In search of a locus using PC and DGS.
The examples described below should be based on activities and experimentation by pupils. The mathematical topic is mainly the study of loci. Initially the pupils are presented to a problem where they are expected to experiment using manipulatives. In this case bottles or stones would be suitable. Further they should formulate a conjecture and give reasons why this conjecture is plausible. In the end we hope they will be able to verify or even prove the conjecture with or without the help of technology. It is possible to revisit the problem presented at several higher class levels, offering increased understanding at each level of the mathematics involved. Communicating and interacting with peers will often support and strengthen the learning process. Seen as a whole, this is an inductive process where we expect the pupils to practise mathematical reasoning, looking for connections, searching for analogies and planning strategies of attack.
Using manipulatives it is possible to introduce the concept of locus already in primary school. Asking the children to place a marker representing the house they are living in, when the condition is that they all live at a house being at the same distance from a marker that the teacher has already put down. A circle will quickly and clearly be formed by the children’s markers. In a similar way we can use another example where they live in a house having the same distance from two of the teacher’s initial markers. The perpendicular bisector will quickly materialize as shown in figure 1. 
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Figure 1
Later, in lower secondary school, the perpendicular bisector can be used as the point of departure, but now expanding the problem with the ‘What if’-question: Where would you put your markers if the distance from the first of the teacher’s markers is twice the distance from the second marker? 
After the teacher has put down the markers A and B, the first pupil will nearly always put his/her marker between the two given markers (Point C in figure 2). Later the development varies, and so do the pupils’ guesses of what kind of curve they define. Usually, after a while, one pupil sees that another valid spot is on the line connecting the first two markers, but not between them (point D). In lower secondary school this decides the matter and their guess is a circle. If this conjecture is correct, the position of the circle is as shown in figure 2.
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Figure 1
At this stage, the problem is to verify or even prove this conjecture. One way of progressing  is now to choose some special points on the circle and prove that they satisfy the given condition, being twice as far from A as from B. Trying the points G and F on the perpendiculars on the line AB in A and E  shows, using the Pythagorean theorem, that they both satisfy the condition. The symmetry of the figure immediately verifies that the points F’ and G’ also are acceptable. All together we have now proven that at least six points on the circle are twice as far from A as from B, a strong indication that the conjecture is true.
If the school is lucky enough to possess computers and a graphical tool like GeoGebra, a further verification is available. This is shown in figure 3. We start drawing a line through A and B. Perpendiculars to this line are constructed at A, B, and an arbitrary point P. Q is an arbitrary point on the perpendicular through P and R is the midpoint of the segment PQ. Parallels to AB are constructed through R and Q. This means that AD is twice the distance BE. The circle with center A and radius AD is the locus of all points having a distance AD from A, and the circle with center B and radius BE is the locus of all points having a distance BE from B. The intersections between these two circles represent points in agreement with the condition of being twice as far from A as from B. Hence, moving Q these two points will trace the locus of all points which fulfill the given condition.
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Figure 3
We are now pretty sure that this circle is the locus we are searching for, but a satisfactory mathematical proof is still missing. When the pupils have learned analytic geometry the problem can then be revisited. In Norway this is the case in upper secondary school. The formulation of a proof is now possible as shown in figure 4. A point P(x,y) have the distance 2d from A and half that distance from B (The points A and B have been put on the negative x-axis at distances 4s an s from the origin to make the final equation as simple as possible). PR is the perpendicular from P on the line AB. Using the Pythagorean theorem on the two right angled triangles ARP and BRP we get the two equations in the first line in the figure. By substituting the values given in the figure we get the equations in line 2. Eliminating d in these two equations and simplifying, results in the final equation of a circle. Finally we have succeeded in proving our conjecture.
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Figure 4
The problem we have studied here is not new. It was presented by the Greek mathematician Apollonius in a more general form already about 200 BC and the circles are named  the circles of Apollonius. Apollonius stated what amounts to that when distances from two points are in a given proportion, the locus is a circle.
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