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What is narrowing?

@ Narrowing
e sound and complete method for solving E-unification
problems in theories presented by complete term rewriting
systems.
e computational model for functional logic programming (FLP)
@ Functional logic programming = programming style
resulted by the integration of two declarative programming
styles: Functional Programming and Logic Programming
FLP = FP + LP
@ Functional Programming
e Program = term rewriting system
(usually terminating and confluent)
e Computation = reduction to normal form
= value
@ Logic Programming
e Program = set of Horn clauses (rules and facts)
e Computation: SLD resolution of goals
= computed answers
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Functional + logic programming
Characteristics

DESIRE: inherit the best features from both logic programming
and functional programming
» Advantages of logic programming:
e Logical variables; sound and complete search strategy for
answers to queries
» Advantages of functional programming:
e More efficient operational behaviour: evaluation of function
calls is more deterministic than computing answers to
queries.
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Functional + logic programming
Characteristics

DESIRE: inherit the best features from both logic programming
and functional programming
» Advantages of logic programming:

e Logical variables; sound and complete search strategy for
answers to queries

» Advantages of functional programming:

e More efficient operational behaviour: evaluation of function
calls is more deterministic than computing answers to
queries.

Approaches to integrate FP with LP and define FLP=FP+LP
@ |Integrate functions into LP.
© Extend FP with equational queries involving function calls
and logical variables.

Historically, both approaches resulted in languages with similar
computational models.
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Basic notions
Rewrite rules as directed equations

Starting from
f,g,h, ... € F :ranked signature of function symbols;
ar(fye Nforall f e F
X,y,z,... €V :countable set of variables
we build
@ Terms: te T(F,V): tu=x|f(ty,...,t,) where ar(f) =n
Convention: abbreviate f() by f
@ Equations: e := s=twhere s,t € T(F,V)
@ Rewrite rules: | — rwhere I,r € T(F, V), ¢V,
vars(r) C vars(/). A TRS is a set of rewrite rules.
@ Rewriting with a TRS R = replacing “equals by equals” in a
directed manner: s —x t if there exist p € Pos(s),
(I = r) € R, and substitution o : V — T (F, V) such that
S|p = loand t = s[ro]p.
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Equational reasoning

Equational reasoning = reasoning with equations in the
quotient algebra 7(F,V)/=,. where = is the congruence
relation induced on 7(F,V) by a set of equations E (the
equational axioms);
=g is the least equivalence relation on 7(F,V), which
satisfies the following two additional conditions:
Substitution: if s =g t then so =g fo for all substitutions o
Replacement: if / =g r and s|p = / then s = s[r]p.
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Equational reasoning

Equational reasoning = reasoning with equations in the
quotient algebra 7(F,V)/=,. where = is the congruence
relation induced on 7(F,V) by a set of equations E (the
equational axioms);
=g is the least equivalence relation on 7(F,V), which
satisfies the following two additional conditions:
Substitution: if s =g t then so =g fo for all substitutions o
Replacement: if / =g r and s|p = / then s = s[r]p.
E-unification problem
Given a set of equations £ and a system of equations

r:S1 :t1,...,Sn:tn

Find a representation of the set of substitutions o such
that sjc =g tio forall i = 1..n.

I"is an E-unification problem, and a ¢ is a unifier of I'.
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The unification hierarchy (1)

ASUMPTIONS:

E : set of equations
I" . E-unification problem
Sol(T) : the set of all unifiers of '

> E induces an order on terms: s <g tif soc =g t for some o.
> A set S of substitutions is a complete set of unifiers (csu)
of I'if
@ Sc Solr)
© Forany 0 € Sol(I') there is a o € S such that o(x) <g 6(x)
for all x € vars(I)
S is a minimal csu (mcsu) of T if it also satisfies the
following condition:
o Ifo1,00 € Sand o1(x) <g o2(x) for all x € vars(I'), then
g1 = 02.
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The unification hierarchy (2)

mcsu of [ may not exist!

Unification problem without mcsu [Schmidt-Schauss, 1986]

E = {f(f(x.y), 2) = f(x, f(y, 2)), f(x, x) = x}
r:f(z,f(a f(x,f(a z2)))) =1f(z,f(a z))

[Siekmann, 1978] introduced the following hierarchy of
unification problems:

@ unitary: they have a mcsu with 0 or 1 elements.
@ finitary: they have a mcsu with finite number of elements.

@ infinitary: they have a mcsu with infinite number of
elements.

@ nullary: they do not have mcsu.
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The unification hierarchy (2)

mcsu of [ may not exist!

Unification problem without mcsu [Schmidt-Schauss, 1986]

E = {f(f(x.y), 2) = f(x, f(y, 2)), f(x, x) = x}
r:f(z,f(a f(x,f(a z2)))) =1f(z,f(a z))

[Siekmann, 1978] introduced the following hierarchy of
unification problems:

@ unitary: they have a mcsu with 0 or 1 elements.
@ finitary: they have a mcsu with finite number of elements.

@ infinitary: they have a mcsu with infinite number of
elements.

@ nullary: they do not have mcsu.
[Nutt, 1991] proved that the unification hierarchy is undecidable.
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Unification in theories presented by TRSs

IMPLICIT ASSUMPTIONS: R is a TRS, and
@ —p is the congruence relation induced by R, viewed as
system of equations.
f .
0 s|p t:&% there exists us.t. s —% uand t —% u.

From now on we will consider systems of equations (also
known as goals)

r:S1 :t1,...,Sn:tn

interpreted in equational theories presented by term rewriting
systems. This means that:
@ We interpret the equality = as =x. If R is confluent then
=g coincides with | %.
@ We wish to compute a compute set of R-unifiers of I'.
These R-unifiers are also known as solutions of T
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Term rewriting systems
Important properties

ATRS R is

@ terminating (or normalizing) if very sequence of rewrite
steps will eventually terminate: t - t; —gr ... >R Ih »Rr
t is called a normal form of t.

@ weakly-normalizing if for any term t there exists a rewrite
termination that ends with a normal form:
t=th »>r ti >R ... >R th »Rr
@ confluentif ty |z & whenever t =% t; and t =% .
@ semi-complete if it is weakly-normalizing and confluent.
@ complete if it is terminating and confluent.
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Term rewriting systems
Important properties

ATRS R is

@ terminating (or normalizing) if very sequence of rewrite
steps will eventually terminate: t - t; —gr ... >R Ih »Rr
t is called a normal form of t.

@ weakly-normalizing if for any term t there exists a rewrite
termination that ends with a normal form:
t=th »>r ti >R ... >R th »Rr

@ confluentif ty |z & whenever t =% t; and t =% .
@ semi-complete if it is weakly-normalizing and confluent.
@ complete if it is terminating and confluent.

@ If R is confluentthen s = tiff s | L.
@ If R is complete then =% is decidable.
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Computations in FP and FLP

@ Program = complete TRS defined over a signature
F = Fgq W Fc where
e Fy: set of defined function symbols
e F.: set of constructors
@ Rewrite rules are of the form f(sy,...,sy) — t where
fe Fgand sy,...,s, € T(Fg, V).
@ Computation in FP: computes the (unique) normal form of
atermt

e Strict languages: terms are reduced by leftmost innermost
rewriting.

e Lazy languages: terms are reduced by leftmost outermost
rewriting.

@ Computation in FLP: find a csu (preferably mcsu) of

r:S1 :t*],...,s,'):tn
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Theoretical results
Narrowing

ASSUMPTION: R is a TRS.

Definition (Fresh variant)

A fresh variant of a rewrite rule | — r is a bijective substitution o
with dom(o) = vars(/) and o(x) is a fresh new variable for each
x € dom(o).

Definition (Narrowing [Slagle, 1974])

s is narrowable into ¢, notation s ~~, % t, if there exist
@ a narrowing position p € Pos(s) such that s|, ¢ V
@ afresh variant | — r of a rewrite rule of R

such that o = mgu(s|p, /) and t = s[r|po.
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Theoretical results
Narrowing

ASSUMPTION: R is a TRS.

Definition (Fresh variant)

A fresh variant of a rewrite rule | — r is a bijective substitution o
with dom(o) = vars(/) and o(x) is a fresh new variable for each
x € dom(o).

Definition (Narrowing [Slagle, 1974])

s is narrowable into ¢, notation s ~~, % t, if there exist
@ a narrowing position p € Pos(s) such that s|, ¢ V
@ afresh variant | — r of a rewrite rule of R

such that o = mgu(s|p, /) and t = s[r|po.

NOTATION: A derivation ty ~>o, R tf ~*5oR -+ o0 R In
is abbreviated fy ~~ 5 t, or simply fp ~ ty, where
O =01...0p.
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Narrowing

Main properties

Theorem ([Hullot, 1985])

If R is complete then
Soundness: Ifs=t~, s =t and 6 = mgu(s', t') then
(so0) = (toh)
Completeness: If s§ =g t0 then there exist
@ s=t~5:s =t and
@ o' € mgu(s',t)
such that oo’ <g 0 [vars(s,t)].
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Narrowing

Main properties

Theorem ([Hullot, 1985])

If R is complete then
Soundness: Ifs=t~, s =t and 6 = mgu(s', t') then
(so0) = (toh)
Completeness: If s§ =g t0 then there exist
@ s=t~5:s =t and
@ o' € mgu(s',t)
such that oo’ <g 0 [vars(s,t)].

Question: Can we drop the condition of termination of R, and
still have soundness and completeness?

Answer: Yes, if we restrict ourselves to normalized unifiers:
NSol(T') = {6 € Sol(T') | x8 is normal form, for all
X € dom(0)}.
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Narrowing computations
Example

R={0+x—=x,8(x)+y —s(x+y),x=x— true}.
Let’s solve z + z = 5(s(0)):

Z 42 =5(8(0)) ~={y5(0x),2055(x1)} 80 )31 —8(x1-+1)
S(X1 + S( 1)) (S(O)) 7 {x1—0,x0+5(0)},04+X2—= Xp
( ( )) (S(O)) ~ (x3+5(5(0))}, X3+ Xg—true LXUE

Solution: {y1 — s(x1),z — s(x1)}{x1 — 0,x2 — s(0)}{x3 — 5(s(0))}
={y1 — s(0),z — s(0),xs — 0, xo — 5(0), x3 — s(5(0))} restricted
tovars(z+z=0)={z},is0 = {z— s(0)}

There are also several failed attempts to compute R-unifiers:

z+ 7z = 5(5(0)) ~{20,x-0},04x—x 0= 5(s(0)) »
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Narrowing
Extension to system of equations

Let R be aconfluent TRS, I : sy = f,...,8, =, and
@ Ry =RU{(X=X)— true}
@ T := generic notation for system containing only true-s

Definition

~r is extended to act on systems of equations as follows:
F,el2~or (T'1,€,M2)o
if e v,z € where e is a non-t rue equation.

NOTATION: Like before, we abbreviate 'y ~~,, ... ~~,, [, with
[g ~~% h, where o = o1 ...0p. Also, we define the set of
answers computed by narrowing: Ans(l') = {o | [ ~% T}

Ans(T")isacsuof I'.
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Containing the high nondeterminism (1)

Basic narrowing

The computation of Ans(T") is highly nondeterministic, due to
the selection of

@ the narrowing position
© the rewrite rule to be applied at the narrowing position

A more deterministic version of narrowing, still sound and
complete w.r.t. normalized unifiers, is basic narrowing
([Hullot, 1987], [Middeldorp et al, 1996])

Definition (Position constraint)

A position constraint for I' is a mapping that assigns to every
equation e € ' a subset of Posr(e) = {p € Pos(e) | e|p & V}.
The position constraint that assigns to every e € I the set
Posx(e) is denoted by T.
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Containing the high nondeterminism (2)

Basic narrowing

Definition (Basic derivation)

T4 o e Prh—=r s on_q,en_1,Pn—1lh—1—Tn_1 ['nis based on a
position constraint By for 'y if p; € Bij(ej) for1 <i<n-1,
where

[ B(e) if e €T\ {e}
Bij1(e) = { B(Bi(ei),pi,ri) if € = ei[rp,

forall1 <i<n-—1ande=¢€og; el 1, with B(B(e),pj, )
abbreviating the set of positions

Bi(ei))\{qg e Bi(ei)) | g>pi} U{pi-q € Posr(e) | q € Posr(r;)}.

Such a narrowing derivation of I'y is basic if By = T5.
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Containing the high nondeterminism (3)

Basic narrowing

In a basic narrowing derivation, narrowing is never
applied to a subterm introduced by a previous narrowing
substitution.

Theorem ([Hullot, 1987], [Middeldorp and Hamoen, 1994])

Let R be a confluent TRS and T a system of equations. For
every normalized unifier 6 of G there exists a basic narrowing
refutation T~} T such that o <g 0 [vars(I')] provided one of
the following conditions is satisfied:

@ R is terminating
@ R is orthogonal and 9 has an R-normal form
© R is right-linear
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Narrowing derivations
Example

R = {rev(rev(x)) — x} specifies a property of the reverse
operation on lists.

@ An infinite non-basic narrowing derivation

r: rev(x) =X {xesrev(xq) )1, rev(rev(x))—xy X1 = rev(x1)
M xprrev(xo),2,rev(rev(xg))— X rev(xz) = X

M {xosrev(xg),1,rev(rev(xs))—xg} -+ - -

@ The only basic narrowing derivation of the same I is

[:rev(x) = x ~ xrev(xy) 1 rev(rev(xy))—x; X1 = rev(xi)

Basic narrowing prohibits any further narrowing steps = I
has no unifiers.

VT Unification by N



Basic narrowing
Other useful properties

Theorem ([Hullot, 1980])

IfR ={li— ri|1<i<n}isacomplete TRS, and any basic
narrowing derivation starting from r; terminates, then all basic
narrowing derivations starting from any term terminate.
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Basic narrowing
Other useful properties

Theorem ([Hullot, 1980])

IfR ={li— ri|1<i<n}isacomplete TRS, and any basic
narrowing derivation starting from r; terminates, then all basic
narrowing derivations starting from any term terminate.

Basic narrowing becomes a decision procedure for
E -unification if the conditions of the previous theorem hold.

Marin Unification by N



Narrowing calculi

@ Computational model of several functional logic
programming languages.

@ Narrowing is a complicated operation = various narrowing
calculi consisting of more elementary inference rules that
simulate narrowing have been proposed

@ Properties of narrowing calculi

e Easier to analyse than the narrowing operation
@ Three sources of nondeterminism, due to the choice of

@ the equation of the system
@ the inference rule to be applied
© the rewrite rule of the TRS (for certain inference rules)
@ Several criteria have been proposed to reduce these
sources of nondeterminism under reasonable
assumptions.
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Lazy narrowing calculi
LNC [Middeldorp and Okui, 1999]

M, f(sy,...,80) =t T
[o] outermost narrowing: 1 (s n) 2

r1,S1 :/1a~~-,sn:/n7r: t7r2
if f(h,...,In) — ris afresh variant of a rule from R
T F1,f(s1,...,sn):x,r2
/| imitation:
[] (r1751:X1a---,$n:Xnar2)9 .
if & = {x— f(xy,...,%n)} with xq, ..., x, fresh variables.
. F1,f(s1,...,sn):f(t1,...,tn),F2
d] decomposition:
[] P M,81=1H4,....,8: =1y,
. .. . |_1,X = t7 r2
[v] variable elimination: ———————
(F1,F2)0
if x & vars(t) and o = {x — t}
M, x=x,I2

[t] removal of trivial equations:
M, 2

The red equations produced by [o] are called
parameter-passing equations.
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Lazy narrowing calculi
LNC [Middeldorp and Okui, 1999]

NOTATION:

@ =y, [if I and I are the upper and lower parts of an
inference rule [o] (o € {0,i,d,v,t}) and o is the
substitution computed by that inference rule.

@ [Jdenotes the system with no equations.

@ An LNC-derivation 'y =(q,],0, - - - =[an],on | n IS abbreviated
Mo =:Owhereo =o01...0p.
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LNC
Main properties

If R is confluent and 0 is a normalized R -unifier of T then there
exists I = [ respecting leftmost equation selection strategy
such that o < 6 [vars(T')].
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LNC
Main properties

If R is confluent and 0 is a normalized R -unifier of I' then there
exists I = [ respecting leftmost equation selection strategy
such that o < 6 [vars(T')].

Let R be a confluent TRS, I a system of equations, and S any
selection function for equations from a system. For every
normalized solution 6 of ' there exists an LNC-refutation

I =7 O respecting S such that o < 6 [vars(I")] provided one of
the following conditions holds:

@ R is terminating

© R is orthogonal and T has an R-normal form
© R is right-linear
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Refinements of LNC

LNC with eager variable elimination [Middeldorp and Okui, 1996]

Refinement of LNC which performs eager variable elimination
for descendants of parameter-passing equations:
@ Whenever we select an equation x ~ t with x ¢ vars(t),
which is descendant of a parameter-passing equation, we
apply inference rule [v].

Let R be an orthogonal TRS and T a system of equations. For
every R-normalized unifier 0 of I' there exists an eager
LNC-refutation G =} O respecting leftmost equation selection
Strategy, such that o < 6 [vars(T')].

Note that a TRS R is orthogonal if

@ ltis left-linear, i.e., no equation appears twice in any lhs of
some rewrite rule

Q@ It's rewrite rules are non-overlapping
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Refinements of LNC
LNCy [Middeldorp and Okui, 1999]

Designed for strict solving of systems of equations

Definition

Let R be a TRS. A substitution o is a strict solution of a system
I if for every equation s = tin I there exists a constructor term
u such that so =% vand toc =} u.

LNCy is a refinement of calculus LNC which distinguishes:
@ F = F.W Fy, Where
Fg:={fe F|3(f(s1,...,8n) =>r)eR}and Fo = F \ Fy
@ Descendants of initial equations (written as s = t) from
descendants of parameter-passing equations (written as
s t). Wewrite s> tifs=tort=s
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LNCq4
Inference rules for initial equations

[o]—

UE

[d]-

[vl=

[t

f(s1,...,8n) = t, T

outermost narrowing:
g Si>h,....,8p> I, r=tT

if root(t) ¢ F4 and f(sy,...,8n) — ris a fresh variant of a
rewrite rule from R

f(s1,...,8n) = x,T
imitation: (s n)

(s1=x1,...,87=xp, o
if f e Fe, ¢ & varse(f(S1,...,5n)), f(S1,...,8n) & T(Fe, V),

and o = {x — f(x1,...,Xn)} with xq, ..., X, fresh variables.
f(s1,7Sn) = f(t’],,tn),F
decomposition:
p S‘]Eh,...,SnEtn’r
s=x, I

variable elimination:
(o2
if x ¢ vars(s) and o = {x — s}

x=x,I

removal of trivial equations:
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LNCq4
Inference rules for descendants of parameter-passing equations

[0]. outermost narrowing:

f(s1,...,80) > t,T
S1>h,....8n > In,r>t,T

if root(t) ¢ Fq and f(sy,...,sn) — ris a fresh variant of a
rewrite rule from R
f(S1,...,Sn) > f(t-],...,tn),r
Si1>H,....,8 D> Iy, T
s>x,I x>s,T
o

[d]. decomposition:

[v]. variable elimination: .
if x ¢ vars(s) and o = {x — s}

by



LNCq4
Completeness result

Let R be a left-linear confluent constructor system and T a
system of equations. For every strict and normalized solution 0
of I' there exists an LNCq-refutation G = O such that

o <g 0 [vars(I')]
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LNCq4

Completeness result

Let R be a left-linear confluent constructor system and T a
system of equations. For every strict and normalized solution 0
of I' there exists an LNCy-refutation G =, O such that

o <g 6 [vars(I)]

The only source of nondeterminism of the lazy narrowing
calculus LNCy is the choice of the rewrite rule when applying
inference rules [o]_ and [o]. .

The other sources of nondeterminism disappeared:

@ The selected equation is always the leftmost
@ There is only at most one applicable inference rule.
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Extensions to larger classes of TRSs

A conditional TRS (CTRS) consists of conditional rewrite rules
| — r <= ¢ where the conditional part is a (possibly empty) sequence
Sy =*4,...,8, = t, of equations. We require | € V.

evars(l — r < ¢) := vars(r, c) \ vars(l)
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Extensions to larger classes of TRSs

A conditional TRS (CTRS) consists of conditional rewrite rules
| — r <= ¢ where the conditional part is a (possibly empty) sequence
Sy =*4,...,8, = t, of equations. We require | € V.

evars(l — r < ¢) := vars(r, c) \ vars(l)

CTRSs are classified according to the distribution of variables in
rewrite rules, into:

1-CTRS vars(r, c) C vars(/) forallrules | —r<c
2-CTRS vars(r) C vars(l) forallrules | —r<c
3-CTRS vars(r) C vars(/,c) forallrules | —r<c

REMARK: Extra variables enable a note natural style of writing
program specifications

Example (Fibonacci numbers)

O+y—y, s(xX)+y — s(x+y),
fib(0) — (0, s(0)),
fib(s(x)) — (z,y + z) < fib(x) = (y, 2)




Rewriting with conditional TRSs

ASSUMPTIONS:
@ every CTRS R contains the rewrite rule x = x — true
@ true and = do not occur in other rewrite rules of R
@ T denotes any sequence of trues

We define inductively the unconditional TRSs R, for n > 0:

Ro :={X =x — true}
Rpt1:={lo =ro|l=-r<cecRandco =5 T}

and abbreviate —, by —,

VT Unification by N



Rewriting with conditional TRSs

ASSUMPTIONS:
@ every CTRS R contains the rewrite rule x = x — true
@ true and = do not occur in other rewrite rules of R
@ T denotes any sequence of trues

We define inductively the unconditional TRSs R, for n > 0:

Ro :={X =x — true}
Rpt1:={lo =ro|l=-r<cecRandco =5 T}

and abbreviate —, by —,

We interpret equality as joinability; such kind of CTRSs are
known as join CTRSs in the literature.
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Rewriting with conditional CTRSs

Other relevant notions

Level confluence: R is level-confluent if every R, is confluent.

Shallow-confluence: R is shallow-confluent if
mo—nC < o—p forallmn>0.
Decreasingness: R is decreasing if there exists a well-founded
> order on T (F, V) with the following properties:

@ > contains —x

@ > has the subterm property (i.e., <C> where
s> tiff tis a proper subterm of s)

@ fo > soand so >~ to forevery | - r<ce R,
every s = t from ¢, and every substitution o.

Shallow-confluent CTRSs are level-confluent, but the reverse is

not true.
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Narrowing for 3-CTRS

Conditional narrowing (CNC)

R isa CTRS

rer” , , ,
7 = if there exist a fresh variant / — r <= c of a
(", élrlp, €, T")o rewrite rule in R, a non-variable position p
in e, and o = mgu(e|p, /).

> The previous inference rule is also written as
(r/’ e, r//) M o,p,l—rec (r,a e[r]P7 c, r”)O' or Slmply
(I, e,T") ~q (I, e[r]p, c,T")o.
> CNC is sound: If I ~7 T then o|,4s(g) is an R-unifier of T'.
> We can define basic conditional narrowing, similar to basic
narrowing:

e Main idea: no narrowing steps should take place at
positions introduced by previous narrowing substitutions.

Marin Unification by Narrowing



Basic conditional narrowing (1)

A CNC-derivation

I 701,01, —r<=ct T Y7 00_1,0n—1,lh—1—h—1<=Cn_1 n

is based on a position constraint By for 'y if p; € Bj(e;) for
1 < < n—1, where the position constraints B., ..., B,_1 for
Mo,...,[h_1 are defined inductively by

B;(¢) ife eli\{ej}
Bii1(e)=q B(Bi(e),pi.ri) if € = eilrp,
Posx(€) if & € ¢

forall1 <i<n-—1ande=¢€0;erl;.,with B(Bj(e),pir)
abbreviating the set of positions

(Bi(ei)\{q € Bi(ei) | 9 > pi})U{pi-q € Posz(e) | g € Posz(r;)}
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Basic conditional narrowing (2)

> The position constraint on I that assigns the set of
positions Posr(e) to every e in G is denoted by G

> A CNC derivation is basic it it is based on G
e Basic CNC has much smaller search space than CNC

CNC is complete for

@ semi-complete 1-CTRSs

@ semi-confluent 1-CTRSs w.r.t. normalizable substitutions

@ level-semi-complete 2-CTRSs

@ level-complete 3-CTRSs
Basic conditional narrowing is complete for

@ decreasing and confluent 1-CTRSs

@ semi-complete orthogonal 1-CTRSs
REFERENCE: [Middeldorp and Hamoen, 1994]
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Extending LNC to work with 3-CTRS

LCNC = lazy conditional narrowing calculus
The only change is inference rule [o]:
r, f(sy,...,8n) = t, 1"

rlas‘l = /1,sn - lnar: tv_Ca r
if | = r < cis a fresh variant of a rewrite rule in R.

The other inference rules ([/], [d], [v], [{]) are like those of LNC.

[o] outermost narrowing
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LCNC
Example
R={0+y=y,s(x)+y— s(x+y),fib(0) = (0, s(0)),
fib(s(x)) — (z,y + z) < fib(x) = (y, 2)}
fib(x) = (X, X) =g X = S(X1
= X =S(X
:>[v],{zw—>x} X=8
=10 X=58(x1),y1+x=x,x=0,(0,5(0)) = (y1,x)
=W a-0p X = 8(
= X= S( )
= {y—0; X =35(0),0+x = x,5(0) = x
=M. x-s0)) 0+ 8(
=[d] 0+ S(

=[0] 0=0,s(0) = y», ¥» = s(0)
= {—s0) 0=0,50)=s(0)
=@ 0=0,0=0
(|

=[d]=[d]




LCNC
Example
R={0+y=y,s(x)+y— s(x+y),fib(0) = (0, s(0)),
fib(s(x)) — (z,y + z) < fib(x) = (y, 2)}
fib(x) = (X, X) =g X = S(X1
= X =S(X
:>[v],{zw—>x} X=8
=10 X=58(x1),y1+x=x,x=0,(0,5(0)) = (y1,x)
=W a-0p X = 8(
= X= S( )
= {y—0; X =35(0),0+x = x,5(0) = x
=M. x-s0)) 0+ 8(
=[d] 0+ S(

=[0] 0=0,s(0) = y», ¥» = s(0)
= {—s0) 0=0,50)=s(0)
=@ 0=0,0=0
(|

= [d=[d]

Computed substitution: {x — s(0)}




Properties of LCNC

Let R be a confluent 1-CTRS and T a system of equations. For
every normalized unifier 6 of T there exists an LCNC-refutation
I =% O respecting leftmost equation selection strategy such
that o < 6 [vars(I)]

Let'R be an arbitrary CTRS andT ~~; T be a basic
CNC-refutation. For every selection function S there exists an

LCNC-refutation respecting S such that o < 0 [vars(I')].

Let R be a terminating and level-confluent CTRS. For every
‘R-unifier 8 of a system I there exists an LCNC-refutation
I =7 O such that o < 6 [vars(T')].
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Unification for deterministic CTRSs (1)

We will consider equations of two kinds: s =tand s > t

Definition
Let X be a set of variables. A system of equations T : eq,..., e,
is X-deterministic if

@ vars(sj) C XU U _q1 vars(e;) when g; is s; > {;

@ vars(ej) C XU U, 1 vars(ej) when g is s; = {;
A CTRS R is deterministic if it is made of rewrite rules of the
form | — r < ¢ where c is an vars(/)-deterministic system of
equations. R is fresh if vars(t) N vars(l) = () for every s > tin
the condition ¢ of any rewrite rule /| — r < ¢ from R.

When rewriting with deterministic CTRSs, = is interpreted as
joinability (J.z), and > as reducibility (—g):
@ If R is deterministic then s —x tifthere exist/ - r<ce R,
p € Posx(s) and 6 such that s|, = 16, t = s[r6],, and for all
g cc:sb g tifif e is si=1t; si0 =5 i if e is s > 1.
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Deterministic CTRSs and X-deterministic goals

Example

R={ 0+y—y, fst((x,y)) — x,
s(X)+y—s(x+y), snd({x.y)) =y,
fib(0) — (0, s(0)),
fib(s(x)) = (y,y + z) < fib(x) > {y, z)

The goal

[ fib(s(x)) > (s(s(s(0))),y), y > s(2)

is {x }-deterministic.
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Unification for deterministic CTRSs (2)

The calculus LCNCE [Marin and Middeldorp, 2004]

Given an X-deterministic goal I' and a deterministic
CTRS R

Compute a complete set of X-normalized R-unifiers of I'. A
substitution ¢ is X-normalized if 6(x) is an
R-normal form for all x € X.

LCNC}: refinement of LCNC adjusted to resolve this problem

@ Works on terms from 7(F u Ff,V U V) where F1 (resp.
VT) is the set of marked function symbols (resp. marked
variables). The purpose of marking is to avoid computing
many non-normalised solutions.

@ We write t' for the term obtained from t by marking its root
symbol, if not already marked.

@ We write u(t) for the term obtained by removing all
markers from t. E.g., u(ff(x, g(y"))) = f(x, 9(y))
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The calculus LCNC]

Inference rules (1)

Same as LCNC, except that the leftmost equation is always selected,
and the inference rules [i], [d], [v], [t] are adjusted as follows:

, f(s1,...,8n) > x,T f(s1,...,8n) = xT,T
g (81> X1,...,87 > Xp, Mo (s1>x],...,8, > x},T)o’
with (s ~t) e {s=tt=s,s>t}, 0 ={x— f(X1,...,Xn),
xt s fixg, .o xn)) o = {6 xt = fi(xq, ..., xp)}, and xq, ..., X,
fresh variables
[d] f(S17...,Sn)2f(f1,...7tn)7|_ fT(s1,...7s,,)f:f(t1,...,t,,),r
St~ t,...,sp =ty [ si~t,....sh~t,T
f(Sty . Sn) = Fi(ty, . ), T Fi(Sty... 8n) = Fi(tr, ... 1), T
S1:t1T,...,S,,:t,J§,F s;rztf,...7sf,zt:,,r

with ~e {=, >}




The calculus LCNC]

Inference rules (2)

T~ ~ xt
V] X SrfngVUVT s~x",T s>r;(,l’

with x & vars(u(s)), ~€ {= >}
0 = {x+ s,x"— s'}, and

={x,x" = sty U{y — y' |y € vars(u(s))}
s~trI

[£]

NOTATION: T is the result of replacing all variables x with xTin T

if u(s) = u(t) and ~¢ {=,>}

Let R be a deterministic CTRS and 6 a normalized R-unifier of
[. There exists an LCNC}-refutation Gt =% 0 such that
u(o) < 0 [vars(IN)]
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The calculus LCNC]

Nondeterminism due to selection of inference rules

@ For unoriented equation s =t

root (s ‘ Fi Fe Fp VY
Fi [t];l[d  [eh(d  [t];[d);[o], [v] x
Fe [t];[d  [t];[d] C1 i, x
Fp [thld, o], [o]; [tli[dl[o]y,[0]y [oly, (i, [v] x
vt [v] [4], [v] [0],, [1], [v] [t]; [v] X
A% X X X X X
@ For oriented equation s > t
roos(s O | Fe Fp vuvt
Fr [t]; [d] [t]; [d] [t]; [d] [v]
Fe [tl;[a] [t} [d] X [1], [v]
Fp [t];[d][o], [o]; [t]s[d],[o], [o];,[3];[v]
Vi [v] [v] [v] [t]; [v]
Vv X X X X

Marin



Unification for deterministic CTRSs

LCNCSVe: a lazy narrowing calculus with eager variable elimination (1)

MAIN IDEA: Like LNC, the calculus LCNC can apply eagerly
variable elimination for descendants of parameter-passing
equations without losing completeness

@ Descendants of parameter-passing equations are defined
in exactly the same way as for LNC; we write s » t to
distinguish them from other kinds of equations.

@ LCNCS*®: adjustment of LCNC} with the following strategy
to solve parameter-passing equations:

root(t)

root(s) Fe Fp y Fruyt
Ft [t];[d  [el;[d]  [v] X
Fe [t]; [d] X [v] X
Fp [o], [tl;[d],[o], [v] X
Vi [v] [v] [v] X
1% X e X X
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Unification for deterministic CTRSs

LCNCSVe: a lazy narrowing calculus with eager variable elimination (2)

BAD NEWS: LCNC3"® is incomplete for left-linear deterministic
CTRSs.

Example

@ R={f(x) = x,9(x,y) > x <= x> y}
@ IM:g(x,f(y)=a

R is left-linear and deterministic, but not fresh; 6 = {x — a,y — a} is
a normalized solution of I'. # can not be computed with LCNC$'®,
because the only maximal LCNC$"®-derivation is
M= xTex, [y, x>y, x=a
=t xdoxty (YD) ey xt ey xt=a
i A
FM ety X )X =a
V] {x= () x T FE ()} fT(yT) =a
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Unification for deterministic CTRSs

LCNCSVe: a lazy narrowing calculus with eager variable elimination (2)

BAD NEWS: LCNC3"® is incomplete for left-linear deterministic
CTRSs.

Example

@ R={f(x) = x,9(x,y) > x <= x> y}
@ IM:g(x,f(y)=a

R is left-linear and deterministic, but not fresh; 6 = {x — a,y — a} is
a normalized solution of I'. # can not be computed with LCNC$'®,
because the only maximal LCNC$"®-derivation is
M= xTex, [y, x>y, x=a
=t xdoxty (YD) ey xt ey xt=a
i A
FM ety X )X =a
V] {x= () x T FE ()} fT(yT) =a

Goob NEws: LCNC3'® is complete for left-linear fresh
deterministic CTRSs
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Unification of strict equations for deterministic CTRSs

Definition
A substitution 6 is a strict solution of an equation
@ s> tif s§ =% t0 and t0 € T(F¢, V) (that s, 16 is a term
without defined function symbols)
@ s = tif there exists a term u € T(F¢, V) such that s =%, u
and t0 —3 u.
6 is a strict solution of a goal T if it is a strict solution of every
equation from .

CHALLENGE: Find a refinement of LCNC which computes a
complete set of strict solutions of a given goal T".

Marin Unification by Narrowing



Unification of strict equations for deterministic CTRSs

Definition
A substitution 6 is a strict solution of an equation
@ s> tif s§ =% t0 and t0 € T(F¢, V) (that s, 16 is a term
without defined function symbols)
@ s = tif there exists a term u € T(F¢, V) such that s =%, u
and t0 —3 u.
6 is a strict solution of a goal T if it is a strict solution of every
equation from .

CHALLENGE: Find a refinement of LCNC which computes a
complete set of strict solutions of a given goal T".
@ The calculus LCNC; [Marin and Middeldorp, 2004] was
designed for this purpose.
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The lazy narrowing calculus LCNC7

Inference rules (1)

f(S1,...,80) = t,T
si»h,....sn» Ih,c,T
if f(h,...,I) — r < cis afresh variant of a rewrite rule in R
. a(s1,...,8n) = x,T »
where ~¢ {=,="",>}, g € F,
[I] (S1§X1,...,Sn§Xn,r)9 E{ ’ }g ¢
if 9(s1,...,80) € T(F¢, V), 0 = {x— g(xq,...,Xn)}.
9(s1,...,87) » x,T
(81 » Xi,...,8, > Xp, 1)’
if 0" ={x— f(x1,...,Xn)}
] 9(S1,...,8n) ~9(t,..., tn),T
St~ H,Sy =ty T
f(S1,...,S,—,)2f(t1,...,tn),r
Si>H,...,Sp > Iy, [

[o]

where ~¢ {=,="1,>,»}

where ~€ {=,>} and g € F;
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The lazy narrowing calculus LCNC7

Inference rules (2)

xw» s, T s~x,T
V] —F5—weres¢V rg  Where s € T(Fc.V)
s»x,T x>~s, T
g where s € T(F;, V) \V
where x ¢ vars(s), ~€ {=,>},and § = {x — s}
s> s, T s~s,
1] - r where ~¢ {=,>} and s € T(F¢, V)
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The lazy narrowing calculus LCNC7

Inference rule selection strategy

s~ t s>t spt
| e 7o Vv | ¢ 7oV | Fe Fp v
Fe | [e]; [d] [o], [V]; [3] Fe | [elild]  x [V [4] Fe | [t];[d] x [vl; [4]
Fo | [o]; [o]; [o]y Fp | [, [elilo]; [o] Fo | o], [t];([o]y,[d]) [o]y, 1], [¥]
V| [ (4] o], [e]; [v] VI o ox [t V| W [v] [e]; [v]

Let R be a deterministic CTRS and 6§ an R-normalized strict

solution of T'. Then there exists an LCNCj-refutation I’ =, [J
such that o < 6 [vars(T')].
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Higher-order extensions of the narrowing calculus

@ Functional programming operates with functions as values
@ The lambda calculus is suitable to express functional
computations (function abstractions and function calls)
= it is natural to try to extend narrowing to solve systems
of equations between A-terms
b= x variable
Ax.t abstraction
(tt) application
where x ranges over a countably infinite set of variables.

Conversion rules for A-terms

A-terms are identified modulo the following conversion rules:
@ M.t = A\y.(H{x — y})ify € V\ vars(t) (a-conversion)
@ (Ax.s) t=s{x—t} (B-conversion)
@ (Ax.(tx)=tifx e V\ vars(t) (n-conversion)
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Rewriting systems for A\-terms

@ Usually, higher-order E-unification is performed between
simply-typed A-terms, which can be represented in a
standard form called long sn-normal form

@ TRSs have been generalised to pattern rewrite systems
(PRS), and CTRSs to conditional PRSs
@ Narrowing has been generalised to higher-order lazy
narrowing with PRSs.
e 1998: Prehofer proposed lazy narrowing calculus for PRS
‘R, called LN. LN performs higher-order R-preunification.
e Main challenge: reduce the search space for solutions
@ since 2000: several refinements of LN which reduce
nondeterminism have been proposed.

Marin Unification by Narrowing



