
���������
	��
���������������

��������� ��� ���!�
"$#&% �'���)()�*	���+ ,.-�% � �
()�/	��
"0�!(�� �$��(213� ����% 4�-5��	6��(����

7 "8, "��:9<;8=�>

"�� 45�?� % �'� �.=�@ AB=/C�DE@F;G;&=

HJILKMILN�OQPSR:TVUWKYX[Z\X[]/XMI_^a`bOdc
e�f_gh`jikZlPnmo`jf�p ]/X[N?X[Zq`jU
c!PSR iq`bKMKsrtN�ujIvU
ghILOQu/wyxz]WKVX[O{ZlN



���������
	���
�
������������������������ ��!#"$��!��%�&�(')�*"+�,'��(
-�.�/��������0
1 !-�2�3"4!205��	6�7"4� 1 ���.���
�8�9!�
.:*���<;��(!

=(>@?BADCFE�G�H-IFJK?ML9>@NO CPJKQ9R.A6STE*U�?T>@STV9?BS�W(SBQ-IFE<ADJKSTV$AO IFEXV9STYP>@S�Z[ST\@\]CFV_^�V9>@`FSTEXa6>bA�cPde^*U�G�fg7h�JiIF>@\kj�lPm.lon�prq�sot�u9p4v�w6pxn�y�w<z$mPy
{}|�~<�4����~��o����{��5�����e�4�������$�<���M�M~������M���$���x�<�����x~�����|��o�7�+���o�M���o��|r~����M�<�������r|$����~���o�4�4�����M�x~�����|i~������$�� .�r�����,�D�����+�P~��x~�����|¡�o�¢�b|P£�|4��~����$���P�+�$�D~��M¤¢¥$�o���D¦P�r���4���o§

���b�¨7©�ª « ¨¬­o®�¯ °4±&²
±³
´
µ ­�¶ µ ¯¸·�¹»º ¼�½¾�¿À�Á2Â Ã���P�M��� ¼ ����Ä����o���X�P�M��ÅkÆ��b|P�o�����b|-ÇÈ�7�D��|4��~��r|r~M¤É{��o�������o�4�+���Ê~<�$���É~����6�4|$��ËP�P��~����D���(Å�+�P~��x~�����|Ì�o���4�M~��M�X�Í�b|$�r|�~��,�o��~<�P��Î��o�4���o�M���r|9¤¡Ï5�P�Ð�(�$��~����+���ÍÑ7�x�6|P�����Ò�4|$�D~�����|9§�$�M£�|P���Ê�o�&�,�o��|P�M�<�o�������x~�����|Ð�o�.~<�P�5Ó&�4���M���r�r�������Ò�4|$�D~�����|-§Ô|$�x~<�P�<�o�����Ê�o�4�.���x�������|�~<�$�����+�x~<���o��~<�P�,���<����|r~����o���4�x��~��o�#~<�$���
�Õ�o�X���o�����<��¤



�����������
	���
�������	���	���������
! �
��"��#%$'&(�)��	*���+
!,-�/.�01�
�2 �354��7698���	:�<;=�2��	*�>
?,-�@
!��&( �
��"�A�2�CBD
E3(8F��	*�

G�HJI�KMLONQPSR�T*UWVYX
Z-I\[]LOUWP^I\[]NQK_I�Va`�KWNbUWcOKdUWe�fgUdehU_I�ihKML-jkcOe7[]Nl[]m�[AU

n_opoporq UdcJ[AUdcOcONbI�V2s�iANltpU
u9UWiAvwUdVQUWxpy q R{z�|)}p~ o y�����`*��R��

���p�����p�����]�
�����7�J���9�������@���9�k�����J�����\�\�k���@�7�J���������_�����\�)�7�J�������M�¡ ��M���@�7�J���¢ 2�
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¡�¢v£;¤,¥$¦O§�¨�¥�©«ª�¢v¬ £f­x¢�¥�£�§x¦�­�®�¥�£�©«¦�ª,©�¯�¢v¬�¢°¨�£�©«®�±�¢³²x¤�®^£�©´§�¨
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È ­x¢v¬�¢ Ã ©«¥�®�¥�£�®�¨,ª,®^¬fªUÉÊ©´¢°¨x¢v¬$Ë,¬�§`¦O¢³¥f¥vÌ ¶�·¹¸�º ©«¥�¦v®�±«±´¢³ª�®�¨�ÍÎ¬o¨�¥�£�¢³©Ï¨`ÐÒÑ�­�±´¢°¨QÓ�¢³¦fÔ§�¬;ÕÎÖ ·Ø×jº Ë�¬f§`¦O¢³¥�¥�Ù ×oÚ Ì
ÛØ¨h£f­x¢�£f­�¢v§�¬�ÜÝ§�Þ"ª,©�¯L¤,¥�©´§�¨hË�¬f§`¦O¢³¥�¥�¢³¥vß ¿ ©«¥ ¦v®�±«±´¢³ªG£f­x¢�ª�¬f©´Þ¹£ Ë,®^¬f®�à�¢v£�¢v¬³ß�Ó8¤�£

©Ï¨h£f­x¢á£f­x¢v§�¬�Ü�§�Þ4§�¬�ª,©Ï¨�®^¬�Ühª,©�¯�¢v¬�¢°¨�£�©«®�±\¢³²x¤�®^£�©´§�¨�¥�©´£�©«¥;¦v®�±«±´¢³ª(£f­�¢�ª,®�àâË,©Ï¨xã · §�¬
ª�¢³¦v®³Ü º Ë,®^¬�®�àä¢v£�¢v¬³Ì

å ­x¢�¢Oæ�®�¦O£$ª,©«¥�£�¬f©«Ó8¤�£�©´§�¨Z§�Þ\£f­x¢aà�®jæ�©Ïà>¤,à>ÐÒ±«©´Ô�¢³±«©Ï­�§Q§xªâ¢³¥�£�©Ïà�®^£�§�¬�§�Þ\£f­�¢aª�¬f©´Þ¹£
· ª,®�à�Ë,©Ï¨�ã º Ë,®^¬f®�à�¢v£�¢v¬+©Ï¨a®;¥�£�®^£�©´§�¨�®^¬�ÜaÕÎÖ ·Ø×jº"· §�¬"ÍÎ¬�¨�¥�£�¢³©Ï¨xÐÒÑÎ­�±´¢°¨QÓ#¢³¦�Ô º Ë�¬�§x¦O¢³¥�¥
©«¥ ©Ï¨�ç�¢³¥�£�©´ã�®^£�¢³ªFÙéè Ú Ì�ê6¤,®�¨�£�©«±´¢³¥ §�Þ7£f­�¢�ª,©«¥�£�¬f©«Ó�¤x£�©´§�¨ÝÞë¤,¨�¦O£�©´§�¨ÝÞ¹§�¬ ª,©�¯�¢v¬�¢°¨�£ ±´¢vç�¢³±«¥
®^¬�¢aã�©´ç�¢°¨�Ì

å ­x¢ àâ®�©Ï¨>ã�§�®�±8©«¥4£�§�¬�¢³Ë�¬�§xª8¤�¦O¢�ß�ÓQÜ>£f­x¢ ­x¢³±«Ëä§�ÞLì�í'®�¨�ªâî�Õ;ìm¡\ï ß�£f­x¢$£�®�Ó,±´¢
§�Þ�£f­x¢�ª,©«¥�£�¬f©«Ó8¤x£�©´§�¨�Þë¤,¨�¦O£�©´§�¨á§�ÞLà�®jæ�©Ïàá¤8à>ÐÒ±«©´Ô�¢³±«©Ï­x§`§`ª�¢³¥�£�©Ïàâ®^£�§�¬³ß�ã�©´ç�¢°¨äÓQÜ�ìs¬�§�Þ�Ì
Õ ¬f®^£,ð§�ß#®�¨�ªh¦v®�±«¦³¤�±«®^£�¢³ª�§�¨�ÑÎÖ ÕÎ¡r®�¨,ªpí�ñaí%ò�ò Æ�Æ ¦O§�àâË8¤x£�¢v¬f¥³Ì

É9­�¢°¨ È ¢a¬�¢³Ë�¬�§xª8¤�¦O¢³ªh£f­x¢a¢³®^¬f±«©´¢v¬Î¦v®�±«¦³¤�±«®^£�©´§�¨�¥vß�£f­x¢�®�Ë8Ë,±«©´¢³ªp­�®^¬fª È ®^¬�¢ È ®�¥®�óxÑÎô%ó�Ë,®^¬f¦ ó`£�®^£�©´§�¨ È ©´£f­ä§�Ë#¢v¬f®^£�©Ï¨xã�¥�Ü`¥�£�¢°àõóxÑÎô%Í�ó#Ì å ­x¢$¥�§�Þ¹£ È ®^¬�¢;£�§Q§�± È ®�¥£f­x¢�î�Õ;ìm¡\ï$ß�Ö$¢³±´¢³®�¥�¢(è`ß È ­�©«¦�­ö¦v®�¨ÇÓ#¢�¢v÷â¦v©´¢°¨�£�±´ÜJ¤�¥�¢³ªÇÞy§�¬Z¥�ÜxàáÓ#§�±«©«¦v®�±$®�¨�ª¨Q¤,à�¢v¬f©«¦v®�±L¦O§�à�Ë�¤x£�®^£�©´§�¨�¥vÌ
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EGF�HIF2JLKAM�N2K;OQP'R�K;SATUO

V OXWZY2Y2K8[\Y2O^];W`_bacOXd
e4f;gih�WZjbN2Y2f�k^f;M;e
Elj`jmWZkXW`_bKAdUWZSonLf�p8q�r.dcKAdcO^f�Y�K;kBh+WZjsN2Y.f�k^f;M;e t\_cf�r2q

u Y2aUdcO^dcr2dUW\f;g u Y2S2r2acdU_bOXK;k/v"k^WZjmdU_cf�Y�OXj`awK;Y2S x3KAdUW`_bOXK;kyalz�j`O^WZY2jmW
t{r2acabN2K;r2acaUdU_|F�}�~|P,};���)ECPb�`�A����� V O^WZY2Y2K��2E\r2aUdU_sOXK��2v"[

� N.f�Y2W;���D�����;�;�A�.�G�;�;�;�;���)v"p�K;OXk����LK;S�TUO��{p�KAdcNBF�kXK�F�K;abrBF�WZS2r

z�OXY�jmW\WZKA_sk^e4�A����alOXY4dcN.W�q�K;aUdwjmWZY�dcr._ce4f�r._
_cWZaUWZKA_sjbN9N2K;aw�/W`WZY�g�f�j`r2aUWZS�f�Y�dcN.WIK;j`jmWZk^W`_sKAdcO^f�Y9f;g�jmf�p8q�r.dUW`_
acOXp�r2kXKAdcOXf�Y2a�f;g �"� v"a`F�ElY.f;dcN2W`_�WZ��r2K;kyk^e�OXp8q)f;_cdcK;Y�d4K;Y�S@r�Y2jmf�p8q2_cf�p�OXacOXY.M%f;��T�WZjmdcOX];W�N2K;a4�/W`WZY@dcN.W
K;j`j`r._bK;jme�WZY2N2K;Y2jmWZp8WZY�d"f;gBdcN2WlY�r2p8W`_bOXj`K;k2_cWZacr2k^dcaZFiE\a�K� 2_baUd�aUdUW`q>dUf¡�¢KA_sS2a"dcN2WZaUWlM;f�K;kya"�¢WlN2K|];W\S2W`]�OXacWZS
K�aUe�pG�)f�kXOXj
q�_cf�jmWZS�r._cWwg�f;_¢ace�aUdUWZp�KAdcOXj`K;kXk^e�K;Y�S�jmf�Y�];WZY2O^WZY�dck^e�S2OXKAM;f�Y�K;kXO^£ZOXY.M�dcN.W\kyOXY.WZKA_ ��� v"a`���CN2OXjsN�KA_cW
jmf�p�p8f�Y�k^e>WZY�jmf�r2YDdUW`_bWZS OXY�p�KAdcN2WZp�KAdcOXj`K;kBq�N�e�acOXj`awK;Y2S�jmf�p�q�r.dcKAdcO^f�Y2K;k�WZY.M�OXY.W`W`_bOyY.M8KAq2q�kXOXj`KAdcOXf�Y2a`F

hwN2Oya�q2_cWZaUWZY�dcKAdcO^f�Y>q2_cf¡]�OXS2WZa�KGS.W`dcK;OXk^WZS>K;j`jmf�r2YDdLf;gBdcN.W\OXS.WZK;a��)WZN2OXY2S8S2OyKAM;f�Y2K;kXO^£ZKAdcO^f�Y���K;Y2S4S2OXacj`r�acaUWZa�O^dca
jmf�Y2aUWZ��r.WZY2jmWZawf�Y9S.WZacO^M�Y�OXY.M�_cf;��r2aUd`�2K;j`j`r2_bKAdUW�K;Y2S�K;j`jmWZk^W`_sKAdUWZS K;k^M;f;_bOXdcN2p�aLg�f;_CaUf�k^]�OXY.M��)f�r2Y2S2KA_ce�]�K;kXr2W
q2_cf;�¤k^WZp�aI¥¦J V\� as§LOXY��)f;dcN9OyYDdUW`M;_bK;k^P"K;Y2S9S2OQ¨)W`_cWZY�dcOXK;k)g�f;_bp�F

hwN.W©S2OXabj`r2acacO^f�Y3aUdcKA_cdca{�COXdcNªK�jmf�Y�TUWZjmdcr._cW8aUdcKAdcOyY.M�dcN2KAd�«A¬�¬i¬®­�¯/°c«A±²­X³|°c´�µ"¶{·L¸b¹C«�¸©º8»|´D°m¬¼¸
½m»A±\¾¤¿DÀ�¸s­�Áb«A¬�¬¼À
±c°c«A¬®­^³|«DÂm¬X°8¸sÀ�¸²Ã
°`ºG¸s¹
Ás«A¯�Âs°8´A­�«ZÄD»A¯/«A¬¼­X³|°b´�Å{E\aC��e�q�_cf�S�r2jmdca`��f�r2_ljmf�Y�TUWZjmdcr._cW©OXp8q�kyO^WZa
aUW`];W`_bK;kijmf�Y2aUdU_bK;OyYDdca`�
jmf�Y2acOyaUdUWZYDdC�CO^dcN�Æ�Y.f|�CY j`kXK;acacOXj`K;k)_bWZacr2k^dca`�2r2q/f�Y4dcN.WGOXYD];f�kX];WZS9jmf�Y2aUdcO^dcr2dcO^];W�WZ��r�KAdcO^f�Y2a`F

� OXKAM;f�Y2K;kXOX£`WZS6gÇf;_sp�a�KA_cW;�+��eojmf�Y2aUdU_br2jmdcOXf�YB�+WZ��r2O^]AK;k^WZY�d\dUf dcN.W8f;_bO^M�OXY�KAdcOXY.M �"� v"aZ�+��r.d�S2OyaUdcOXY.M�r2OyacN9dcN.W
aUq�K;jmWGjmf�f;_bS�OXY2KAdUWI�COXdcN�_cWZaUq)WZjmdwdUf��lN2OXjbN9dcN.W�S2OXKAM;f�Y�K;kXO^£ZKAdcO^f�Y9N�K;a
�)W`WZY�q)W`_cgÇf;_sp8WZSBF"E\aw�COykXk/�/WIabN.f|�CY
OXYªdcN2OXalq2_cWZacWZYDdcKAdcO^f�Y6S�OXKAM;f�Y2K;kXO^£`WZSªg�f;_bp�a{OXY�dU_bOXY2abOXj`K;kXk^e�K;kXk^f¡�ÈaUW`];W`_bK;k�r2aUW`g¦r2kiOXY�dUW`_cq2_cW`dcKAdcO^f�Y�a{�CN2OXjsN3KA_cW
M;WZY.W`_bK;kyk^e4S2W`W`q�k^e>N�OXS2S.WZY�OXY�dcN.WZOX_ �"� vÉjmf�r�YDdUW`_cq¤KA_cdca`F

R6W{S.WZp8f�Y2aUdU_sKAdUWCdcN.WwdUWZjsN2Y2OXj`K;k/S.W`dcK;OXkya���e�jmf�Y�];W`_cdcOXY2MGaUW`];W`_bK;k �"� v�a"OXY�dUf�dcN.WZOX_�_cWZaUq)WZjmdcO^];W\S2OXKAM;f�Y2K;kXOX£`WZS
g�f;_bp�a`F u YÊq�KA_cdcOXj`r�kXKA_>�¢W6jmf�Y2acOXS2W`_4dcN2WoË�KAq�kXK;jmWoWZ��r2KAdcO^f�Y@gÇf;_�dcN2WªWZkXWZjmdU_cf�aUdcKAdcOXj6K;Y2SÌp�KAM�Y.W`dUf�aUdcKAdcOXj
 2WZkXS�a`�DWZkXK;acdUf�aUdcKAdcOXjlWZ��r2KAdcOXf�Y2a`��dcN.W\ÍlWZkXp�N2f�k^£wWZ��r2KAdcO^f�Y>gÇf;_¢dcN.W{acj`K;kXKA_¢�¢K|];W\q�_cf;q�KAM�KAdcO^f�YB��dcN.W\K;jmf�r2aUdcOXj²Pc�
q�O^W`£`f�WZk^WZjmdU_bOyj²Pc��K;Y2S>WZk^WZjmdU_cf�p�KAM�Y.W`dcOXj\�¢K|];W{WZ��r2KAdcOXf�Y2a¢gÇf;_¢];WZjmdUf;_
 2WZkXS2a�OXY�K;Y�OXaUf;dU_cf;q�OyjCK;Y2S>dU_bK;Y2aU];W`_sacK;kXk^e
OXY2N2f�p8f;M;WZY.W`f�r2a�p8WZS�OXK��BK;Y2So �Y2K;kXkXe4dcN2W>z�jbN._�Îf�S2OXY.M;W`_\�¢K|];W�WZ��r2KAdcO^f�YBF�hwN.W`_cW`��e;��K�aUe�p��)f�kXOXjGY.f;dcKAdcO^f�YB�
�CN2OyjbN�j`K;Y�WZK;acOyk^e%�)W�K;r.dUf�p�KAdUWZSB�L�COykXk"WZY�KA��k^W�r2a8dUf6_cW`q¤kXK;jmW9k^WZY.M;dcN�e�K;Y�S$dUWZS2O^f�r2a8j`K;kXj`r�kXKAdcO^f�Y2a©��e�K
¸s­�ºl¾¤¬®À�ÏcÂmÀAÏÐ­Ç¯2¸'¾.°bÁZÃ¦­�»A¯4p�K;Y2O^q�r2kyKAdUf;_ce�q2_bf�jmWZS2r2_cW;F

Ñ f;_�_cWZK;aUf�Y2a"�CN2OXjsN©�COXkXk��)Wwp�K;S.WCj`kXWZKA_���Wl_cW`g�W`_�dUf�S2OXKAM;f�Y�K;kXO^£`WZS8_cW`q�_cWZaUWZY�dcKAdcO^f�Y2a�K;a�Ílr.e�M;WZY2a`� � _bOXY�j`O^q�k^W
OXY � OQ¨)W`_cWZYDdcOyK;k Ñ f;_bp�FÒR6W6�COXkXklOXYDdUW`_bq2_cW`d�dcN2OXa4q2_bOyY2j`O^q�k^W9K;Y�SÌacN.f|�ÓdcN�KAd9O^d4j`K;YÊg¦KZ];f;_sKA��k^e@�/Wor2aUWZS
g�f;_8¥¦O�§wM;WZY2W`_bKAdcOXY.M�Y.f¡];WZk�aUdUWZY2j`OXkXa\OXY3dcN.W© �Y2O^dUW�S2OQ¨)W`_cWZY2jmW©p8W`dcN.f�S�¥¦k^WZK;S2OXY.M4dUf�f�r._{_cWZjmWZY�dck^e3S.W`];WZkXf;q/WZS
¶�­ Ô{°m±c°m¯�Ã¦­�«A¬¤Õ\»AÖ�¯¤´�«A±²À�·L¬X°mº�°m¯�Ã�×%°ZÃ�¿�»Z´�¹�¶{ÕL·"×3§sØ)¥¦OyOÇ§�jmf�Y2aUdU_br2jmdcOyY.M©g�r2Y�jmdcO^f�Y2K;kXaLOXY4dcN.W� �Y�O^dUWlWZkXWZp8WZYDd
p8W`dcN.f�SBØ�K;Y2S�p8f�acd�OXp8q)f;_cdcK;Y�dck^e;�¤¥¦OyOXOÇ§�WZaUdcKA��kyOXacN2OXY2M{abOXY.M�r2kXKA_�abr._cg¦K;jmWCOXY�dUW`M;_bK;kXa"OyY8dcN.WC�)f�r2Y�S2KA_ce�WZkXWZp8WZYDd
p8W`dcN.f�SBF



� OXKAM;f�Y2K;kXOX£`WZS%g�f;_bp�a�OXY%acq/WZjmdU_sK;k�S.f�p�K;OXY�dU_bK;Y�aUgÇf;_sp OXY�dUf3K;kXM;W`�2_bK;OXj>WZO^M;WZY�]�K;kXr2W�WZ��r2KAdcO^f�Y2a`Fª[labOXY.M9dcN.W
K;acaUf�j`OXKAdUWZSGWZO^M;WZY.q�K;OX_ba��¢W�acr2M;M;WZaUd+dcN._bW`W"q2_cf�jmWZS2r._bWZa�g�f;_�jmf�Y2aUdU_sr2jmdcOXY.M\t{_cW`WZYB��a�g�r2Y�jmdcO^f�Y2a+K;abaUf�j`OyKAdUWZS��COXdcN
K8M�O^];WZY9�/f�r�Y2S2KA_ce�]AK;kXr.W�q�_cf;��k^WZp���Æ;W`W`q�OyY.M�OXY�p�OyY2S4dcN.W�K;r.dUf�p�KAdcOX£ZKAdcO^f�Y K;aUq)WZjmdCOyY�f�r._CS.W`_bOX]�KAdcO^f�Y�a`F

R6W>OyYD];WZaUdcOXM�KAdUW�dcN.W�K;ace�p8q�dUf;dcOXj8q2_cf;q)W`_cdcOXWZa{f;g¢dcN2W�WZO^M;WZY.q�K;OX_ba�OXY6dcN.W�g�KA_UPCK;Y�S%Y.WZKA_UP' �WZkXS6OXY6dcN.W>aUq)WZj²P
dU_bK;k�S.f�p�K;OXYBF u Y�K;j`jmf;_bS2K;Y2jmW4�CO^dcN ÍCWZOyaUWZYD�)W`_cM.��aGr2Y2jmW`_cdcK;OyYDd,eªq�_bOXY2j`O^q¤k^WGdcN2WZaUW>K;aUe�p8q2dUf;dcOyj�W � q�K;Y2acO^f�Y�a
jmf;_c_cWZacq/f�Y�S�dUf�dcN.WªY2WZKA_UP�K;Y2SÉg¦KA_UP' 2WZkXS2a>OXY�dcN2W3aUq�KAdcOyK;klS.f�p�K;OXYBF [ldcOXkXO^£ZOXY2M6dcN.W3g¦KA_UP' 2WZkyS�W � q�K;Y2acO^f�Y�a
OXY3dcN.W©aUq)WZjmdU_bK;k�S.f�p�K;OXY3��W©q2_bf;q/f�acWGK;YoWZK;aUe�P'dUfAP
OXp8q�kXWZp8WZYDd{_cWZj`OXq�O^W�g�f;_{dcN.W�_cW`M�r2kXKA_bOX£ZKAdcO^f�Y f;g¢acOXY.M�r�kXKA_
acr._bg�K;jmW�OyYDdUW`M;_bK;kyaCOXY dcN.WI�)f�r2Y2S2KA_be>WZk^WZp�WZYDdlgÇf;_bp�r2kXKAdcOXf�Y2a`F Ñ f;_\jmf�p8q¤k^W`dUWZY.WZaca`�/dcN.WIq�_cWZaUWZY�dcKAdcO^f�Y f;g�dcN.W
q2_cf;q)f�aUWZS9_cW`M�r2kXKA_bOX£ZKAdcO^f�Y��COXkyk)q2_cf�jmW`WZS9K�S2Oyacj`r2acacOXf�Y�f�Y Í\K;S2K;p�KA_bSB��alS.W` �Y2OXdcO^f�Y�f;g���WZkXk^P'�/WZN�KZ];WZS2Y.WZaba
f;g
kXOXY2WZKA_
f;q/W`_sKAdUf;_wWZ��r�KAdcO^f�Y2a`��K;Y�S9hwO^Æ�N.f�Y.f¡]¤��aL_cW`M�r�kXKA_bO^£ZKAdcO^f�Y�dUWZjsN2Y2OX��r.W;F

[\acOXY.Mof�r._�_bW`M�r2kXKA_bO^£ZKAdcOXf�Y$dUWZjbN2Y2Oy��r.W��¢W9acN.f¡� dcN2KAd�p�f�p8WZYDdca�f;g�t{_cW`WZYB��a�g¦r2Y2jmdcOXf�Y2a©K;acaUf�j`OXKAdUWZS��COXdcN
K4M�O^];WZY6J V\� j`K;Yo�/W��w_bOXdUdUWZYªOyYªjmf�f;_bS2OyY2KAdUW�¥�M;W`f�p�W`dU_ce.§
P'g�_cW`W;�igÇ_bWZ��r.WZY�jmeDPc�BK;Y2S6p�KAdUW`_sOXK;k�OXY2S.W`q)WZY2S.WZY�d
g�f;_bp�a`�2K;Y2S9dcN.W`_cW`g�f;_cW;�2dcN.W`e�j`K;Y��)W�_cW`M�KA_bS.WZS K;aIÖ�¯2­��A°m±s¸m«;¬�½sÖ�¯¤Á|Ã¦­¦»;¯.¸�g�f;_wdcN.W�r�Y2S.W`_bk^e�OXY.M�j`kXK;aca
f;giq2_cf;�2P
k^WZp�aZF u d�dcr._sY2a�f�r.d�dcN�KAd"dcN.WCr�Y2O^];W`_bacK;k2g�r2Y�jmdcO^f�Y2a�KA_cWlM;WZY.W`_bK;kXk^e©K;aUdUf�Y2OyacN2OXY.M�kXeGacp8f�f;dcNBØ�dcN.W`e8j`K;Y��)Wwq2_bWmP
j`K;kXj`r2kyKAdUWZSB�¤aUdUf;_bWZSB�¤K;Y2S dcN�r�aw_cW`dU_bOXW`];WZS K;alf;gÇdUWZYªK;aC_bWZ��r2OX_cWZS�¥¦S2KAdcK>_cWZjme�j`kyOXY.M�§sFLhwN2OXawj`KAq¤KA��OXkXO^d,e4K;kyk^f|�Ca
r2aidUf�aUW`q�KA_bKAdUW
dcN2WLabj`O^WZYDdcOX �j�jmf�p�q�r.dcOXY.M\Wm¨)f;_cdca�gÇ_bf�p dcN2W¢q�_cWmP)K;Y�SGq)f�aUdUq�_cf�jmWZabacOXY.M\aUdUW`q�a�OXY�acOXp�r2kXKAdcO^f�Y�a`�
acr.M;M;WZacdcOXY.M�dcN.W8g�f�kXk^f¡�COXY.M4f;_cM�K;Y2O^£ZKAdcOXf�Y6f;g�f�r2_IaUf;gÇd,�¢KA_bW;�Iq2_cW`q2_bf�jmWZacabOXY.MAP'��r�¨)W`_UP
jmf�p8q¤r.dcKAdcO^f�Y2K;k���WZY2M�OXY.WmP
��r�¨)W`_UP'q)f�aUdUq2_bf�jmWZacabOXY.M.FohwN.WZaUW�jmf�Y2acOXS2W`_bKAdcO^f�Y2a©N2K|];W�_cWZacr2k^dUWZS�OXY dcN.W�S.W`];WZk^f;q�p�WZYDd©f;gCdcN2W Ñ K;aUd�P,x9fDx%�
�CN2OyjbN�OXaLK;Y9K;j`jmWZk^W`_bKAdUWZS gÇf;_sp f;g+dcN.WIjmf�Y�];WZYDdcOXf�Y2K;k�p8W`dcN.f�S�f;g�p�f�p8WZYDdcaG¥��/f�r�Y2S2KA_ce�WZkXWZp8WZYDdwp�W`dcN.f�S/§sF

[\acOXY.M6q2_bWZj`K;kXj`r2kXKAdUWZSÉr2Y2O^];W`_babK;kLg�r2Y�jmdcO^f�Y2a©dcN.Wªjmf�p8q�r.dcKAdcO^f�Y dcOXp8WZa8g�f;_�dcN2W j`K;kXj`r2kXKAdcOXf�Y�f;g©­Çºl¾.°b´�«A¯¤Á²°
º�«;Ã¦±²­¦Á²°²¸¢OyY>dcN2W{JLv¢x KAq2q¤kXOXj`KAdcO^f�Y2a�_cWZS2r�jmW\dUf8dcN2W\dcOyp8WZaL_cWZ��r2O^_cWZS>gÇf;_
_bW`dU_bO^W`]�OXY.MGS�KAdcK©gÇ_cf�p dcN2W{jsN.f�aUWZY
aUdUf;_bKAM;W p8WZS2OXr2p9F�Ílf|�¢W`];W`_Z�IOXYÌaUq�OXdUWªf;gGdcN2OXa�K;S.]AK;Y2jmWZp8WZY�d`�IK�p�K¡TUf;_9S._bK|�w��K;jcÆÊOXYÊdcN.W�JLv¢x aUdcOykXk
_cWZp�K;OyY2a�dUf��/WC_cWZp8f|];WZS���dcN.WlOXp�q/WZS�K;Y2jmWwp�KAdU_bOXjmWZa¢KA_cW\S.WZY2aUW;F"z�W`];W`_bK;k¤dUWZjbN�Y2OX��r.WZa"N2K|];Wl�)W`WZY>acr.M;M;WZaUdUWZS
OXY�kyO^dUW`_bKAdcr._cW gÇf;_>f;�2dcK;OXY2OXY2M�aUq�KA_baUW3p�KAdU_bOXjmWZa`�
WZK;jsN@�CO^dcN�O^dca�f|�CYÉkXOXp�OXdcKAdcO^f�YBF R6WoN2K|];Wªacr2M;M;WZaUdUWZSÉK
q2_cf�jmWZS2r._bW��CN2OyjbNªjmf�Y2acOXaUdca\f;g¢jmf�Y2aUdU_br2jmdcOyY.M>q�_cf;��k^WZp©P
acq/WZj`OX �j�f;_cdcN.f;M;f�Y�K;k�aUWZ��r2WZY2jmWZa\f;g"��K;acOyaCg¦r2Y2jmdcO^f�Y�a
S.W`_bOX];WZS�g�_cf�p dcN.W¢OyYD];f�k^];WZS8t\_cW`WZY���a�g�r2Y�jmdcO^f�Y2a`F+hCN.W�OXS2WZKlOXa�dUf\W � q�K;Y�S�dcN.WLr2Y.Æ�Y.f¡�CY2a+OyY�f�r._iq2_cf;�¤k^WZp�a+OyY
dUW`_bp�a¢f;g��¤K;acOXa�g�r2Y�jmdcO^f�Y2a��CN2OXjsN�WZpG�)WZS>OXY�dU_bOXY�acOXj
g�WZKAdcr._cWZa¢f;g+dcN2W\r2Y�S.W`_bk^e�OXY.M ��� v�aLOXY�dcN2WZO^_¢acdU_br2jmdcr._cWZaZ�
[\acOXY.M%x W`e;W`_Z��a�f;_bdcN.f;M;f�Y2K;kXO^£ZKAdcOXf�Y�dUWZjbN�Y2OX��r.W9K;Y2SÉt\_bW`WZYB��a8g¦r2Y2jmdcO^f�Y2a8K;abaUf�j`OyKAdUWZS��CO^dcN�K�M�O^];WZY J V{� �
�¢W>jmf�Y2aUdU_sr2jmdIg¦r2Y2jmdcO^f�Y2aI�CN2OXjsN�KA_cW�f;_bdcN.f�Y.f;_bp�K;k"dUf dcN.WZOX_�OXY�dUW`M;W`_UP'dU_bK;Y2ackyKAdUWZa`F u Y%dcN.W>j`K;aUW>f;g
Ë+KAq�kXK;jmW
f;q)W`_bKAdUf;_Z�.�¢WIKA_cWIKA��k^W{dUf�acN2f|�ÌdcN2KAd
dcN.W{_cWZabr2k^dcOXY.M�g¦r2Y2jmdcO^f�Y2a¢W`];WZY9abr.q2q)f;_cd�K8p�r2k^dcOX_cWZaUf�kXr.dcOXf�Y>K;Y2K;kXe�acOya`�
k^WZK;S2OyY.M©dUf��¢±U°s°m¯�� ¸²Ï¼½²Ö�¯¤ÁZÃ¦­�»A¯.¸²ÏUÂb«�¸`°b´>¸mÁb«;¬¼­�¯�Ä\½²Ö�¯/ÁZÃ¦­�»A¯.¸G«A¯¤´	�"«
�;°m¬X°`Ã�¸²FLz�W`];W`_bK;k+Y�r2p�W`_bOXj`K;k)W � K;p8q�k^WZaL�COykXk
OXkXkyr2p�OXY2KAdUWldcN.W�r2Y�S.W`_bk^e�OXY.M�jmf�Y2jmW`q2dca`F

R6W9jmf�Y�dcOXY�r2W>f�r._©q2_bWZaUWZYDdcKAdcOXf�Y ��e%��_bO^W��2e6S2OXabj`r2acacOXY2M aUW`];W`_bK;k
K;k^dUW`_sY2KAdcO^];Wª¬Q»ZÁs«A¬®­^³|«;Ã¦­¦»;¯ dUWZjsN2Y2OX��r.WZa�gÇf;_
M;WZY.W`_bKAdcOyY.MGaUq¤KA_baUWCp�KAdU_sOXjmWZa�OyY�jmf�p8q�r.dcKAdcOXf�Y2a`��OXY2j`kXr2S�OXY.M{jmf�N.W`_cWZY�d¢aUdcKAdUWZaLK;Y2S�R�K;Y2Y2O^W`_�g�r�j`YDdcO^f�Y�a`�Df;_bOXMAP
OXY2K;kyk^e�acr.M;M;WZacdUWZS OXY���r2K;Y�dcr2p p8WZjsN2K;Y2OXj`a`�¤K;Y2S�q�N.f;dUf�Y2Oyj`awKAq2q�kXOyj`KAdcO^f�Y2a`��_cWZaUq)WZjmdcO^];WZkXe;F

R6W%jmf�Y2j`kyr2S.W6f�r._ S�OXacj`r2acabO^f�Y@��e@q)f�acOXY.M$dcN.W6g�f�kXk^f¡�COXY.M0°�
�­y¸mÃ
°m¯¤Á²°���r.WZaUdcO^f�Y���R@N�eÌOXa�O^d�q)f�acacO^�¤k^W3dUf
S2OXKAM;f�Y�K;kXO^£`WIK©M�O^];WZY3aUe�acdUWZp f;g�kXOXY.WZKA_bOX£`WZS ��� v"aCOyY�dcN.W� 2_baUd
q¤kXK;jmW��
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�!À2Á�Â�´^�,mMm�Ã;Ã;ÃÅÄÇÆbÈ�É;ÊeË�É?Ì$Í6Ä�ÊbË¹Î�½2¡�¢�t���mM�o{Slhmq��r��Sm���{2r�xbtÏxsz�Ð��O¢�thx�Ð�¢��Il¹³�mM�2vsmM��£qµ*te{2r�y6t�x���¡Ñ��m�psy��2m�ps��¥�³�¢�r�y�{
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��l�r��Ol�psy�y�x`�'�H{Slhm�³$¢�r�y��h¿Ç¢���xszä�2xe��l�r��,{2r��MpC{,m��Ï��xbn�psrut��!xbt�{,xe��xszä�2runq��y�mM�'xbthm��M£'k'l�m�nqpC{Sl�m�nqpC{2r��Mr�pet�l�ps�'{Sl�m
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�Z���`���#���~�9�q���������m���_�`�G�/�d���q�d�J�q�O�q� ���I�q�¡�¢��� £���� ���¤�Y���L���O�Y�Z�q�	�`�L���O�Y���q�¥£��L�`�*¦
§ �����`�¡�g� ¨G��©q� ���W���=�`¨G���ª�q�d� ���L���P���¤�G�q��� �o� § £��¡�¡���O���O« �L���O�Y�R¬®­¯�(¨ § �����/�q�~°!� �¡�
� �����q���¡�¡�`� § ���`�G�G�����f�q�e�d���q�d�±� § £��¡�¡���O���O« �L���O�Y�²�d�G�¡�����±�`¨��B�³�L�e�`� �`¨��O���W�Y�e���q��� �
§ ���`�G�G�����W���^´a���(� ���G���1���q��� � § ���`�G�G�R¬

µ	�O�W�L���m�G�¶£��W�m�Y���L�I�O�`� § �����¡�·�¡�J¨���� �?�m� § �W�����m���&¨������I�¡�q�{�d� § £&¨����������q�f�w°t�L���q¬
¸¹���q�d��� § £&�¡�¡���O���O« �L���O�Y� § ���`���#���R� § £��O� § �¤�Y��� �º�m�a»��W�L���m���~£��W�m�W�{�L�`�O�`� § �����¡�¹�W�O©q� �
�q£�£����¤�G� § �L���g� § £��¡�¡���O�·� ¨���©q� ���W���¼�`¨����f�q�d� � ¬^½��®�`���e�����W�O�Y�=�q�1�d� § £&¨G���L���O�Y���q�
�m�W������� ���_�`�G�¶�d�G�q�d�_�`� £���� ���¤�Y���L���O�Y�¾���W�¾���¤©q�?���m�G�Y¨��¡�L���q�e�G� �L�¿�`�m�G�Y¨��¡�L�¿£��W�m�W�
�`���L�¿�d� § £��¡�¡���L���P�`�G�Z¨����g�q�~�`�G�¶�q�O�q� ���`�q�¡�¶��� £���� ���¤�Y���L���O�Y�5¬=ÀJ�f���¤�=�`�G�Z¨����g�q�
�`�G�g� § £��¡�¡���O�·��� £���� ���¤�Y���L���O�Y�o�¡����� § £&�¡�O��� �Á�O�~�`�m�G�Y¨��¡�L���q�¿�G� �L�·�`�m�G�Y¨��¡�L�_£��W�m�W���
�L���_°!� �¡����� £��L�`�L��� �Â�f��� § �`�G�_�`���W�O�Y�l�q�c�d� § £&¨G���L���O�Y���q�¹�m�Y������� ����¬�½��Ã�q�`�G���¢�q£G¦
£��¡�¡���L���O�Y���/�`¨��I�^�q�a��� �����f�q�º��� �O���Y�����`��� �d���O�Y���¢�O�J�¡�a� § £��q�����W�Y�J���P���¤©q�¿�q��� ¨G�`�L���
��� £����G�&¨��d���O�Y�P�q�	���m�G�Y¨��¡�L�`�O���O� ��¬

Ä{���PÅ/�W���³Æ¾���?�m�Y�����q���`�g°~�O�`�ÈÇ¾ÉÊÆÈËÌÅ�Í1�W���²�O���PÎcÏªÐLÑ�Í~Ð³ÒÔÓÖÕ×½ Ø1Ù
����� § �W���O�f�W�¡�?�q�!��� § �¤���`�O�Y�¶ÆZ�m�^½ Ø~ÚÛ¬ºÜ~�G�·���Y�W���`�O©G�¡�q�	�q�O�q� ���`�q�¡�¿�YÝ#£����`�I¨G���ª�q�d�
Þ Ïfß	Ñ!à3áGÍ Þ ÒÃâ�ã·Ïf½ Ø Ú Ñ�ä��¡�J�W�Z�q£�£��`� ��� § �L����� § £��¡�¡���O���O« �L���O�Y�Ã�q��ÎcÏªÐLÑc°��O�`���m�¶�`�G�
���W�O���`�W���d�eå�æ²á±�O�¥°c�����W�¶�����?�e�d�Y�Y���m�(¨G�Y¨����Û¨����d���O�Y�¾ç`è¥ÏªÐqÑ¤çIé�à�Ç¢��� ���d�`�¡���m�G�
�`�G�1���O��� �d���O�Y���f�q�¹�������q� § � �q�`¨G��� § �¤�W�	�W���_�a�����`�q�¹�ª¨����d���O�Y�Zê ë�ÏªÐLÑBê�É²å	�`¨��I�·�`���L�
Þ ÏÛÎcÏªÐLÑ{ìoë�ÏªÐqÑwè¥ÏªÐLÑBÑ¥àíáGä�Ð/Ò?Óaî

Ü~�G�Â�q£�£��`� ��� § �L���Â� § £��¡�¡���O���O« �L���O�Y�ï�q£�£����W�q�B�í�¡�¶���q��� �í�Y�²�d�G£���� �����m�G�o�`�G�
�d� § �&�m���L���O�Y� Þ ÏÛÎcÏªÐLÑ�Ñ��q�c� § �L���`�ð�¿©q� �d���q�1£��`�#�&¨��d� Þ ÏÛÎ!ÏªÐLÑ�Ñ�àñÏªòZó�ÑÛô�õ!ÏªÐqÑ�î�ö~�����
ò÷�¡�/� § �L���I�ð��Í�ó²�d�Y�Y���q�m���/�`�G�±�d�(��øe���O�¤�Y�����q� Þ �W���®õcÏªÐLÑJ�d�Y�Y���q�m���¢�`�G�¿���q���¡�
�ª¨����d���O�Y������� �¡�L��� �¾���l�`�G�Z�d�#�q�`���m���L���P�Û¨����d���O�Y�����q�aÎ!ÏªÐqÑ�¬¼Ü~���¡� § � �W���·�`���L�_�O�
óU�¡�º�m�Ã�`�G�¿�#¨��¡�¹��£��q�d�_�q�còlÍ{�`�G�¤� Þ ÏÛÎcÏªÐLÑ�Ñ1àÔáG¬·ùcÝl�q���`¨ § �m�G�g�`���L�º�`�G�_���q���¡�
�¡�·�Ã£��L�����O���O�Y�¼�q�~¨����O�wÝ®°c�P��� ©q�=çIõ!ÏªÐqÑ�ç é ÉÊÇ±�W���Á�`�#¨��¶ê Þ ÏÛÎcÏªÐLÑ�ÑBê!ÉúçIòZó�ç é î
Ü~�G� § �L���`�ð�¿òû���q�!��� ���O�`�q���O�a�(¨ § ���`�¡�1£����W£��������O� ���O�5�`�G�J�d�(��øe���O�¤�Y���c�q�\Î!ÏªÐqÑ	�L���
�d�Y�W���q�m�G� �¼�m�l�P��� § £��O�d�ÂücÍ\�W���Ã�`���¡�º��� § £��O�d�Ã�¡�/¨���� �Ã�9�q�º�`�G�¿��� ���d�`�¡£����O�Y�Ã�q� Þ



�m�±�&�L��Ý#�d�¤�Y���`�¡�a�d�#�q�`���m���L��� ��¬¹ýþ�G�¤�Pÿ��~æUá��¡�c�`�G�a� § �q�¡�O� ���t�`�m�G�Y¨��¡�L�c©*�q�m¨G�a�q�\ò
°!�¢�I�G�¤°ï�`���L�

§ �m��������	� � § �*�
���

ê Þ ÏÛÎcÏªÐLÑ�ÑtêGÉ²ÿ � î

� �m�G�Y¨��¡�L��©*�q�m¨G�c��� �d� § £��W���O���O�Y�/�q��òÔ���W�/�`�#¨�������¨���� �/�f�q�\�������m�G��� § �q�¡�Y���m�G�Y¨��¡�L�
©*�q�m¨G� ���W���º�`�#¨��{�W�º�q�O�q� ���`�q�¡���q£�£���� ��� § �L���O�Y�a�q���1£&�L�`� § �����`�¡�	�`� £���� ���¤�Y��� � § �W�G¦
�O�9�W�¡�R¬��c�Y�������`�q�m�Y���/���W�Â���¿�q����� �l���Z�`�G�e�q�O�q� ���I�q�¡�e�q£�£��`� ��� § �L���O�Y�l���?�d�Y�Y�����W�
�`�G�!���¤���¤©#�O�q� ¬¥Ü~�G���d�Y�Y©q�����q�¤���d�c�`�L���!�q�#�`���!�q£�£��`� ��� § �L���O�Y�/�¡�¥���O�Y�G���{�`���W�º°����L�
�¡�~�G�q� § �q���m�Z�q£�£����¤�G� § �L���O�Y�g�`�G���q��Ýq¬ � ¨����d� �����Û¨��R¨����a�q�	�q£�£����¤�G� § �L���/�q�O�q� ���`�q�¡�
�`¨G���ª�q�d� �a��� £��¤�����~�g£����W£����J�d�Y�W�����W�¥�q���`�����q�`�q�&�O�¤�W��¬/Àº¨G�J���`���a¨������q���q£�£����¤�(¦
� § �L���e� § £��¡�¡���O���O« �L���O�Y�Â°t�q�/���?��� £��L�`�L���±�G� �L���m�W�����`��� �d���m�G�^� ¨G�`©q� �/�W���®�`¨����f�q�d�q¬
½u�·�`�G��¸c¨G���W£�� �W�·£������u� �d��´º­~½u­¢Íq½ � Üt¦`Ç������#¬����Lá�Ç�áGÍ{Ïf°1°~°/¬ § �L�`�5¬y�`�m�W������¬ �G���;�W�q�¡�#Ñ
°!�J�O�(���e�m�Y���¢�`����£��q���¤�W���¡�q���q�\¨����m���¢�q£�£����¤�G� § �L����� § £��¡�¡���O���O« �L���O�Y�±�9�q�c������� �d���m�G�
��� �O���Y�����`��� �d���O�Y�5¬t¸¹��� § £��O� �t�q�	���q�`�P�`�G� ���·¨���� ��°~�¡�¡�\���a�W�O©q�¤�5¬
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Symbolic Methods for the Equivalence Problem
of Systems of Implicit Ordinary Di¤erential Equations

Kurt Schlacher, Andreas Kugi, Kurt Zehetleitner

Johannes Kepler Universität
email: schlacher@mechatronik.uni-linz.ac.at

This contribution deals with the equivalence problems for systems of implicit ordi-
nary di¤erential equations of the following type

f ie (t; z; _z) = 0 , ie = 1; : : : ; ne (1)

with z 2 Rq, q · ne. The time derivative of z is denoted by _z. Equivalence means
that every solution of the original set of equations is a solution of some normal form
and vice versa

_xie = f ie (t; x; u) , _xie = f ie
¡
t; x; u(n)

¢
,

where the variables x describe the state and u the input of the system. The symbol
u(n) indicates that derivatives up to the order n of the input are admissible. The
mathematical investigations are based on the theory of jet-bundles [1], the system
(1) is identi…ed with the submanifold in a suitable jet-space, de…ned by the equa-
tions. This approach allows us to combine methods from di¤erential geometry and
elimination theory.

The equivalence problem will be solved for the well-determined case, where the
number of equations ne and unknowns q is equal, as well as for the under-determined
case with q¡ne = 1. For the case q¡ne > 1 several solutions will be presented, but
we leave the problem open, how to minimize the number of inputs, whose derivatives
appear in the normal form. Apart from the theoretical results we present several
sketches for computer algebra based algorithms that are necessary to solve these
problems e¢ciently.

[1] Saunders D.J.: The Geometry of Jet Bundles, London Mathematical Society
Lecture Notes Series 142, Cambridge University Press, 1989.
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SolvingSymbolicandNumericalProblems
in theTheoryof Shellswith

RyszardA. Walentýnski
SilesianUniversityof Technology

Departmentof Building Structures’Theory
ul. Akademicka5, PL44-101Gliwice, Poland

E-mail:rwal@kateko.bud.polsl.gliwice.pl

Theaim of the lectureis to show how, thanksto thecomputeralgebrasystem
1 and its externalpackageMathTensorTM 2, it is possibleto solve

symbolicandnumericaltasksin thetheoryof shells.
Thelecturewill cover thefollowing problems:

1. Computer assisted tensor analysis of shell tasks
Applicationof thecomputeralgebrasystemto solve tensorsymbolicprob-
lems. Derivation of differentialequationsfrom tensorones.
Receiving andsimplificationof the constitutive relationsandstrainenergy
density. Numericalexamples.

2. Shell geometry with MathTensorTM

Applicationof MathTensorTM to translaterelationsof differentialgeometry
to the language.

3. Description of an arbitrary shell
Geometricalproperties,kinematicrelations,strains,internalforcesanddif-
ferentialequations.

4. Shells boundary value problems with least squares method
Therefinedleastsquaresmethodwasimplementedinto thecomputeralge-
bra.Themethodis very usefulfor theboundaryvalueproblemsof shellsas
they aretypicalproblemsof boundarylayer. Theadvantagesof themethod.

1 � �
is a productof WolframResearch,Inc.

2MathTensorTM is a productof MathSolutions,Inc.


