider a € k[y1,...,ys] and let us
denote by m = deg a + 1, where deg a is the total degree of a.
Using the following reversible transformation

Xn:_yn7 PN yn:Xna
Xi=Yyi—yy vi=xi+x™"' i=1,....,n—1,

we obtain a(yi,...,yn) = cb(x1,...,Xn), where 0 # c € k and b
is a monic polynomial in xp,, i.e., the leading coefficient of
b € E[xn] is 1, where E = k[x1,...,Xp_1].

e If k is a infinite field, then we can obtain this result by means of
a simpler transformation.
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A constructive proof of the Quillen-Suslin theorem

e A ring A is called local if it contains only one maximal ideal m,
namely, a proper ideal m of A which is not properly contained in
any ideal of A other than A itself.

e Computation of local bases (Horrock's theorem): Let A be a
commutative local ring and R a row vector admitting a right-
inverse over A[x]. If one of the components R; of R is monic, then
there exists U € GL,(A[x]), satisfying:

RU=(1 0...0).

e Constructive proof of Horrock's theorem can easily be obtained
and implemented (QUILLENSUSLIN).
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A constructive proof of the Quillen-Suslin theorem

e Main algorithm:

o Input: R € D'*P a row vector which admits a right-inverse
over D and a monic component in the last variable xj,.

@ Output: A finite number of maximal ideals {m;};c; of the
ring E = k[xi,...,xp—1] and unimodular matrices {H;};c/
over the ring Ex,[xs], i.e., Hi € GLy(Ew,[xn]), satisfying

RH;=(1,0,...,0),

and such that the ideal defined by the denominators of the
matrices H;'s, i € I, generates E.
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A constructive proof of the Quillen-Suslin theorem

© Let m; be an arbitrary maximal ideal of the ring E. Using
Horrocks' theorem, compute a unimodular matrix H; over
Ew, [xn] which satisfies that RH; = (1 0 ... 0).

@ Let d; € E be the common denominator of all the entries of
H; and J the ideal of E generated by di. Set i = 1.
© While J # E, do:
® For i —— i+ 1, compute a maximal ideal m; of E such that:
JC m;.

@ Using Horrocks' theorem, compute a matrix H; over the ring
Ew, [xn] such that det H; is invertible in Ey,[x,] and:

RH;=(1 0...0).

© Let d; be the denominator of the matrix H; and consider the
ideal J = (dy,...,d;).

Q@ Return {m;},-e/, {H,‘},‘e/ and {d,'},'e/.



A constructive proof of the Quillen-Suslin theorem

e Patching the local bases: Let R € D'*P be a vector admitting a
right-inverse over D = k[xq,...,xp] and U € GLy(Ewn[xn]), where
m is a maximal ideal of E = k[xq,...,x,—1], which satisfies:

RU=(1 0...0).

Let d € E\ m be a common denominator of the entries of U.

Then, the matrix defined by
A, xn,2) = U(e,x,) U (0, %, + 2) € GLp(Emm[xn; 2])
is such that
Vze D, R(e x,)A(e x,z)=R(e,x,+ z),
dP is a common denominator of the entries of A(e, x,,z) and:
A(e, xn, dP z) € GLp(E[xn, 2]).
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A constructive proof of the Quillen-Suslin theorem

o Let {m;};c/, {Hi}ics and {d;}ic/ be the output of the main
algorithm, where I = {1,..., m}. Let us define the matrices:

Ai(e,xn, 2) = Hi(®,xp) H (0, x, +2), i=1,...,m

Let a, € k. We have (di,...,dm) = E = k[x1, ..., Xp—1]

1

m
= d¢gekE, i=1,...,m, Zcid.pzl_

R(O, Xn) A1(.7 Xn, (an - Xn) C1 df) = R(.a Xn + (3n - Xn) a df)7
R(e,xn + (an — xn) a1 df) Ao (e, x,+ (an — xn) a1 df, (an — xn) @2 df)
=R <.7Xn + (an — xn) (Z?:l Ci dip)> )

R(.,X,,Han_';,') (St ear))
A (o,x,,—i—(a,,—x,,) (Z, Lo d[’) (3n — Xn) € d,P) — R(s, ap).
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A constructive proof of the Quillen-Suslin theorem

e We finally obtain that the matrix
U(O, Xn) = Al(.aer (an - Xn) C1 df) A2(.7Xn + (an - Xn) a] dfa (an - Xn) (&) df)
LAY (O,Xn + (an — xn) (Zf;% G df) ,(an—xa) g d,P) € GL,(D)
satisfies R(e, x,) U(e,x,) = R(e,a,).

e Theorem: Let D = k[x, ..., x,] be a commutative polynomial
ring over a field k and R € D*P a row vector admitting a right-
inverse over D. Then, for all a, € k, there exists U € GL,(D) s.t.:

R(e, xn) U(e,xn) = R(e, ap).

e Implementation of the previous theorem was done in the package
QUILLENSUSLIN (Fabiariska, Aachen University):

http://wwwb.math.rwth-aachen.de/QuillenSuslin/
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e We consider the D = Q[xq, xo]-module M = D**3/(D R), where:
R=(x X22 +1 3x/24+x—1 2x1x).

e Normalized entry 3x2/2 + x; — 1 over D = E[x2] (E = Q[x1]).

e We consider the maximal ideal m; = (x1) of E. Using an
effective version of Horrocks' theorem, we get that the matrix

H, =
4— —2(3X1+2X2—2) 4X1(3X1—2)
di 2x1(3x1 —2x — 2) 4(X1X22-|—1) —4x1(3xl2><2—2x1><2—|—2) ,
i
0 0 0xF —12x2 +4x + 4

where di = 9x3 — 12x2 + 4x; + 4 ¢ my, is such that:

det H; = 4/d1 = H; € GLg(Eml[XQ]),
RHi=(1 0 0).
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e We have J = (d1) C E. Then, we consider another maximal
ideal my such that J C mp, e.g., mo = (955 — 12x7 + 4 x; + 4).

e Using an effective version of Horrocks' theorem, we obtain that

. 0 0 4X1(3X1—2)
HQ:CT 8x1 —8x1 X2 —4x(B3xfx—2xax+2) |,
2

—4 2(3x1+2x—2) 9 —12x2 +4x +4
where dy = 4 x1 (3x1 — 2) ¢ my, is such that:

det Hy = —1/(X1 (3X1 - 2)) = Hy e GL3(Emz[X2])7
RH,=(1 0 0).

e We have the Bézout identity
cadi+cd =1, 61:1/4, C2:—(3X1—2)/16,

i.e., (di,dr) = E and the main algorithm stops.
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e The matrix defined by

Aq(x1, %2, —c1 d x2) = Hi(x1, %) Hy Y(x1, x2 — 1 dh x2),

(9x1/4 =33 +x3)¢ + (3xE/2 —x1)x + 1
—(18x{ — 2453 +8x%) x1 X3 /8 + (27 X7 — 54 x{ + 36 x5 — 20x7 + 8x1) x1 X3 /8 — x1 X2

0
—X2 —2Xx1 X2
xix+(=3x22+x)x+1 233 -4 Bx—2)x |,
0 1

satisfies:

Al(Xl,Xz, —C dl X2) c GLg(D)
R(Xl,XQ) Al(Xl,XQ7 —C1 C/l X2) = R(XLXQ — C1 dl Xz).
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e The matrix defined by

Do (x1,x2 — 1 d Xo, —C2 da x2) = Ha(x1, X2 — c1 dy x2) Ha(x2,0) 7,

1 0 0
0 (3x%/2 —x1)x +1 X2 (3x1 —2)x ,
(9xF —12xa +4)x1%/8  (=3x1+2)x/4 (=3x¢/2+xi)x+1

satisfies:

As(x1, X2 — 1 dy X2, —C2 do x2) € GL3(D),
R(x1,x2 — c1 di x2) Ao(x1, %0 — €1 d1 X2, —C2 da x2) = R(x1,0).

Ur = A1(xq, x0, —c1 d1 x2) Do(x1, %0 — ¢1 dh xo, —p da x2) € GL3(D),
R(Xl,Xg) U1 = R(Xl,O) = (1 3X1/2 —1 0)
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e We easily check that the matrix

1 —3x/24+1 0
Ub=1| 0 1 0 | e GLs(D)
0 0 1

satisfies R(x1,0) U, = (1 0 0).
e Finally, if we define the matrix U = U; U, € GL3(D), namely,

(B3x2/2—x1)x+1 (—9x7/44+3xF —x1—1)x2—3x1/2+1
U= (-3x5/2+x)xE¢ —xixa (9x4/4—-35+x3+x)E+(3x¢/2—x1)x+1
(9xF —12x1 +4)x1%/8  (=27x1/16 +27x3/8 — 9x7 /4 — x1/4 + 1/2) x2
—2X1X2
2x¢ X4 :

(=3x%/24+x1)x +1

we obtain RU = (1 0 0)!



Application: flat linear OD time-delay control system

e Let us consider the following OD time-delay linear system:

{ y1(t) = y(t = h) +2y1(t) +2y2(t) = 2u(t — h) = 0, *)

y(t) + ya(t) — u(t — h) — u(t) = 0.

e We consider D = Q(a) [8; id, %} [0; 0,0] and the two matrices:

0 0
9-6+2 2 25
R = = 3@5+1) =¢
( 9 3—35—1>’5 2(00+1)
19 1

e We can easily check that RS = b, which proves that the
D-module M = DY*3/(D¥*2 R) is free (Quillen-Suslin theorem),
and thus, (*) admits an injective parametrisation.
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Application: flat linear OD time-delay control system

e We have the following system equivalence

yi(t) = ya(t — h) + 2y1(t) + 2y2(t) — 2u(t — h) =0,
yi(t) + yo(t) — i(t — h) — u(t) = 0.

- z1(t) +22z1(t) + 2 2(t) = 0,
21(t) + z(t) — v(t) =0,
defined by the following invertible transformations:
n(t) = z(t),
yo(t) = 3 (z1(t — 2h) + z1(t — h)) + z(t) + v(t — h),
u(t) = Lz(t—h)+ v(t).
z1(t) = yi(t),
(t) = =3 ya(t — h) + ya(t) — u(t — h),
v(t) = 1 ja(t — ) + u(2),

NI
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Application: flat linear OD time-delay control system

e Moreover, we have the following system equivalence

Zl(t)+221(t)+222(t):0, o 2X1(t)+2X2(t):0,
z1(t) + 2(t) — v(t) = 0, —w(t) =0,

defined by the following invertible transformations:
z(t) = x (1), x(t) = z(t),
2(t) = x(t) — 5 x(t), S 9 x(t) =2(t) + 3 2(t),
w(t) = V() + 5(t) + (1),
e We finally obtain the following injective parametrisation:

n(t) = x(t),
ya(t) = 5 (=a(t = h) + 5t — 2h) — xa(t) +xa(t — h) — 2x(t)),
u(t) = 3 (xa(t — h) = %a(1)).
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Application: ¢-flat linear OD time-delay systems

e Flexible rod with a mass:

52 0?q(r, x) 82q(7',x) B

or? ox2 0,
dq
gX(T 0) = (82 "
aq aq
a(T,L): J8 2(7’ L),
y(7) = q(r, L).

e q(1,x) =d(t+ox)+U(r—ox), t=(a/))7, v=(2J/0?)u,
() = yt+1)+y(t -1 +y(t+1) —y(t - 1) = v(t)
@{ y(t) =¢(t - 1),

v(t) = £(t) +E£(t —2) + (1) — &(t - 2).
o If y, is a desired trajectoire, then &.(t) = y,(t + 1) and:

Vr(t) = j},(t + 1) +)7r(t - 1) +}./r(t + 1) - )./r(t - 1)'
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Application: m-flat linear OD time-delay systems

e Wind tunnel model (Manitius, IEEE TAC 84):
x1(t) + axi(t) — kax(t —h) =0,
{ %(t) — x3(t) =0,
x3(t) + w? xa(t) +2Cwxs(t) — w? u(t) = 0,
x(t) = w?ak&(t - h),
xo(t) = w? £(t) +o? a&(t), §(t) = xa(t + h)/(w?a),
xo(t) = w2 €(1) + w2 ad(0),
u(t) = EO)(t) + (2¢w + a) () + (& + 2aCw) £(t) + aw? &(2).
e Simple network model (Fliess-Mounier, IFAC TDS98):
x(t) = &t — hy) — &a(t),

{ x1(t) + uy(t) — w2t — hy) =0, x(t) = &(t — ha),
=4
o(t) — u(t — hy) =0, u(t) = &(t),
up(t) = & (2).

&1(t) = xa(t+ h) + xa(t + b + ho), &(t) = xa(t + ho).
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Conclusion

e We have given a constructive algorithm for computing bases of
free modules over the Weyl algebras D = A,(k) and B,(k), when
k is a field of char(k) > 0.

e This algorithm and the Stafford theorem on the generation of
left ideals over the Weyl algebras are implemented in the package
STAFFORD for k = Q (Q.-Robertz):

http://wwwb.math.rwth-aachen.de/0OreModules/

e Algorithms for the computation of projective dimensions and
shortest free resolutions are also available in OREMODULES.

A. Q, D. Robertz, Computation of bases of free modules over the

Weyl algebras, Journal of Symbolic Computation, 42 (2007),
1113-1141.
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Conclusion

e We have studied stably free and free modules.
e We have briefly explained the Quillen-Suslin theorem.

@ Constructive computation of bases of free D-modules can be
obtained by means of the package QQUILLENSUSLIN:

http://wwwb.math.rwth-aachen.de/QuillenSuslin/

© More applications in mathematical systems theory:
constructive solutions of the Lin-Bose's conjectures, effective
computation of (weakly) coprime factorizations of rational
transfer matrices, reduction and decomposition problems. ..

A. Fabianska, A. Quadrat, "Applications of the Quillen-Suslin
theorem to multidimensional systems theory”, in Grébner
Bases in Control Theory and Signal Processing, H. Park and
G. Regensburger, Radon Series on Computation and Applied
Mathematics 3, de Gruyter publisher, 2007, 23-106.
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