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Joseph H. Silverman John Tate which is to be solved in integers. Legendre’s theorem states that there is an

integer m, depending in a simple fashion on a, b, and c, so that the above
equation has a solution in integers if and only if the congruence

Rational Points has a solution in integ~e %e (mod

• There is a much more elegant way to state this theorem due to Hasse:

on E~lliptic ~Dijrves “A homogeneous quadratic equation in several variables is solvable by inte
gers, not all zero, if and only if it is solvable in real numbers and in p-adic

• numbers for each prime p.” Once one has Hasse’s result, then one gets
• Legendre’s theorem in a fairly elementary way. Legendre’s theorem com

bined with the work we did earlier provides a very satisfactory answer to
With 34 Illustrations the question of rational points on rational conics. So now we move on to

• cubics.

2. The Geometry of Cubic Curves

Now we are ready to begin our study of cubics. Let

ax3 +bx2y +cxy2 + dy3 + ex2 + fxy+gy2 +hx+iy+j = 0

• be the equation for a general cubic. We will say that a cubic is rational if
-! the coefficients of its equation are rational numbers. A famous example is

zs + y3 = 1;

or, in homogeneous form,

x3+Y3—z3.

To find rational solutions of a~3+y3 = 1 amounts to finding integer solutions
of X3 + Y3 = Z3, the first non-trivial case of Fermat’s Last “Theorem.”

We cannot use the geometric principle that worked so well for conies
because a line generally meets a cubic in three points. And if we have one
rational point, we cannot project the cubic onto a line, because each point
on the line would then correspond to two points on the curve.

But there is a geometric principle we can use. If we can find two
• rational points on the curve, then we can generally find a third one. Namely,

• draw the line connecting the two points you have found. This will be a
rational line, and it meets the cubic in one more point. If we look and see

Ô what happens when we try to find the three intersections of a rational line

• with a rational cubic, we find that we come out with a cubic equation with
rational coefficients. If two of the roots are rational, then the third must

• be also. We will work out some explicit examples below, but the principle
is clear. So this gives sothe kind of composition law: Starting with two
points P and Q, we draw the line through P and Q and let P * Q denote

Springer—Verlag the third point of intersection of the line with the cubic. (See Figure 1.4.)
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Figure 1.4

Even if we only have one rational point F, we can still generally get
another. By drawing the tangent line to the cubic at F, we are essentially
drawing the line through P and F. The tangent line meets the cubic twice
at F, and the same argument will show that the third intersection point is
rational. Then we can join these new points up and get more points. So if
we start with a few rational points, then by thawing lines, we generally get
lots of others.

One of the main theorems we want to prove in this book is the the
orem of Mordell (1921) which states that if C is a non-singular rational
cubic curve, then there is a finite set of rational points such that all other
rational points can be obtained in the way we described. We will prove
Mordell’s theorem for a wide class of cubic curves, using only elementary
number theory of the ordinary integers. The principle of the proof in the
general case is exactly the same, but requires some tools from the theory
of algebraic numbers.

The theorem can be reformulated to be more enlightening. To do that,
we first give an elementary geometric property of cubics. We will not prove
it completely, but we will make it very plausible, which should suffice. (For
more details, see Appendix A.) In general, two cubic curves meet in nine
points. To make that statement correct, one should first of all use the
projective plane, which has extra points at infinity. Secondly, one should
introduce multiplicities of intersections, counting points of tangency for ex
ample as intersections of multiplicity greater than one. And finally, one
must allow complex numbers for coordinates. We will ignore these tech
nicalities. Then a curve of degree in and a curve of degree ii meet in inn
points. This is Bezout’s theorem, one of the basic theorems in the theory of
plane curves. (See Appendix A, Section 4, for a proof of Bezout’s theorem.)
So two cubics meet in nine points. (See Figure 1.5.)

The theorem that we want to use is the following:

Let C, C1, and C2 be three cubic curves. Suppose C goes
through eight of the nine intersection points of C1 and
C2. Then C goes through the ninth intersection point.

The Intersection of Two Cubics

Figure 1.5

Why is this true, at least in general? The trick is to consider the problem
of constructing a cubic curve which goes through a certain set of points. To
define a cubic curve, we have to give ten coefficients a, b, c, d, e, f, g,h, i,j.

• If we multiply all the coefficients by a constant, then we get the same curve.
So really the set of all possible cubics is, so to speak, nine dimensional. And
if we want the cubic to go through a point whose x and y coordinates are
given, that imposes one linear condition on those coefficients. The set of

• cubics which go through one given point is, so to speak, eight dimensional.
* Each time you impose a condition that the cubic should go through a given

point, that imposes an extra linear condition on the coefficients. Thus, the
family of all cubics which go through the eight points of intersection of the

• two given cubics Cj and C2 forms a one dimensional family.
Let Fi(z,y) = 0 and F2(x,y) = 0 be the cubic equations giving C1

and C2. We can then find cubics going through the eight points by tak
ing linear combinations A1F1 ± .X2F2. Because the cubics going through
the eight points form a one dimensional family, and because the set of cu

• bics .X1F1 + A2F2 is a one dimensional family, we see that the cubic C has
an equation .X1F1 + A2F2 = 0 for a suitable choice of A1,A2.

Now how about the ninth point? Since that ninth point is on both C1
and C2, we know that Fi(x,y) and F2(x,y) both vanish at that point. It
follows that A1F1 + .X2F2 also vanishes there, and this means that C also

• contains that point.
In passing, we will mention that there is no known method to determine

in a finite number of steps whether a given rational cubic has a rational
• point. There is no analogue of I-Iasse’s theorem for cubics. That question

is still open, and it is a very important question. The idea of looking
modulo in for all integers in is not sufficient. Selmer gave the example

3X3 + 4Y3 + 5Z3 = 0.

This is a cubic, and Selnier shows by an ingenious argument that it has no

The Composition of Points on a Cubic
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integer solutions other than (0,0, 0). However, one can check that for every
integer m, the congruence

3X3+4Y3+5z~—o (modm)

has a solution in integers with no common factor. So for general cubics, the
existence of a solution modulo m for all in does not ensure that a rational
solution exists. We will leave this difficult problem aside, and assume that
we have a cubic which has a rational point 0.

We want to reformulate Mordell’s theorem in a way which has great
aesthetic and teclmica.l advantages. If we have any two rational points on
a rational cubic, say P and Q, then we can thaw the line joining P to Q,
obtaining the third point which we denoted P * Q. This has the flavor
of many of the constructions you have studied in modern algebra. If we
consider the set of all rational points on the cubic, we can say that set has
a law of composition. Given any two points F, Q, we have defined a third
point P * Q. We might ask about the algebraic structure of this set and
this composition law; for example, is it a group? Unfortunately, it is not a
group; to start with, it is fairly clear that there is no identity element.

However, by playing around with it a bit, we can make it into a group
in such a way that the given rational point 0 becomes the zero element of
the group. We will denote the group law by + because it is going to be a
commutative group. The rule is as follows:

To add P and Q, take the third intersection point P*Q,
join it to 0, and then take the third intersection point
to be P + Q. Thus by definition, P + Q = 0 * (P * Q).

The group law is illustrated in Figure 1.6, and the fact that 0 acts as the
zero element is shown in Figure 1.7.

It is clear that this operation is commutative, that is, P + Q = Q + P.
We claim first that P + 0 = F, so 0 acts as the zero element. Why is
that? Well, if we join P to 0, then we get the point P * 0 as the third
intersection. Next we must join P * 0 to 0 and take the third intersection
point. That third intersection point is clearly P. So P + 0 = P.

It is a little harder to get negatives, but not very hard. Draw the
tangent line to the cubic at 0, and let the tangent meet the cubic at the
additional point S. (We are assuming that the cubic is non-singular, so
there is a tangent line at every point.) Then given a point Q, we join Q
to 5, and the third intersection point Q * S will be —Q. (See Figure 1.8.)
To check that this is so, let us add Q and —Q. To do this we take the third
intersection of the line through Q and —Q, which is 8; and then join S
to 0 and take the third intersection point S * 0. But the line through S
and 0, because it is tangent to the cubic at 0, meets the cubic once at S
and twice at 0. (You must interpret these things properly.) So the third
intersection is the second time it meets 0. Therefore, Q + (—Q) 0.

If we only knew that + was associative, then we would have a group.
Let us try to prove the associative law. Let P, Q, R be three points on the
curve. We want to prove that (P+Q)+R = P.J-(Q+R). To get P+Q, we
form P * Q and take the third intersection of the line connecting it to 0. To
add P+Q to It, we draw the line from It through P+Q, and that meets the
curve at (P+Q)*R. To get (P+Q)+R, we would have tojoin (P+Q)*R
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The Group Law on a Cubic

Figure 1.6

F+Q=:

C

Verifying 0 Is the Zero Element

Figure 1.7



to 0 and take the third intersection. Now that does not show up too well
in the picture, but to show (P + Q) + R = P + (Q + R), it will be enough
to show that (P+Q)*R= P*(Q+R). To form P*(Q+R), we first
have to find Q * R, join that to 0, and take the third intersection which
is Q+R. Then we must join Q+R toP, which gives the point P* (Q+R);
and that should be the same as (P + Q) * R. In Figure 1.9, each of the
points 0, P, Q, R, P * Q, P + Q, Q * R, Q + R lies on one of the dotted lines
and one of the solid lines. Let us consider the dotted line through P + Q
and R and the solid line through P and Q + R. Does their intersection lie
on the cubic? If so, the we will have proven that P * (Q + 1?) = (P + Q) * R.

We have nine points: O,P,Q,R,P*Q,P+Q,Q*R,Q+R and the
intersection of the two lines. So we have two (degenerate) cubics that go
through the nine points. Namely, a line has a linear equation, and if you
have three linear equations and multiply them together, you get a cubic
equation. The set of solutions to that cubic equation is just the union of
the three lines. Now we apply our theorem, taking for C1 the union of
the three dotted lines and for C2 the union of the three solid lines. By
construction, these two cubics go through the nine points. But the original
cubic curve C goes through eight of the points, and therefore it goes through
the ninth. Thus, the intersection of the two lines lies on C, which proves
that (P + Q) * R = P * (Q + R).

We will not do any more toward proving that the operation + makes
the points of C into a group. Later, when we have a normal form, we will
give explicit formulas for adding points. So if our use of unproven assertions
bothers you, then you can spend a day or two computing with those explicit

formulas and verify directly that associativity holds.
We also want to mention that there is nothing special about our choice

of 0; if we choose a different point 0’ to be the zero element of our group,
• then we get a group with exactly the same structure. In fact, the map

P —~ P + (0’ -0)

is an isomorphism from the group “C with zero element 0” to the group “C
with zero element 0’.”

Maybe we should explain that we have dodged some of the subtleties.
If the line through P and Q is tangent to the curve at F, then the third point
of intersection must be interpreted as P. And if you think of that tangent
line as the line through P and F, the third intersection point is Q. Further,
if you have a point of inflection P on C, then the tangent line P meets the
curve three times at P. So in this case the third point of intersection for
the line through P and P is again P. [That is, if P is an inflection point,
then P * P = P.] You just have to count intersections in the proper way,

Ii
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(P+ Q) * R = P * (Q + R)

Figure 1.9

Verifying the Associative Law
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and it is clear why if you think of the points varying a little bit. But to put
everything on solid ground is a big task. If you are going into this business,
it is important to start with better foundations and from a more general
point of view. Then all these questions would be taken care of.

How does this allow us to reformulate Mordell’s theorem? Mordell’s
theorem says that we can get all of the rational points by starting with
a finite set, drawing lines through those points to get new points, then
drawing lines through the new points to get more points, and so on. In
terms of the group law, this says that the group of rational points is finitely
generated. So we have the following statement of Mordell’s theorem.

Mordell’s Theorem. If a non-singular plane cubic
curve has a rational point, then the group of rational
points is finitely generated.

This version is obviously technically a much better form because we can
use a little elementary group theory, nothing very deep, but a convenient
device in the proof.

3. Weierstrass Normal Form

We are going to prove Mordell’s theorem as Mordell did, using explicit for
mulas for the addition law. To make these formulas as simple as possible,
it is important to know that any cubic with a rational point can be trans
formed into a certain special form called Weierstrass normal form. We will
not completely prove this, but we will give enough of an indication of the
proof so that anyone who is familiar with projective geometry can carry
out the details. (See Appendix A for an introduction to projective geom
etry.) Also, we will work out a specific example to illustrate the general
theory. After that, we will restrict attention to cubics which are given in
the Weierstrass form, which classically consists of equations that look like

= 4x3 — g2x — gs.

We will also use the slightly more general equation

= x3 + ax2 + bx + c,

and will call either of them Weierstrass form. What we need to show is that
any cubic is, as one says, birationally equivalent to a cubic of this type. We
will now explain what this means, assuming that the reader knows a (very)
little bit of projective geometry.

We start with a cubic curve, which we will think of as being in the
projective plane. The idea is to choose X, Y, and Z axes in the projective
plane so that the equation for the curve has a simple form. We assume we

are given a rational point C on C, so we start by taking the Z axis to be
tangent to C at 0. Then the tangent line intersects C at one other point,
and we take the X axis to be tangent to Cat this new point. Finally, we take
the Y axis to be any line (other than the Z axis) which goes through 0.
(See Figure 1.10. We are assuming that 0 is not a point of inflection;
otherwise you can take the X axis to be any line not containing 0.)

If we choose axes in this fashion and let x = .~. and y = ~, then

we get some linear conditions on the form the equation will take in these
coordinates. This is called a projective transformation. We will not work
out the algebra, but will just tell you that at the end the equation for C
takes the form

xy2+(ax+b)y=cx2+dx+e.

Next we multiply through by x,

(coy)2 + (ax + b)xy = cx3 + dx2 + cx.

Now if we give a new name to coy, we will just call it y again, then we obtain

v2 + (ax + b)y = cubic in x.

Replacing y by y — ~ (ax + b), another linear transformation which amounts
to completing the square on the left-hand side of the equation, we obtain

9 = cubic in x.

The cubic in x might not have leading coefficient 1, but we can adjust that
by replacing x and p by Ax and A2y, where A is the leading coefficient of

22 3. Weierstrass Normal Form 23
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Choosing Axes to Put C into Weierstrass Form

Figure 1.10
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the cubic. So we do finally get an equation in Weierstrass form. And if
we want to get rid of the ~2 term in the cubic, replace s by x — a for an
appropriate choice of a.

‘flacing through all of the transformations from the original coordi
nates to the new coordinates, we see that the transformation is not linear,
but it is rational. In other words, the new coordinates are given as ratios of
polynomials in the old coordinates. Hence, rational points on the original
curve correspond to rational points on the new curve.

An example should make all of this clear. Suppose we start with a
cubic of the form

u3 + V3 = a,

where a is a given rational number. The homogeneous form of this equation
is U3 +V3 = aW3, so in the projective plane this curve contains the rational
point [1, —1,0]. Applying the above procedure (note that [1, —1,01 is an
inflection point) leads to new coordinates s and y which are given in terms
of it and v by the rational functions

If you work everything out, you will see that s and y satisfy the Weierstrass
equation

= — 432a2.

Further, the process can be inverted, and one finds that it and v can be
expressed in terms of x and y by

36a — y
and v=

6w

Thus if we have a rational solution to it3 +v3 = a, then we get rational s
and y which satisfy the equation y2 = — 432a2. And conversely, if we
have a rational solution of v2 = s3 — 432a2, then we get rational numbers
satisfying it3 + v3 = a. Of course, if it = —v, then the denominator in the
expression for w and y is zero; but there are only a finite number of such
exceptions, and they are easy to find. So the problem of finding rational
points on it3 + v3 = a is the same as the problem of finding rational points
on = s3 — 432a2. And the general argument sketched above indicates
that the same is true for any cubic. Of course, the normal form has an
entirely different shape from the original equation. But there is a one-to-one
correspondence between the rational points on one curve and the rational
points on the other (up to a few easily catalogued exceptional points). So
the problem of rational points on general cubic curves having one rational
point is reduced to studying rational points on cubic curves in Weierstrass
normal form.

The transformations we used to put the curve in normalized form do
not map straight lines to straight lines. Since we defined the group law

A Cubic Curve with One Real Component

Figure 1.11

on our curve using lines connecting points, it is not at all clear that our
transformation preserves the structure of the group. (That is, is our trans
formation a homomorphism?) It is, but that is not at all obvious. The
point is that our description of addition of points on the curve is not a
good one, because it seems to depend on the way the curve is embedded
in the plane. But in fact the addition law is an intrinsic operation which

• can be described on the curve and is invariant under birational transfor
mation. This follows from basic facts about algebraic curves, but is not so
easy (virtually impossible?) to prove simply by manipulating the explicit

-: equations.
A cubic equation in normal form looks like

y2 = f(s) = s~ + ax2 + bx + c.

Assuming that the (complex) roots of f(s) are distinct, such a curve is
called an elliptic curve. (More generally, any curve birationally equivalent
to such a curve is called an elliptic curve.) Where does this name come
from, because these curves are certainly not ellipses? The answer is that
these curves arose in studying the problem of how to compute the arc length
of an ellipse. If one writes down the integral which gives the arc length of an
ellipse and makes an elementary substitution, the integrand will involve the
square root of a cubic or quartic polynomial. So to compute the arc-length
of an ellipse, one integrates a function involving y = ~ and the answer
is given in terms of certain functions on the “elliptic” curve = f(s).

Now we take the coefficients a, b, c of f(s) to be rational, so in partic
ular they are real; hence, the polynomial f(s) of degree 3 has at least one
real root. In real numbers we can factor it as

f(s) = (x — a)(s2 + ~s + ‘y) with a,/3,-y real.

Of course, it might have three real roots. If it has one real root, the curve
looks something like Figure 1.11, because y = 0 when s = a. If f(s) has
three real roots, then the curve looks like Figure 1.12. In this case the real
points form two components.

F.
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A Cubic Curve with Two Real Components

Figure 1.12

All of this is valid, provided the roots of f(z) are distinct. What is
the significance of that condition? We have been assuming all along that
our cubic curve is non-singular. Jf we write the equation as F(x, I’) =

— f(x) = 0 and take partial derivatives,

then by definition the curve is non-singular, provided that there is no point
on the curve at which the partial derivatives vanish simultaneously. This
will mean that every point on the curve has a well-defined tangent line. Now
if these partial derivatives were to vanish simultaneously at a point (xo, vo)
on the curve, then yo = 0, and hence f(aio) = 0, and hence f(w) and f’(x)
have the common root x0. Thus x0 is a double root of f. Conversely, if f
has a double root x0, then (zoO) will be a singular point on the curve.

There are two possible pictures for the singularity. Which one occurs
depends on whether f has a double root or a triple root. In the case that f
has a double root, a typical equation is

= w2(w + 1),

and the curve has a singularity with distinct tangent directions as illustrated
in Figure 1.13.

If f(x) has a triple root, then after translating x we obtain an equation

= x3,

which is a sernicubical parabola with a cusp at the origin. (See Figure 1.14.)
These are examples of singular cubics in Weierstrass form, and the general
case looks the same after a change of coordinates.

Why have we concentrated attention only on the non-singular cubics?
It is not just to be fussy. The singular cubics and the non-singular cubics

have completely different types of behavior. For instance, the singular
cubics are just as easy to treat as conics. If we project from the singular
point onto some line, we see that the line going through that singular point
meets the cubic twice at the singular point, so it meets the cubic only once
more. The projection of the cubic curve onto the line is thus one-to-one.
So just like a conic, the rational points on a singular cubic can be put in
one-to-one correspondence with the rational points on the line. In fact, it
is very easy to do that explicitly with formulas.

If we let r = £, then the equation y2 = x2(x + 1) becomes

r2=x-{-l; andso x=r2—1 and y=r3—r.

If we take a rational number r and define x and y in this way, then we obtain
a rational point on the cubic; and if we start with a rational point (x, y) on
the cubic, then we get the rational number r. These operations are inverses
of each other, and are defined at all rational points except for the singular
point (0, 0) on the curve. So in this way we get all of the rational points on
the curve.

The curve = x3 is even simpler. We just take

x=t2 and y=t3.

So the singular cubics are trivial to analyze as far as rational points go,
and Mordell’s theorem does not hold for them. Actually we have not yet
explained how to get a group law for these singular curves; but if one avoids
the singularity, then one does get a group. We will see that this group is not
finitely generated when we study it in more detail at the end of Chapter III.

y

a x /-1J-----~ a;

N
A Singular Cubic with

Distinct Tangent Directions

2;

A Singular Cubic
with A Cusp

dF ÔF
= 21?,

Figure 1.13 Figure 1.14
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We are going to look at the group of points on a non-singular cubic a little
more closely, If you are familiar with projective geometry, then you will
not have any trouble; and if not, then you will have to accept a point at
infinity, but only one. (If you have never studied any projective geometry,
you might also want to look at the first two sections of Appendix A.)

We start with the equation

= rn3 + ax2 + bx + c

and make it homogeneous by setting x = and y = ~, yielding

Y2Z—X3+aX2Z+bXZ2+cZ3.

What is the intersection of this cubic with the line at infinity Z = 0?
Substituting Z = 0 into the equation gives X3 = 0, which has the triple
root X = 0. This means that the cubic meets the line at infinity in three
points, but the three points are all the same! So the cubic has exactly
one point at infinity, namely, the point at infinity where vertical lines (x =

constant) meet. The point at infinity is an inflection point of the cubic, and
the tangent line at that point is the line at infinity, which meets it there
with multiplicity three. And one easily checks that the point at infinity is
a non-singular point by looking at the partial derivatives there. So for a
cubic in Weierstrass form there is one point at infinity; we will call that
point 0.

The point C is counted as a rational point, and we take it as the zero
element when we make the set of points into a group. So to make the game
work, we have to make the convention that the points on our cubic consist
of the ordinary points in the ordinary affine zy plane together with one
other point C that you cannot see. And now we find it is really true that
every line meets the cubic in three points; namely, the line at infinity meets
the cubic at the point C three times. A vertical hne meets the cubic at
two points in the wy plane and also at the point 0. And a non-vertical line
meets the cubic in three points in the zy plane. Of course, we may have to
allow x and y to be complex numbers.

Now we are going to discuss the group structure a little more closely.
How do we add two points P and Q on a cubic equation in Weierstrass form?
First we draw the line through P and Q and find the third intersection
point P * Q. Then we thaw the line through P * Q and 0, which is just the
vertical line through P * Q. A cubic curve in Weierstrass form is symmetric
about the x axis, so to find P + Q, we just take P * Q and reflect it about
the x axis. This procedure is illustrated in Figure 1.15.

Adding Points on a Weierstrass Cubic

Figure 1.15

What is the negative of a point Q? The negative of Q is the reflected
point; if Q = (x,y), then —Q = (rn —y). (See Figure 1.16.) To check this,
suppose that we add Q to the point we claim is —Q. The line through Q

• and —Q is vertical, so the third point of intersection is 0. Now connect 0
• to 0 and take the third intersection. Connecting 0 to 0 gives the line at

infinity, and the third intersection is again 0 because the line at infinity
meets the curve with multiplicity three at 0. This shows that Q + (—Q) =

0, so —Q is the negative of Q. Of course, this formula does not apply to
the case Q = 0, but obviously —O = 0.

Now we develop some formulas to allow us to compute P+Q efficiently.
Let us change notation. We set

P1 = (x1,~1), P2 = (x2,y2), P1 *P2 = (x3,y3), P1 +P2 = (x3,—y3).

We assume that (xi,yi) and (x2,y2) are given, and we want to com
pute (x3,y3).

• First we look at the equation of the line joining (si, yi) and (rn2 112).

This line has the equation

y=Ax+i~ where A= 112111 and v=y1—~x1=y2—Ax2.
a:2 — a:1

By construction, the line intersects the cubic in the two points (a:i, 111)

and (a:2, 112). How do we get the third point of intersection? We substitute

y

= (Ax + i.’)2 = x~ + ax2 + bx + c.
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(x~ y~)

= (z3 -y3)

Deriving a Formula for the Addition Law

Figure 1.17

Putting everything on one side yields

0 = x3 + (a — A2)x2 + (b — 2Av)x + (c — v2).

coordinates of the three intersections. Thus,

x3 + (a — A2)x2 + (b — 2Av)x + (c — u2) = (x — x1)(x — x2)(z — x3).

Equating the coefficients of the ~2 term on either side, we find that A2 — a =

2i + X2 +x3, and so

= A2 — a — — = Ax3 + v.

These formulas are the most efficient way to compute the sum of two points.
Let us do an example. We look at the cubic curve

= x~ + 17

which has the two points P1 = (—1,4) and P2 = (2, 5). To compute P1 +P2
we first find the line through the two points, y = ~x + 4~, so A =

and v = ~. Next x3 = A2 —x2 —x1 = —~ and y~ = Arc3+u = ~ff. Finally

we find that P1 +P2 = (x~,—y~) = (—j,—-~). So computations really
are not that bad.

The formulas we gave earlier involve the slope A of the line connecting
the two points. What if the two points are the same? So suppose that we
have P0 = (xo,yo) and we want to find P0 + Po = 21’o. We need to find
the line joining Po to P0. Because ~i = ~2 and Ui = 1/2, we cannot use our
formula for A. But the recipe we described for adding a point to itself says
that the line joining Po to Pa is the tangent line to the cubic at P0. From
the relation y2 = f(x) we find by implicit differentiation that

A=~=~,
dx 2y

so that is what we use when we want to double a point.
Continuing with our example curve = x3 + 17 and point P1 =

(—1,4), we compute 2P1 as follows. First, A = f’(xi)/2yi = f’(—1)/8 =

Then, once we have a value for A, we just substitute into the formulas as
above, eventually finding that 2P1 = (W~ —~)

Sometimes it is convenient to have an explicit expression for 2P in
terms of the coordinates for P. If we substitute A = f’(x)/2y into the
formulas given earlier, put everything over a common denominator, and
replace ~2 ~ f(x), then we find that

x coordinate of 2(x, ~) = — 2bx2 — 8~ + b2 — 4ac4~3 + 4ax2 + 4bx + 4c

This formula for z(2P) is often called the duplication formula. It will come
in very handy later for both theoretical and computational purposes. We
will leave it to you veri~’ this formula, as well as to derive a companion
formula for the p coordinate of 2P.
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The Negative of a Point on a Weierstrass Cubic
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P1= (si’

This is a cubic equation in x, and its three roots ~1, $2, x~ give us the x
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These are the basic formulas for the addition of points on a cubic when
the cubic is in Weierstrass form. We will use the formulas extensively to
prove many facts about rational points on cubic curves, including Mordell’s
theorem. Further, if you were not satisfied with our incomplete proof that
the addition law is associative, you can just take three points at random
and compute. Of course, there are an awful lot of special cases to consider,
such as when one of the points is the negative of the other or two of the
points coincide. But in a few days you will be able to check associativity
using these formulas. So we need say nothing more about the proof of the
associative lawl

EXERCISES

1.1. (a) if P and Q are distinct rational points in the (x, y) plane, prove
that the line connecting them is a rational line.
(b) If L1 and L2 are distinct rational lines in the (x, y) plane, prove
that their intersection is a rational point (or empty).

1.2. Let C be the conic given by the equation

(a) Show that if 6 0 0, then C has no singular points. That is, show
that there are no points (x, y) where

81’ 0FF(x,y) = ~—(x,y) = .a._(x~Y) = 0.

(b) Conversely, show that if 6 = 0 and 1? — 4ac 0 0, then there is a
unique singular point on C.
(c) Let L be the line y = ax + 5 with a 0 0. Show that the intersec
tion of L and C consists of either zero, one, or two points.
(d) Determine the conditions on the coefficients which ensure that the
intersection LnC consists of exactly one point. What is the geometric
significance of these conditions? (Note. There will be more than one
case.)

1.3. Let C be the conic given by the equation

— Sxy + 2y2 — x + 1 = 0.

(a) Check that C is non-singular (cf. the previous exercise).
(b) Let L be the line y = ax +5. Suppose that the intersection LnC
contains the point Po = (xo, ye). Assuming that L fl C consists of two
distinct points, find the second point of LflC in terms of a, 5, x0, yo~
(c) If L is a rational line and P0 is a rational point (i.e., a, 5, x0, yo C

prove that the second point of L fl C is also a rational point.

1.4. Find all primitive integral right triangles whose hypotenuse has length
less than 30.

1.5. Find all of the rational points on the circle

x2 + y2 = 2

by projecting from the point (1, 1) onto an appropriate rational line.
(Your formulas will be simpler if you are clever in your choice of the
line.)

1.6. (a) Let a, b, c, d, e, f be non-zero real numbers. Use the substitu
tion 2 = tan(9/2) to transform the integral

r a+bcosO+csin6

I d+ecosO+fsinO~

into the integral of a rational function of t.
(b) Evaluate the integral

f a+bcosO+csinO dO
J 1+cosO+sinO

1.7. For each of the following conics, either find a rational point or prove
that there are no rational points.

1.8. Prove that for every exponent e ≥ 1, the congruence

x2 + 1 0 (mod 5~)

has a solution x~ C Z/5eZ. Prove further that these solutions can be
chosen to satisfy

2 (mod 5), and x~ Xe (mod 56) for all e ≥ 1.

(This is equivalent to showing that the equation x2 + 1 = 0 has a
solution in the 5 — adic numbers. It is a special case of Hensel’s
lemma. Hint. Use induction on e.)

1.9. Let C1 and C2 be the cubics given by the following equations:

C1: x3+2y3—x—2y=0, C2: 2x3—y3—2x+y=0.

(a) Find the nine points of intersection of C1 and C2.
(b) Let {(0, 0), P1 P5} be the nine points from part (a). Prove
that if a cubic curve goes through P1 .. . ,P8, then it must also go
through the ninth point (0, 0).

F(x, y) = ax2 + bxy + cy2 + dx + cy + f = 0,

and let 6 be the determinant

/ 2a
det b

6 d
2c e
e 2f (a)

(b)
(c)

x2 + y2 = 6
3~2 + by2 = 4

3x2 + 6y2 = 4



1.10. Define a composition law on the points of a cubic C by the following
rule as described in the text: Given P, Q C C, then P * Q is the point
on C so that F, Q, and P * Q are colinear.
(a) Explain why this law is commutative, P * Q = Q * P.
(b) Prove that there is no identity element for this composition law;
that is, there is no element Po € C such that Po*P = P for all PC C.
(c) Prove that this composition law is not associative; that is, in
general, P*(Q*R)0(P*Q)*R.
(d) Explain why P * (P * Q) = Q.
(e) Suppose that the line through 0 and S is tangent to C at 0.
Explain why

C * (Q * (Q * 5)) = o.
(This is an algebraic verification that the point we called —Q is the
additive inverse of Q.)

1.11. Let S be a set with a composition law * satisfying the following two
properties:

(i) P*Q=Q*P forallP,QES.

(ii) P*(P*Q)=Q forallP,Q€S.

Fix an element 0 e 5, and define a new composition law + by the
rule

P + Q =0* (P * Q).

(a) Prove that + is commutative and has 0 as identity element
(i.e., provethat P+Q=Q+P andP+Q=P).
(b) Prove that for any given P, Q € 5, the equation X + P = Q
has the unique solution X = P * (Q * 0) in S. In particular, if we
define —P to be P * (0 * 0), then —P is the unique solution in S of
the equation X + P = 0.
(c) Prove that + is associative [and so (5, +) is a group] if and only
if

(iii) P*(0*(Q*R))=Q*(0*(P*R)) forallP,Q,RES.

(d) Let 0’ c S be another point, and define a composition law +‘

by P+’Q = 0’*(P*Q). Suppose that both + and +‘ are associative,
so we obtain two group structures (5, +) and (5, +‘) on S. Prove that
the map

P —+0 * (0’ * F)

is a (group) isomorphism from (5, +) to (S, +‘).

(e) * Find a set S with a composition law * satisfying (i) and (ii)
such that (5, +) is not a group.

F

1.12. The cubic curve = a (with a #0) has arational point [1, —1,0]
at infinity. (That is, this is a point on the homogenized equation U3 +
V3 = aW3.) Taking this rational point to be 0, we can make the
points on the curve into a group.
(a) Derive a formula for the sum P1 + P2 of two points Pi = (ui, vi)
and P2 = (u2,v2).
(b) Derive a duplication formula for 2P in terms of P = (ii, v).

1.13. (a) Verify that if u and v satisfy the relation ~? + v3 = a, then the
quantities

satisfy the relation y2 = s3 — 432a2.
(b) Part (a) gives a birational transformation from the curve u3 +v3 =

a to the curve = s~ —432a2. Each of these cubic curves has a group
law defined on it. Prove that the birational transformation described
in (a) is an isomorphism of groups.

1.14. Let C be the cubic curve u3 +v3 = u+v+1. In the projective plane,
this curve has a point [1, —1,01 at infinity. Find rational functions x =

z(u,v) and y = y(u,v) so that s and y satisfy a cubic equation in
Weierstrass normal form with the given point still at infinity.

1.15. Let g(t) be a quartic polynomial with distinct (complex) roots, and
let a be a root of g(t). Let fi 00 be any number.
(a) Prove that the equations

2 j32u
X=~—, Y=XU__(ta)2

give a birational transformation between the curve it2 = g(t) and the
curve = f(s), where f(s) is the cubic polynomial

f(s) = g’(a)~x3 + ~g”(a)~2s2 + ~g”’(a)I33s +

(b) Prove that if g has distinct (complex) roots, then f also has
distinct roots, and so it2 = g(t) is an elliptic curve.

1.16. Let 0 <~3 ≤ a, and let E be the ellipse

~2 ~2
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12a
5=—

u+v
it—v

and y=36a—
u+v

(a) Prove that the arc length of E is given by the integral

42

4a [ v”l — k2sin26dO.
Jo
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for an appropriate choice of the constant k depending on a and /3. 1.19. Suppose that P = (wy) is a point on the cubic curve
(b) Check your value for /c in (a) by verifying that when a = /3, the
integral yields the correct value for the arc length of a circle. = x3 + aw2 + bw + c.
(c) Prove that the integral in (a) is also equal to

1 /~ — ~‘ — (a) Verify that the w coordinate of the point 2P is given by the

4qv dt 4cr] dt duplication formula
0 o ~/(1_t2)(1_k2t2)

cr4—2bz2—Scw—4ac+b2(d) Prove that if the ellipse E is not a circle, then the equation w(2P) =

u2=(1_t2)(1_k2t2)
(b) Derive a similar formula for the y coordinate of 2P in terms of x

defines an elliptic curve (cf. the previous exercise). Hence the problem and y.
of determining the arc length of an ellipse comes don to evaluating (c) Find a polynomial in x whose roots are the x coordinates of the
the integral points P = (z, y) satisfying 3P = 0. (Hint. The relation 3P = 0 can

also be written 2P = —P.)

If’ 1 — k2t2
dt on the “elliptic” curve u2 = (1— t2)(1 — k2t2). (d) For the particular curve p2 = w3 + 1, solve the equation in (c) to

0 U find all of the points satisfying 3P = 0. Note you will have to use
complex numbers.

1.17. Let C be a cubic curve in the projective plane given by the homoge- 1.20. Consider the point P (3,8) on the cubic curve p2 = — 43w + 166.
neous equation Compute P, 2P, 3P, 4P, and 8P. Comparing8P with P, what can

Y2Z = X3 + aX2Z + bXZ2 + CZ3. you conclude?

Verify that the point [0, 1,0] at infinity is a non-singular point of C.
1.18. The cubic curve

p2 = + 17

has the following five rational points:

P1 = (—2,3), P2 = (—1,4), P3 = (2,5), P4 = (4,9), P5 = (8,23).

(a) Show that P2, P4, and P5 can each be expressed as mi’1 + nPs
for an appropriate choice of integers m and ii.

I: (b) Compute the points

P6=—P1+2P3 and P73P,—P3.

(c) Notice that the points P1,P2,P3,P4,P3,P6,P7 all have integer
coordinates. There is exactly one more rational point on this curve

~ I which has integer coordinates and p > 0. Find that point. (You
• will probably need at least a programmable calculator or else a lot

P1 of patience.)

(d) ** Prove the assertion in (c) that there are exactly eight rational
points (z, y) on this curve with p > 0 and wy both integers. (This

• ~• is an extremely difficult problem, and you will almost certainly not
be able to do it with the tools we have developed. But it is also an

• extremely interesting problem which is well worth thinking about.)


