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Chapter 0O

Preliminaries

0.1 Vector Spaces

Unless stated otherwise, we assume that all vector spaces (including algebras) are finite-
dimensional over the ground field R. Rings and algebras are understood to be unital
(meaning they have a distinguished multiplicative identity element). The null space O =
{0} is regarded as a subspace of dimension 0 within any space R", which means 0 has to
be understood as the corresponding null tuple (0, ...,0) € R™. Following [228], we will also
use the subspace convention of regarding R™ C R""* in the sense of R” x O C R™ x R®.
Furthermore, we set V* =V \ O for any vector space V.

Initially, one can think of R™ as an affine space (hence also having a natural topology),
and this is all that we needed up to now when speaking about maps between open sets of
affine spaces. When it comes to derivatives, however, we need n-dimensional vector spaces.
As an example, look at the first formula of Subsection 1.1.1. Strictly speaking, the point x
there comes from the affine space R"™ while the vector h comes from its translation space.
In order to avoid an overkill in notation, we view IR™ both as an affine and a vector space
(of columns), but we will usually use z, y, z when thinking of points in the affine space R".

Sometimes—particularly in connection with co- and contravariant tensors—it is conve-
nient to regard a vector space V' together with its dual V* on an equal footing, as achieved
by following terminology. A bilinear map {|): V x V — K on two K-vector spaces V
and V is called a dual pairing if it is non-degenerate in both arguments [37%*%], meaning
(0] _): V — K and (_|v): V — K are injective (and hence bijective) for all v € V and
v € V. One says that V and V are dually paired by {|), and (V,{(]),V) is a dual pair of
vector spaces. For the sake of naming, we call V the dual space and V the primal space of
the pair; see the next paragraph for a motivation of this naming convention.

If (W, {|), W) is another dual pair (overloading the notation for the pairing), a morphism
of dual pairs is given by two maps T: W — V and T: V — W with the conservation
property (Tw|v) = (w|Tw) for all w € W and v € V. It is easily verified that the dual pairs
form a category under this notion of morphism. It is then also clear what we understand
by an isomorphism of dual pairs. For an isomorphism (7', 7T), one may also write S = T~
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such that the conservation property gets the more symmetric form (v|v) = (Sv|Tv) for all
ve€Vandv eV,

Given a vector space V', one can construct the induced dual pair Py = (V* (|),V),
where the canonical pairing is defined by (v*|v) = v*(v) for all v* € V* and v € V. Dually,
one may also construct the dual pair Py, where the roles of V' and V* are exchanged and
the dual pairing has its arguments reversed. Note the Py and Py, are anti-isomorphic to
each other. Unless mentioned otherwise, we always use the construction P, = (V*, V)
rather than P = (V,V*), omitting reference to the pairing (|). (The covariant functor
V +— Py is an isomorphisms of categories, the contravariant functor V' +— P} a duality of
categories; hence Py — P is a duality on the category of dual pairs.)

We write R, for the vector space of rows (1 X n matrices) and R" for the vector space
of columns (n x 1 matrices). Rows are also known as (linear) forms, and we often use
the letters a, b for them; columns are sometimes addressed as vectors in the narrower sense
(coming from the “primal space” rather than its dual), and we use h, k for them. Since both
of these matrices act naturally to the left as well as to the right, we identify the actions with
the corresponding matrices. Thus a row is seen as maps R — R,, and R" — R, a column
as maps R — R™ and R,, — R. We observe that (R,, (|), R") form a dual pair under the
canonical scalar product (|): R, x R — R given by the matrix product (a|lh) = a - h.
Furthermore, choosing a dual basis pair in a dual pair of vector spaces corresponds to an
isomorphism between this dual pair and (R, (|), R™).

Following [372%8], we call (5%, 8.) a dual basis pair for (V,(|), W) if g* = (5,...,3")
is a basis for V and 8, = (61,...,06,) a basis for W such that (5'|3;) = &} for all 4,5 €
{1,...,n}. Here and elsewhere in these lecture notes we use 5; for the Kronecker symbol
and the following convention of placing the indices: The basis vectors from the “primal”
space V are indexed above, the ones from the “dual” space W below; for the corresponding
components v = v;3° € V and w = w'B3; € W, it is the other way round—such that we
can employ the Einstein summation convention—summation over diagonal index pairs is
implicit. If we consider a vector space V' as a dual pair Py, we can identify the bases (3, of
V with the dual basis pairs (5%, 8,) of Py.

Writing 6%, ...,0" for the canonical basis in R,, and d,...,d, for the one in R", we
obtain a dual basis pair for (R, (]), R™). With respect to this canonical dual basis pair, the
scalar product of a = a;6" € R,, and h = h'd; € R™ takes on the familiar form (a|h) = a;h'.
In the affine space R™, the basis columns appear as coordinate axes d;: R — R",t —
(0,...,t,...,0) and the basis rows as coordinate projections 6*: R” — R, (z1,...,1,) —
rp. Note that we can also view 0i(t) = 0t and §%(x) = 0%z as matrix products. A
dual basis pair (§%, 3,) in a dual pair of vector spaces (V,(]), W) allows to extract the
components with respect to the corresponding basis, so v; = (v|3;) and w’ = (3 |w). We
collect these components into rows and columns, respectively, writing (v|g = v;6° € R,
and |w)5 = ’UJZ(SZ e R™

The set of all m x n matrices is denoted by R!", so a matrix A € R has m rows
and n columns. We write A; for its (7, j)-th element, with the row index i ranging over
{1,...,m} and the column index j ranging over {1, ...,n}. Now a linear map F' between an
m-~dimensional vector space V and an n-dimensional vector space W first has a coordinate
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representation F,g: R™ — R", with respect to chosen bases # in V and v in W. But
the linear map F,3 can in turn be described by matrices, most canonically by the left
representation matrix L € R operating as h — Lh and by the right representation
matrix R € R!" operating as a — aR. The matrix L has as columns F(0,),..., F(5,)
expanded with respect to 1, ..., 7V,; the matrix R has as rows F(3'),..., F(7") expanded
with respect to 8,..., ™. (The transformation F' +— Fp, is a functor from the category of
vector spaces to its skeleton. The representation matrices L and R correspond to functors
respectively from the skeleton and its opposite to the category of matrices.)

As an example, consider C as a two-dimensional real vector space V' with the linear map
F:V — V given by 2z +— iz. Obviously F' is a counterclockwise rotation by a right angle,
whose coordinate representation is the map Fpg: R? — R? given by (z,y) — (—y, x), with
respect to the canonical basis § = (1,4). Its left and right matrix representations are

()= @) () maewmea)

respectively. As one can see from this example, the left and right representation matrices
are related to each other by transposition.

Since we shall normally work with dual pairs of vector spaces, we will adhere to the
following convention for representation matrices: A coordinate representation is identified
with its representation matrix—the left one operating on columns, the right one on rows.
Soif F': V' — W is a linear map, we have |Fv), = F,g|v)s for all v € V, where 3 is a basis
for V and ~ a basis for W.

The dual of a linear map F': V' — W is given by the pullback F*: W* — V* defined by
a — aoF. The matrix representation of [ is reverse to that of F'. In other words, if F' had
A € R™ as its left representation matrix and hence AT € R™ as its right representation
matrix, its dual F'* has A as its right representation matrix and A" as its left representation
matrix (using in V* and W* the dual bases of the ones respectively used in V' and W). As
above we have now (F*d|g = (d|,F,s for all d € V*, where (3 is again a basis for V' and ~
a basis for W.

0.2 Change of Bases

Changing from a basis 8 = (0, ..., 3,) of a vector space V to a new basis B=(B1,...,0)
can be expressed by the transition matriz T € R] from 8 to 3, formed by writing in
columns the old basis vectors with respect to the new basis such that

Bj = BT (1)
This means T' = 1g4 is the (left) representation matrix of 1y with respect to the bases 3
and f3.

A vector v € V may be expanded as v = v'f3; in the old basis and as v = ¥'/3; in the
new basis. Hence we obtain

=T or |v);="TIv)s (2)
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for the corresponding component transformation. Note that the matrix expressing 3 in
terms of 3 is contragredient (i.e. inverse transpose) to the one expressing |v); € R" in
terms of |v)sz € R", the inverse coming from exchanging left/right sides of the equation
and the transpose from exchanging row/column indices of the summation.

Now consider V' as part of the dual pair (V*,V). Then the above bases in V are
written as 3, = (B1,...,0,) and B, = (B1,...,3,), and they come along with their dual
bases 3* = (B,...,8") and B* = (B',..., ") in V*. Since the component transformation
law o' = Tiv’ holds for all v € V and since v' = F*(v) and 0" = 3*(v), we obtain

so the transition matrix from §* to §* in V* is also contragredient to 7. In analogy to
before, this yields the component transformation law

dj=d;T; or (dls=(dlsT (4)

for linear forms d € V*, whose matrix is this time just 7" itself.

The set Bas(V') of bases of a vector space V' form a so-called torsor. Since the theory of
torsors—despite its simplicity—is not usually treated in standard texts of linear algebra,
let us give a brief sketch of it at this point. A torsor over a group G, briefly called a
G-torsor, is a free and transitive action G x X — X. We may regard it as an isomorphic
view of G that does not have a distinguished neutral element (“a group that has forgotten
which was its neutral element”). Consequently, one cannot “multiply” the elements of X,
but one may “divide” them: For every z,y € X there is a unique g =: x/y such that
rT=g-y.

If X and Y are both torsors over the same group G, a map h: X — Y is called
equivariant if h(g-x) = g-h(x) for all ¢ € G and x € X. If one endows the G-actions with
this notion of morphism, they form a category with the G-torsors being a full subcategory.
Note also that we have only considered left actions so far, but everything can be extended
to right actions as well: If both G and H act on the right, the condition for h to be
equivariant is h(x-g) = h(x)-g. If G acts on the right but H on the left, one must require
h(z-g) = g7' - h(z); and if G acts on the left but H on the right, we have accordingly
h(g-x) = h(z)-g~".

Given a Gi-torsor X; and a Gay-torsor Xo, we can form the torsor product: We regard
X x X, as a torsor over G; X Gy via the natural action (g1, ¢2) - (z1,21) = (91 - 21, g2 - T2).
The division is now given by (z1,z2)/(y1,y2) = (T1/y1, T2/Y2)-

Coming back to the bases of an n-dimensional vector space V', we see that Bas(V) is a
torsor over GL,,(R). The action of a transition matrix 7" € GL,(IR) on a basis § € Bas(V)
is given by T'- 3 = 3, where 3 € Bas(V) is defined as in (1). In other words, the transition
matrix from 3 to 3 is the quotient 3/83.

Every vector v € V induces a map |v): Bas(V) — R™ that associates to a given basis
B its components |v)g with respect to 3. The transformation law (2) can be written as

[v)rs =T |v)s (5)
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if we introduce the usual action of GL,(R) on the component array R™ as a matrix product
(matrix times column). This means that |v) is an equivariant map between the G L, (RR)-
torsors Bas(V') and R™.

One may also turn things upside-down and introduce n-dimensional vectors as equiv-
ariant maps. More precisely, choose an arbitrary torsor B over GL,(R), to be viewed as
“abstract bases” or “basis labels”. Then a contravariant component vector is defined as an
equivariant map v: B — R". Transferring the linear structure from the tensor array R",
it is easy to see that the collection V' of all component maps forms a vector space, which
we might call the contravariant component space. Fixing any [ € B, it is clear from (5)
that each component vector v € V' is determined by its value v((3) € R"; conversely, each
column h € R"™ corresponds to the unique component vector v defined by v((3) = h. Thus
every € B induces a bijection v — v(3) between V and R", which is in fact a linear
isomorphism V' = R"™. This implies in particular that dim V' = n.

Note also that every basis (b, ...,b,) of V corresponds to a unique “abstract basis”
3 € B in the following way: Choosing an arbitrary 3 € B, we obtain a basis (b, 3, ..., by, 3)
of R™. Letting T" be the transition matrix from the canonical basis (d1,...,d,) to the basis
(b1 B3,...,b, B3) and setting 3 = T'- 3, we obtain b;(3) = 61,...,b,(3) = 0,. Identifying the
concrete and abstract bases of V' in this manner, we see that vector spaces and component
spaces are in bijective correspondence with each other.

It becomes more interesting when we consider dual spaces. Just as R™ is a left torsor
over GL,(R), its dual R,, is a right torsor over GL,(R). Every linear form d € V* now
induces a map (d|: Bas(V) — R,, that assigns to d the row vector (d|g of components
with respect to the unique V*-basis dual to the V-basis 5. The corresponding component
transformation law (4) again says that (d| is equivariant, this time meaning

(dr.p = (dlg- T (6)

for all T'€ GL,(R) and 5 € Bas(V).

If we view (V*, V) as a dual pair of vector spaces with Bas(V') consisting of dual basis
pairs (5%, 0,), a vector v € V induces an equivariant map |v): Bas(V) — R™ and a linear
form d € V* an equivariant map (d|: Bas(V) — R, as explained above. This can be done
abstractly: If B is an arbitrary G L, (RR)-torsor, a contravariant component vector is again
an equivariant map from B to R™ while a covariant component vector is an equivariant
map from B to R,. As before, one may build the vector spaces V' and V of contra- and
covariant component vectors, respectively. Moreover, one can now introduce the bilinear
form (|): V x V — R by setting (d|v) = (a|h) where a = (d|s and h = |v) for an arbitrary
“abstract dual basis pair” § € B; note that (|) is well-defined due to the transformation
laws (5) and (6). Thus we obtain a dual pair of vector spaces (V,(|),V), whose dual
basis pairs can again be identified with the “abstract dual basis pairs” in B. Under this
identification, we obtain a bijective correspondence between dual pairs of vector spaces
and co-/contravariant component spaces.

A final remark on co- and contravariance (to be investigated in a more general context
in Chapter 2). For a single vector space, it does not make sense to speak of co- and
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contravariance, meaning to distinguish linear forms from vectors: Every vector space (recall
that we always assume finite dimension!) is the dual of another space—mamely of its
dual space. Accordingly, an equivariant map from a set of “abstract bases” B to any n-
dimensional vector space C' (be it R,, or R") is as good as any other—mno matter whether
we consider left or right actions on C: Writing “linear forms” as rows and “vectors” as
columns is just an arbitrary (though useful) convention. The same is true about the action
on B: We may write it on either side, depending on how we define the notion of transition
matrix.

The crucial point in distinguishing co- from contravariance is to have a dual pairing
between two vector spaces V and V. Looking back at its definition, we see that it is not
essential from which side GL,(R) acts on either B or C'. But it is important that both
the covariant and the contravariant maps are defined on the same torsor B with a fixed
(left or right) action of GL,(R) and that its actions on R™ and R,, are from opposite
sides (such that they cancel out). In such a case only, we may refer to V' as the “primal
space” (holding the “vectors” with their “contravariant components”) and to V as the
“dual space” (holding the “linear forms” with their “covariant components”).

0.3 Maps in Topological Spaces

Let X and Y be sets. Then we call ® C X x Y a graph from X to Y if for every z € X
there is a unique y € Y such that (z,y) € ®. A map from X to Y is a triple F = (X, Y, ®)
such that ® is a graph from X to Y; we write this as F': X — Y, calling X the domain
and Y the codomain of F. (If one does care for symmetry, one may as well drop X from
the triple F; it can be obtained from ® by collecting its left components.)

For reasons of clarity, we emphasize two points in the above definition: First, a map
F: X — Y is not simply its graph; it “knows” its codomain (and of course also its domain).
We write dom F' and cod F' for the domain and codomain of F, respectively. For example,
if X C Y, the inclusion ¢: X — Y is to be distinguished from the identity 1x: X — X;
the graphs are in both cases X x X, but we have cod: =Y whereas cod 1x = X. Second,
we must be careful not to confuse the codomain Y of a map F': X — Y with its image
F(X); they coincide iff F' is surjective.

If X and Y are topological spaces, a map F': X — Y is called open/continuous if the
image /preimage of any open set in Y is open in Y. A bijection F' that is both open and
continuous is called a homeomorphism; this is equivalent to requiring that F' and F'~! are
both continuous (or both open). f U € X and V C Y, we callamap f: U — V a C°
homeomorphism if U is open in X and V open in Y and if F' is a homeomorphism between
the topological spaces U und V', considered with their induced topology. (We will extend
this notion naturally to C" diffeomorphisms between subsets of manifolds X and Y".)

A map F: X — Y will be called a curve in Y if X is R and a function on X if Y is
R. (The distinction between maps and functions is recommended in [2%°]. In the case of
curves, Y will usually carry at least a topological structure, and we will require F' to be
continuous, differentiable or—most likely—even smooth. More about this later.) A curve
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or function is called proper iff it is not constant. Note that curves are normally defined on
closed intervals like [0, 1]. For purposes of differentiation, however, open intervals like |0, 1]
are more appropriate; since they are diffeomorphic (as defined below) to the real line, a
curve may also be defined on open intervals via reparametrizations.

0.4 Maps in Vector Spaces

Now let U C R™ and V' C R"™. Then the set of all continuous maps F': U — V is denoted
by C(U,V), the subset of all r-times continuously differentiable maps by C"(U, V), the
subset of all smooth maps (meaning the union of all the sets C"(U, V') just introduced) by
C>*(U,V), and the subset of all analytic maps by C¥(U,V'). For reasons of convenience,
one sets C°(U,V) = C(U,V), and one usually drops Y if it is the real line R. Note that
all these sets are real vector spaces (for Y = R even real algebras) and that U should be
open when r > 0 in order for the definitions to make sense.

A bijection F': U — V is called a C" isomorphism between U and V if U and V are
open and if both F' and F~! are C" maps. For r > 0 we prefer to use the speak of a
C" diffeomorphism and for r = 0 of a C° homeomorphism; the latter notion is clearly a
special case of the definition given earlier. If r is not mentioned, it is generally understood
as 0o. The derivative of a map F': U — V between open sets U C R™ and V C R"™ at
a point x € U is given by the Jacobian matrix F’(x) if we use the standard bases (see
Subsection 1.1.1).

The case of curves and functions deserves special mention. For a curve ¢: R — R",
its tangent vector (also known as the “velocity vector”) for the parameter ¢ € R is to be
written as a column ¢/(tf) € R™ and viewed as the linear curve R — R” representing the
tangent line (after the point ¢(t) is translated to the origin). The analogous convention for
a function f: R™ — R requires its cotangent vector (also known as the “gradient form”) at
the point x € R™ to be written as a row f’(z) € R,, and understood as the linear function
R"™ — R describing its tangent hyperplane (after the constant f(x) is normalized to zero).
For linear curves h € R"™ and linear functions a € R,,, these identifications lead to the
uniformity relations A'(t) = h for all t € R and d/(z) = a for all z € R™.



Chapter 1

The Category of Manifolds

1.1 Embedded Manifolds

1.1.1 Differential Calculus in Vector Spaces

We first recall some notions and results from differential calculus. Let U be open in R™
and let x € U. The linear approximation of a differentiable map f: U — R" locally at =
is called the differential d,f: R™ — R"™ of f at x. It is the linear map uniquely defined by
the property that

f@+h) = f(z)+ (dof)h+ [R][¢(R)

for a map ¢ with limj,_o(h) = 0 and h sufficiently small. For the standard basis, the
differential is given by the Jacobian matrixz

1= (5w) .

where fi,..., f, are the components of the map f.
Writing y = f(x), the chain rule

dx(gof) = dygodxf

m L

states that the linear approximation of the composite of two function is the composition
of the linear approximations. Hence the Jacobian matrix of a composite function

(go f)(z) =g'(f(x)) ['(x).

is the product of the Jacobian matrices of the two functions.
Let V C R™ be open and f € C1(U, V). Suppose that there exists an inverse g: V — U,
which is differentiable. Applying the chain rule to

gof=1y and fog=1ly,

11



CHAPTER 1. THE CATEGORY OF MANIFOLDS 12

we see that
dygod,f=1gm and d,fod,g= 1gn. (1.1)

Hence m = n since d, f is an isomorphism between vector spaces. Moreover, the Jacobian
matrix of the inverse function is given by the inverse of the Jacobian, ¢'(y) = f'(x)~'.
Therefore ¢ is also continuously differentiable and f is a C!' diffeomorphism. So if a
continuously differentiable function f has a differentiable inverse, the differential d,f is
an isomorphism so that the Jacobian matrix f’(z) is regular for all x € U. The inverse
mapping theorem, [93¢] or [303%1], tells us what happens if the differential is invertible at
one point.

Now let f € C"(U,R™). We call f a local C" isomorphism at x if there exists an open
neighborhood U; C U of x such that f|y, is a C” isomorphism, which implies in particular
that f(U;) is an open neighborhood of f(z).

1.1 Theorem (Inverse Mapping Theorem) Let f € C"(U,R™) with r > 1 and U C
R"™ open, and choose a point x € U. Then d,f is an isomorphism iff f is a local C”
diffeomorphism at x.

We call a map f € C"(U,R") a local C" isomorphism if it is one at all x in U. Note
that a bijective local C" isomorphism is a C" diffeomorphism. So if f is bijective and its
differential d, f is an isomorphism for all z in U, it is a C" diffeomorphism.

1.1.2 Manifolds in Vector Spaces

We know from our experience that sitting on a sphere, the world around us looks flat.
Mathematically speaking, we could also say that, at least locally, there exists a smooth
coordinate change for the three dimensional space such that the sphere becomes an open
subset of the plane.
Let us make this first more precise for the sphere. The two-dimensional sphere in R3
is the set of points
S? = {(xy,m9,73) € R® | 2] + 25 + 25 = 1},

We define an open subset
U?j_ = {(l’l,l’g,[lfg) S Rg | x%‘l‘l’g < 1/\1'3 > 0}

and the map @7 : U- — R? by

(w1, 22, x3) — (21, T, T3 — \ 1- 37% - 37%)

Then @7 is obviously smooth with the smooth inverse

(Y1, Y2, Y3) — (W1, y2, 93 + /1 —yi —43).

AT ={(y1,y2,y3) € R’ | yi +y5 < L Ayz > —1},

defined on its image
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so it is a diffeomorphism. The image of ®7 restricted to the sphere Sy is
I (S;NUS) = A7 N (R? x {0}) = {(y1,42,0) | 47 + 93 < 1},

which is the open disk in the y;yo-plane of R3. Note that ®3|s, is just the projection on
the first two coordinates. Clearly, we can define analogously diffeomorphisms ®5, ®F and
®F such that their corresponding domains cover the sphere and their images restricted to
the sphere are the open disk in IR2. We have thus interpreted the sphere S? as a geometric
object embedded in R3.

More generally, we can think of an n-dimensional embedded submanifold of R™ (briefly
an embedded n-submanifold) as a subset M of R™ that is locally diffeomorphic to an open
subset of an n-dimensional subspace of R™. Recall our subspace convention of regarding
R"™ as a subset of R" x R™™"™ = R™ in the sense that R™ x {0} C R™ x R™™".

1.2 Definition We call a subset M of R™ an embedded n-dimensional C" submanifold
of R™ if for every point p € M there exists an open neighborhood U of p and a C”
diffeomorphism ®: U — A C R™ such that (U N M) = ANR".

Let M be a an embedded n-dimensional C" submanifold of R™ and p a point on M.
Let U be an open neighborhood of p and ®: U — A a diffeomorphism as above, with
components ®,...,P,,. We call & an ambient chart of M around the point p.

Locally, a manifold can be interpreted as the zero set of k = m — n functions. We call
k = m — n the codimension of M. We can just take g; = ®;,,, for i = 1,... k. Then
p € MNU iff gj(p) = 0fori = 1,..., k. If we consider the map ¢g: U — RF with the
components ¢i, ..., gi, we can can write this condition more compactly as

MNU=g*0)NnU.

Suppose the manifold is at least C*. Since ® is a diffeomorphism, we know that the
Jacobian matrix of ® is regular at p. Therefore the rank of the Jacobian matrix ¢'(p) is k,
and the differential d,g is surjective. Using the Inverse Mapping Theorem 1.1, we will see
that this gives us a condition to define manifolds as zero sets of functions.

Let U be open in R™ and ¢g: U — R* be a differentiable map with & < m. We call
x € U a reqular point of ¢ if the differential d,g at x is surjective so that the rank of the
Jacobian matrix of ¢'(x) is k; otherwise we call it a critical or singular point of g. We call
c € R* a regular value of g if every & € g~(c) is a regular point of g. Note that this is in
particular the case when g~!(c) is the empty set.

As an example consider the function g: R® — R,z — 2% + 23 + z3. The gradient
g (x) = (2x1,2x9,2x3) is nonzero and the differential d,g surjective iff x # 0. So any
nonzero vector is a regular point of g and the zero vector a singular point. Any ¢ # 0 is a
regular value, since g~1(0) = () for ¢ < 0 and for any vector z € g~*(c) with ¢ > 0 at least
one component x; # 0, and 0 is a singular value.

1.3 Proposition Let U be open in R™ and g € C"(U,R¥) with r > 1 and k < m. Let ¥
be a regular point of g with value ¢ = g(Z) € R*. Then locally at Z, the level set g~(c) is
an embedded C" submanifold of R™ of codimension k.
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Proof. After a translation by ¢ we can assume that g() = 0. Observe that a translation
does not change the differential. Since dzg is surjective we can assume, after a suitable
reordering of coordinates, that the Jacobian matrix has the form

9(@) = (91(¥) g5(2)),
where ¢5(Z) is a regular k x k matrix. Let n = m — k. We consider the map ®: U — R™
with
(T1y oy Tm) = (T, Ty g(T1, o X))

The Jacobian matrix of ® at Z is

v = (4t sitn)

It is a regular matrix since g(Z) is regular and so @ is a local C" isomorphism at & by the
Inverse Mapping Theorem 1.1. Therefore there exists an open neighborhood U; C U of &
such that A; = ®(U;) C R¥ is open and ®|y, is a C" diffeomorphism from U; to A;. Since

(U, Ng '(0)) = AL NR",
we see that U; N ¢g~1(0) is indeed an embedded n-dimensional submanifold of R™. O

1.4 Corollary If ¢ € R* is a regular value of g, the level set g=*(c) is an embedded C"
submanifold of R™ of codimension k.

Using this criterion, we can prove again that the sphere is a two-dimensional C'*
submanifold of R3. Tt is the set S? = ¢g~'(1) with g(z) = 2% + 23 + 23, and we have
seen before that 1 is a regular value of g. More generally, we see that the sphere

S" = g_l(l), with g(x) = :c% + .- +xi+1

is an embedded smooth n-dimensional submanifold of R+,

1.1.3 From Ambient to Abstract Charts

In the definition of an embedded submanifold of R™ we used what we called “ambient
charts”, which are diffeomorphisms defined on some open subset of the ambient space R™
that map the manifold to a linear subspace. What happens if we forget about the ambient
space and consider the “chart” obtained by restricting the ambient chart to the manifold
and then projecting to the first n coordinates? From the definition we know that such a
chart must be a bijection from a subset of the manifold to an open subset of R™. It will
turn out that each chart is a homeomorphism, and we would actually like to say that it
must also be a diffeomorphism—but this does not make sense since its domain fails to be
open! Hence we will have to circumscribe this property in a roundabout way.



CHAPTER 1. THE CATEGORY OF MANIFOLDS 15

Let M be an embedded n-submanifold of R™ and ®: U — A be an ambient chart. Let
U=UnNM and A=n(ANR")

where m: R™ — R" denotes the projection w(z1,...,x,) = (21,...,2,). Then A is open
in R"™ since every projection is an open map. We call the map

go:ﬂ'o<ID|U:U—>A

an abstract chart, or briefly a chart. By Definition 1.2, every chart ¢: U — A is then a
bijection between a subset U of M and an open subset A of R™. (In our example of the
sphere the charts were projections on two coordinates.) Since an embedded submanifold
M is a subset of R™ it is naturally a topological space with the induced topology.

1.5 Proposition Every chart is a C° homeomorphism.

Proof. By definition of the induced topology, U = UnNM is an open subset of M. The
restriction of a continuous map to a subset with the induced topology is again continuous,
and every projection is continuous. So a chart is a continuous bijective map and it remains
to show that ¢ = 7o ®|; is open. Let V C U be open, so that V=VNnUNM with V
open in R™. Since ® is a diffeomorphism, ®(V') is open in R™ and therefore also

(V)= d(VNUNM) =d(V)NdUNM)=d(V)N(ANRY)
by Definition 1.2. Hence the projection m(®(V) N A) = (V) is open in R" . O

Now we have to face the problem of describing the differentiability of abstract charts—
even though their domains fail to be open. The key to solve this problem is consider the
“transition” of overlapping charts rather than single charts. Let ¢: U — A and Y V > B
be two charts. Then (U NV) and (U N'V) are open in R™ by the previous proposition.
When U NV is not empty, we call the map

Ve p(UNV) = p(UNV)
the transition from the chart ¢ to the chart 1. Note that the transition ¥ ¢~! is a bijection
between open subsets of R", so we can ask if it is differentiable.

1

1.6 Proposition FEvery transition 1o~ is a C" diffeomorphism.

Proof. Let ®: U — A and ¥: V — B be the corresponding ambient charts. The transition
of the ambient charts ¥®~! is then a C" diffeomorphism from ®(U NV) to ¥(UNV). We
denote by ¢: R™ — R™ the inclusion «(x1,...,2,) = (z1,...,2,,0,...,0). Then

Yol =mo0Wd oy

is C" since both injection and projection are C*>°. We see analogously that the inverse
e~ is C, and so the transition is a diffeomorphism. OJ
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From now on we consider only abstract charts and we will denote their domains and
codomains without hats to simplify the notation. By definition we have an ambient chart
around every point of an embedded submanifold. Hence there exists a family of charts
w;: U; — A; such that their domains cover M, meaning M = UiE ; Ui. We call such a
family an atlas of M. By the previous proposition, all charts in an atlas are mutually
compatible in the sense that their transitions are C" diffeomorphisms.

Finally, we take the abstraction one step further and forget that we started with a
subset of R™ and take instead an arbitrary set M. We consider this set together with a
family of charts (bijections into open subsets of an R™) such that their domains cover M
and that all charts are mutually compatible. This is the starting point for defining abstract

manifolds in the next chapter.

1.2 Abstract Manifolds

The motivation for defining manifolds in a more abstract, invariant manner comes from
the following observation: Even if we have a certain object as embedded in some R”, this
embedding often suffers from a number of flaws: it may not be “natural”, it may need the
embedding dimension N to be significantly higher than the dimension n of the manifold. In
fact, the famous Whitney Embedding Theorem [7!] tells us that one may always(!) embed
an n-dimensional manifold into some RY with N < 2n, but it also exposes the two flaws
just mentioned: The upper bound of 2n for the embedding dimension may be reached (this
is the case for the n-dimensional projective space) or it may at least be hard to find low
dimensions N; and the embedding is not canonical, so to say adding bureaucratic ballast
to the essential structure of the manifold itself.

So let M now be just a set and n,r € N. We will use A, B, C for open subsets of R”
and U, V, W for any subsets of M. Furthermore, k is to range over {1,...,n}.

1.2.1 The Chart Topology

The crucial tools for abstracting from a surrounding vector space are the charts: they
can be used for pulling down all kinds of objects and relations on the “abstract level” of
M (usually pictured “above”), yielding numerical objects and relations on the “concrete
level” of coordinates in R™ (usually pictured “below”). Conversely, they also allow us to lift
objects and relations from the well-known Euclidean world of R™ to the more sophisticated
domain of M. Such definitions of additional structures via the atlas must of course be
independent of the choice of charts (“invariant under coordinate changes”).

1.7 Definition An n-dimensional chart is a bijection ¢: U — A. It is said to be com-
patible with another chart: V — B if o~ is a C" isomorphism between o(U NV and
Y(UNV). A family of mutually compatible charts is called an atlas if their domains cover
M.
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To be more explicit, we should actually speak of charts, compatibility and atlases of
class C". But r is to be fixed for the rest of this section, just like the dimension n and the
base set M.

The intuition behind these concepts can be fetched from the one example that provided
some of the standard terms: A good “atlas” partitions the Earth M into several overlapping
“terrains” U, which are depicted by “charts” ¢: U — A on various “pages” A C R? of the
atlas. So in the sense of the forthcoming definition, the Earth is indeed a two-dimensional
manifold (meaning its surface is approximated by one).

Some terminology on charts will be useful in the future.

e Since A C R", we can write the corresponding chart as ¢ = (¢!, ..., ¢") with
n so-called coordinate functions ©',...,¢": U — R defined via the projection as
k _ sk
e = d%p.

e Since every p € U has n coordinates ¢'(p),...,©"(p), a chart is also known as
a local coordinate system [7%]. Tts inverse p~': A — U can be seen as a local
parametrization of M.

e An element p € U is called a point, its image ©(p) = (¢*(p),...,¢"(p)) € A a
coordinate node, consisting of the n coordinates of p.

e In [46'%] and [2°%], the domain U of a chart ¢: U — A is called a coordinate neigh-
borhood. In these notes, we will refer to U simply as a chart domain, while A will
be called its coordinate patch embedded into the coordinate space R™.

o If pe U, one calls p: U — A a chart around the point p. If 2 is an atlas, we write
2, for the local atlas around p, containing all the charts ¢ € 2 around p.

e A chart p: U — A around p with the special property ¢(p) = 0 will be called a chart
centered at p. We write 2,, for the centered atlas around p, consisting of all such
charts.

e For centered charts, one can restrict the axes d; from R — R" to A, — A for some
open set A, C R™ and then build the so-called coordinate curves @, = @ 16;: Ay —
U through p.

e The map ¢! from p(UNV) to (UNV) is variously called transition map [46'],
overlap map [1'%] or change of coordinates [7%°]; we will simply call it the transition
from the chart ¢ to the chart .

In order to define a topology on M, we apply the method of “pulling down” for the
first time: In order to see whether a set is open, we probe its openness under every chart
(restricting the set to the chart domain). The result will be called the chart topology on
M.
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1.8 Definition Let (y; | i € I) be an atlas on M. Then we call a set U C M open in M
if p;(UNU;) is open in R™ for every chart p; with domain Us.

1.9 Lemma The open sets form a topology on M.

Proof. The topology of Definition 1.8 is just the final topology of the family (¢;0p;': A; —
M), where ¢;: U; — M is the insertion of the corresponding chart domains. In order to see
this, recall [6%?] that a set U in such a final topology is open iff (1;0¢; 1)~ (U) = ;(UNU;)
is open in A; and hence in R™; this is just what we have ein Definition 1.8. 0J

Since the charts translate between the abstract level of M and the concrete level of R”,
we expect them to be homeomorphisms (they will even turn out to be diffeomorphisms
once we have defined what that means). The following proposition verifies this important
criterion for a reasonable notion of topology on M.

1.10 Proposition Every chart is a C° homeomorphism.

Proof. Before proceeding to the charts, let us first remark that each chart domain U;
is necessarily open since compatibility implies that ¢;(U; N U;) is open for every chart
QOjZ Uj — Aj.

For showing that an arbitrary chart ¢;: U; — A; is a C° homeomorphism, we must
prove that ¢; is both an open and a continuous map. Openness is easy: For an open
U C U, the image ¢;(U) = ¢;(U NU;) is open in R™ by the definition of the topology on
M. Note that since U; is itself open, a subset of U; is open in U; iff it is open in M.

It remains to prove (; is continuous. For this, we choose A C A; open in R" and
prove ¢; '(A) is open in M. So taking an arbitrary chart ;: U; — A;, we must show that
B = ¢;(¢;'(A) NU;) is open. Since p; ' (A) C U; and ¢; is bijective,

e "(A)NU; = o (AN gi(U; N UY)),

so B = pjp; (AN ;(U; N U;)). Since A is open by hypothesis and ¢;(U; N U;) by the
the compatibility requirement of the atlas, AN p;(U; NU;) is also open. But compatibility
means that p;p; ! is diffeomorphic, and hence a fortiori homeomorphic, between the open
sets ;(U; NU;) and ¢;(U; NU;). Therefore it maps ANg;(U; NU;) to the open set B. The
chart ¢;: U; — A; being arbitrary, this shows that ¢; (A) is open and thus concludes the
proof that every chart o;: U; — A; is a C° homeomorphism. ]

The chart property stated Proposition 1.10 is even characteristic for the chart topology,
as we shall see now.

1.11 Proposition The topology on M is uniquely characterized by the requirement that
each chart is a C° homeomorphism.
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Proof. Note that the characteristic property of making every chart a C° homeomorphism
includes that the chart domains are open sets. Now consider any topology fulfilling the
characteristic property, and let M be the collection of its open sets.

We prove first that every set U € M is open. For any chart ¢;: U; — A;, we have
U; € M, hence also U NU; € M. By its characteristic property, ¢; maps sets in M to
open sets in R", so each ¢;(U NU;) is open, which means that U is indeed open.

For the other direction, we have to prove U € M for every open set U C M, so we
assume @;(U NU;) is open in R™ for every chart ¢;: U; — A;. Since the chart domains
cover M, we have U = |J,.;(U; N U), and it suffices to prove U; N U € M for each i € I.
But every o;(U; NU) is open, so ¢; ' maps it to U; NU = ;' (U; NU) € M, due to its
characteristic property. [

In order to check whether a set is open, we have to probe its images under all charts. Intuition
tells us that one could be more economic than this, using only those charts whose domains touch
the set in question. The following lemma confirms this expectation.

1.12 Lemma Consider an atlas (p; | i € I) on M with charts p;: Uy — A; and a set U C M
with U =, ; Uj for some J C I. Then U is open in M iff p;(U NUj) is open in R™ for every
jedJ.

jeJ

Proof. The condition in the lemma is clearly necessary, so assume U C M is such that ¢;(UNU;)
is open in R" for every j € J. In order to prove that U is open in M, we have to take an arbitrary
chart o;: U; — A; and show that B; = ¢;(U N U;) is open in R™. If B; = (), we are done; so
assume now B; # (). Then it suffices to prove that an arbitrary point x € B; is an interior point.

Its preimage p = cpi_l(a:) lies in U NU; C U, so there is a j € J with p € Uj;. Since the charts
@; and ; are compatible, the coordinate patches ¢;(U; N Uj) and ¢;(U; N Uj) are open in R”,
while ¢;(U NUj) is open by hypothesis. The chart ¢; being bijective, we see that

(,Dj(UﬁUiﬂUj) = @j(UiﬂUj) ﬂ(,Dj(UﬂUj)

is then also open.

The transition gpigpj_l is a diffeomorphism between ¢;(U; N U;) and ¢;(U; N Uj), so it maps
the open set ¢;(U N U; N Uj) into the open set C; = ¢;(U NU; NUj). Finally, we observe that
peUNU;NUj, sox e C; C B;is indeed an interior point of B;. O

The criterion of Lemma 1.12 could also be used for a definition of the topology on M, but
we think that Definition 1.8 is of a more uniform character (given as the final topology of the
parameterizations).

1.2.2 Differentiable Structures

An atlas is a specific way of “charting” the set M, which means mapping it somehow
locally into R™ such that every point is reached by a chart. Usually there are many ways
of charting the set M; as one sees already from using various coordinate systems in the
plane (like orthogonal, oblique, polar coordinates). So an atlas is far from being unique on
X; there are typically many alternative coordinate systems that one can use.
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1.13 Definition A chart p: U — A is called admissible for an atlas (p; | i € 1) if ¢ is
compatible with every ;.

For example, we may always replace a chart ¢: U — A around a point p by a chart ¢
centered at p; simply choose p = ¢ — ¢(p). We could even construct an atlas consisting of
charts ¢: U — A such that A is the n-ball or n-cube centered at the origin [2°°]; let us call
such a chart ¢ a ball chart or cube chart, respectively. In any case, ¢ will be an admissible
chart, and replacing ¢ by ¢ obviously does not change the atlas in any essential way—this
is what leads us the concept of atlas equivalence.

1.14 Definition Two atlases are said to be equivalent if each chart of one is admissible
for the other.

One can show that this is indeed an equivalence relation on atlases. Moreover, one sees
that an atlas 2 is equivalent to an atlas B iff AU B is still an atlas. As one would expect,
the topology on M depends only on the equivalence class of an atlas.

1.15 Proposition Let A be an atlas for M. Then every chart ¢: U — A admissible for
A is a C° homeomorphism.

Proof. First of all, it is clear that U is open since ¢;(U N U;) is open for every i € I. This
follows from the fact that each transition pp; ! is a diffeomorphism between the open sets
wi(U;NU) and (U, N U).

Now we have to prove that ¢: U — A is both open and continuous. Starting with
openness, let us take an open set V' C U and prove that ¢(V') is open in R"™. There is a
chart domain U; around every point in V, so we obtain an open cover V = (J s (UpNYV)
for a suitable J C I. Then ¢(V) = U, »(U; N'V), so it suffices to prove that p(U; NV)
is open for arbitrary j € J. But we know that ¢;(U; N'V) is open by the definition of the
chart topology, while gogo;l is a diffeomorphism between ¢,;(U; NU) and ¢(U; NU). Hence
eU;NV)=(po goj_l) ©;(U; NV) is indeed open.

As for the continuity of ¢p: U — A, we can repeat the proof of Proposition 1.10,
replacing the chart ¢; by the admissible chart . 0

1.16 Corollary Let (¢; | j € J) be an atlas equivalent to the atlas (p; | i € I). Then
U C M is open in M iff ¢;(UNU;) is open in R™ for every chart ¢; with domain U;.

Proof. Every chart @; is admissible for the atlas (¢; | 7 € I) and hence a C° homeomor-
phism by Proposition 1.15, so ¢;(U NUj) is open as the image of the open set UNU;. O

Using all admissible charts, we can characterize the neighborhood of a point in a very
intuitive manner: A chart domain around p is clearly a neighborhood of p, and using all
admissible charts turns out to be enough to build up a neighborhood base. (The chart
domains of the atlas itself will typically just be enough to cover M, it will not contain
arbitrarily small neighborhoods of a point.)
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1.17 Proposition The admissible chart domains around a point p form a neighborhood
base around p.

Proof. We have to show that every neighborhood of p contains an admissible chart domain
V around p. A neighborhood of p is any set that contains an open set U with p € U. Since
the chart domains cover M, there is a U; with p € U;. Clearly U; is open in M, hence
also V' = U N U;, which is obviously an admissible chart domain, belonging to the chart

©ilv. O

We have seen that there are usually many different but mutually equivalent atlases for
M:; the only “invariant” one is the maximal atlas: the one containing all admissible charts.
Every equivalence class contains a unique atlas with this property of being maximal with
respect to C.

1.18 Definition A differentiable structure on M is a mazimal atlas on M.

Some books like [1!%1] take equivalence classes instead of maximal atlases, but this is
clearly the same due to the bijective correspondence mapping an equivalence class [2] to
its maximal atlas |J[2] and a maximal atlas 90t to its equivalence class {2 | A C 9}.
The atlas 2,.x = |J[2] is obtained by adding to 2 all charts admissible for 2, so it yields
the unique maximal atlas containing 2, called the differentiable structure generated by 2.
This is also how one uses differentiable structures in practice: by listing (typically finitely
many) charts 2 = {¢1,...,¢,} and then passing to .

The set M together with a differentiable structure is called an n-dimensional C" man-
ifold if it fulfills certain topological constraints in order to avoid pathologies; the precise
definition will be given in Subsection 1.2.4, together with a brief discussion of the topologi-
cal constraints to be imposed. For the moment, however, we may ignore these complications
and we rather give some first examples of manifolds (as we shall confirm later). The first
two are the easiest at all. If we are already in R", a chart need not do anything; if we are
in an “abstract vector space”, we can still do with a single chart!

1.19 Example The canonical differentiable structure on the Euclidean space R"™ is in-
duced by the atlas {1r~} and comprises all C" isomorphisms between open sets of R".

Proof. The chart domain of the bijection 1r~ trivially covers all of R", and there is no
compatibility relation; hence {I1g~} is indeed an atlas. An admissible chart p: U — A
between open sets U, A C R™ has to be compatible with 1g», which means that po 1]1_{}L =
must be a C" isomorphism. O

1.20 Example Let V' be an n-dimensional vector space and choose a basis (by, ..., b,) for
V. Then the canonical differentiable structure on V' is induced by the atlas {p}, with the
component chart ¢: V' — R™ given by v — (AL, ..., \") for every vector v = X'b; € V.
Bases and component charts are in bijective correspondence with each other.
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Proof. The component charts are obviously linear isomorphisms and therefore also home-
omorphisms; then we know from Proposition 1.11 the chart topology coincides with the
canonical topology of V', which is the only one that makes V' a Hausdorff space [233?] [47-13].
The bijection between bases and component charts is evident [2727]. O

A slightly more general situation is given by the embedded manifolds treated in Sec-
tion 1.1. (Note also that every open subset U of R™ is trivially an embedded n-dimensional
submanifold of R"; as an atlas, one may simply take 1. The previous Example 1.19 is
the case U = R".)

1.21 Example The charts of an embedded submanifold M of R™ form an atlas on M
whose topology coincides with the induced topology inherited from R™.

Proof. By Definition 1.2, the chart domains cover M. Furthermore, we have proved in
Proposition 1.5 that all charts are bijections and in Proposition 1.6 that they are mutually
compatible. So the charts of M indeed make up an atlas.

Finally, we have seen in Proposition 1.5 that all charts of M are C° homeomorphisms
when M is regarded with its induced topology as a subset of R"™. But Proposition 1.11
tells us that there is only one topology on M that fulfills this criterion, so it must coincide
with the chart topology of M. O

1.22 Example Let
P"(R) = (R"\ {0})/ ~

with the equivalence defined as
a~b iff a=M\b for some A € R*

be the n-dimensional real projective space. So a point in M = P"(R) is an equivalence
class [a] with (ag, ..., a,) € R"™\ {0}, usually denoted by (aq : ... : a,). With

Ui:{(aoz...:an)|ai7é0}

and A; = R", define maps

wi: Ui — A
) A;—1 Qjq1 an,
ag : ...: Gy — ..., , v — |,
( 0 )'_) <ai a; a; ai)
for all i = 0,...,n. Then the maps (v, ..., on) are well-defined and constitute an n-

dimensional smooth atlas.

Proof. Note that the condition a; # 0 is independent of the representative. If [a] = [b],

then a;, = A\b; and so Il’)—k = % = ‘Z—" Hence the maps ¢; are well-defined. Their domains
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U; obviously cover M and their codomains A; are open. The maps ; are bijective with
inverses
(1, ymp) = (g ooy Limgy oy,

We have to show that the charts ¢; are mutually compatible. Let ¢ # j. Then
UnU;=A{(ap:...:a,) | a; #0Aa; #0}

and the images ¢;(U; N U;) = {x € R" | x; # 0} and ¢;(U;NU;) = {x € R™ | ; # 0} are
open in R™. We assume i < j. Let @ = (zy,...,2,) € 0;(U; N U;). Then ¢;p; ' (z) equals

T rp 1 mip Tj_1 Tig1 Ty
G TR R R B ) B (—,...,—,—, e, —— ],
Ly Ly Xy Ty Lj Ty Lj
so the transitions y;p; ! are diffeomorphisms and ¢y, . . ., ¢, constitute an atlas. 0

Finally, let us also mention another simple way of getting concrete manifolds: the open
subsets of a given manifold! We will see in Subsection 1.4.1 how we can view this as a
special case of forming submanifolds.

1.23 Example If M has a differentiable structure 2, every open set U of M has a canon-
ical differentiable structure consisting of the restrictions to U of all the charts in 2.

Proof. If ¢ is any chart of 2, it is compatible with any other chart ¢ of 2. But then ¢|y
is clearly also compatible with every other restricted chart ¢|y. Moreover, their domains
cover U, so they make up an atlas 2| that provides U with a differentiable structure. [

1.2.3 Manifolds as Patchwork

The above viewpoint—charts as a tool for locally exploring an intricate structure by pulling
it down to a Euclidean space—might be called the analytic point of view. But one may
also ascribe a more synthetic role to the charts of an atlas [83]: In order to construct
the manifold, one has to put the coordinate patches (hence their name!) together and
glue them on their overlaps according to their transitions [42'%]. Readers familiar with
the language of schemes will notice a striking similarity with gluing schemes as explained
in [20%°].

In detail, if (@;: U; — A; | i € I) is an atlas for M and if M is the topological sum [6%]
of all coordinate patches A;, construct the quotient space M /~, where ~ is defined as
follows (all other points being equivalent only to themselves): For x € ¢;(U; NU;) and
y € ¢;(U;NU;) we put

(@,0) ~ (y,5) iff y =0 ().

It turns out that this quotient space is essentially a reconstruction of M.

1.24 Propositior} Using the above construction based on an atlas (¢;: Uy — A;), the
topological space M [/~ is homeomorphic to M.



CHAPTER 1. THE CATEGORY OF MANIFOLDS 24

Proof. Define f: M — M/~ by f(p) = [0i(p),i]~, where @;: U; — A; is any chart
around p. Note that f is well-defined: If ¢;: U; — A; is another chart around p, we
have (¢;(p),i) ~ (¢;(p), 7). But f is both continuous and open since it is the composition
of three maps having this property [6°°]: the homeomorphism ¢;, the insertion A; — M,
and the canonical map M — M /~. (For the canonical map, openness follows [672] because
the equivalence is induced by a group of homeomorphisms acting on M /~.)

For obtaining an inverse, we define g: M/~ — M by g([z,i].) = ¢ Y (z) if 2 € A,
and ¢;: U; — A; is the corresponding chart. Again it is clear that g is well-defined: If
(x,i) ~ (y,]) for y € U; with another chart ¢;: U; — Aj;, we have ¢; ' (z) = ¢, ' (y) by the
definition of ~. It remains to show that ¢ is the inverse of f, which is immediate: We have

9(f() = g(lei(p),il~) = i (@ilp) = p
together with
Flg([z,i)) = Flo;H(2) = [pile; ' (2), i)~ = [2,4]~,

as required. O]

One may also turn this idea upside-down [39], arriving at the historical roots of manifolds:
A differentiable structure can be given by specifying a family (A4; | i € I) of open sets 4; C R”
together with gluing diffeomorphisms vj;: A;; — Aj; connecting the patches along their “fringes”
Aij; € A; and Aj; € Aj. The ¢j; are to play the role of the transitions gpjgpi_l, but we are now
independent of any pre-given set M whose subsets U; and U; would serve as the domains of the
corresponding charts ¢; and ;. In fact, we have no charts at all; only their “transitions” are
given by the gluing diffeomorphisms ;.

In order to glue corresponding points together, we need an equivalence ~, to be defined on
the topological M of the coordinate spaces A; in a completely analogous manner as before, using
the gluing diffeomorphisms in place of the chart transitions: For x € A;; and y € Aj; we set
(x,i) ~ (y,4) iff y = ¢ji(x), again viewing all other points equivalent only to themselves. The
requirement that ~ be an equivalence relation on M implies three constraints on the tj;: We
must have ¢; = 14,, for reflexivity, Lj_il = 1;; for symmetry, and ¢xj15; = 1 for transitivity. A
short moment’s reveals that the last condition (corresponding to the “cocycle condtion” for fiber
bundles, explained in Subsection 2.3.1) already entails the other two. All this amounts is to
guarantee a consistent specification of the gluing process.

This yields a parametrization A; — M /~ defined by z +— [z, ] and easily seen to be injective
as well as continuous and open, using a similar argument as in the proof above. Writing U; for
the image of this parametrization, its inverse is then a homeomorphism ¢;: U; — A;, acting by
[x,i]~ +— x . Using the criterion of Proposition 1.11, we see now that M /~ now bears the topology
induced by the atlas (¢; | ¢ € I) or its generated differentiable structure. Let us reassure ourselves
that the chart transitions ¢; gpz-_l are now given by the gluing diffeomorphisms ¢;;. Taking x € A;;,
we compute

pipr (@) = ojlz, il = 0ilLi(@), f)o = 1ji(2).
Hence the differentiability requirements on the ¢j; carry over to the differentiable structure on
the set M /~, which is thus an n-dimensional C" manifold whenever the gluing diffeomorphisms
are C" and the topological conditions are fulfilled (see the next subsection). We call this the
patchwork construction of a differentiable manifold.
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1.2.4 The Definition of Manifold

Finally now the official definition of a manifold, which imposes two crucial conditions on
the induced topology of M.

1.25 Definition The set M together with a differentiable structure of class C" is said to
be a C" manifold of dimension n or an n-manifold of class C" if M is a second-countable
Hausdorff space when endowed with the chart topology.

A C" manifold with » = 0 is also called a topological manifold. In this case, an atlas just
provides local homeomorphisms into R"; topological spaces admitting such an atlas are
also called locally Fuclidean. In other words, a topological manifold is a locally Euclidean,
second countable Hausdorff space. By Proposition 1.11 the topology of M is uniquely
determined by the condition that each chart is a C° homeomorphism, so the maximal
atlas (the “differentiable structure” of class C°) is uniquely determined by the topology of
M. Hence it does not make sense to regard the charts as an additional structure on the
topological space M.

The situation is drastically different as soon as we consider r > 0. As before, we speak of
differentiable or smooth or analytic manifolds for » € N or r = 0o or r = w, respectively. (Similar
conventions are in force for various related concepts like atlas or differentiable structure.) For
example, even R admits—besides the standard differentiable structure generated by the identity—
various other ones, like the one generated by the chart ¢: R — R with ¢(z) = 23. For R it
turns out that the resulting manifolds are still all diffeomorphic (in a sense that will soon be
made precise); in fact, it is known [172] that the only one-dimensional manifolds are the line
R and the circle S'. In contrast—just to mention Kervair and Milnor’s famous example [25]—
there are 27 exotic seven-dimensional spheres (a sphere is called exotic when endowed with a
differentiable structure distinct from the standard one), while certain topological manifolds admit
no differentiable structure at all [7'%3]. So it does make sense to speak of specific differential
structures imposed on a topological space.

This is why some authors like [253], [223], [758], [12!61] define manifolds as topological spaces
with a differentiable structure imposed on them. As argued in [46'34], this is not very convincing:
Who introduces a metric space M as a topological space with a continuous map M x M — R
fulfilling the metric axioms? What one usually does is better viewed as follows: If one wants to
metrize a given topological space, the continuity of the metric is an additional constraint that
guarantees that the metric structure is compatible with the topology. In the same way, we can
view Proposition 1.11 as an additional constraint for imposing a differentiable structure on a given
topological space; this is essentially what we did in showing that the patchwork construction can
be used for specifying a differentiable structure.

For the degenerate dimension n = 0, each chart ¢: U — A around a point p maps into
ACRY=0,s0 A= {0} and U = {p}. Being chart domains, all singletons {p} are therefore
open sets, so M carries the discrete topology. This means a 0-dimensional manifold is the
same as a discrete topological space (of any smoothness class), and obviously there is only one
“differentiable structure” providing this topology. (An even more degenerate case occurs in the
case M = (J; for convenience reasons, one regards this “manifold” as being of every dimension
and every smoothness class.)

A
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What happens if we allowed non-Hausdorff almost-manifolds? A famous example is the drilled
line built over R* = R\ {0}. Here M = R* U {04+,0_} with two separate (mutually distinct)
zeros 04,0_ ¢ R. We introduce an atlas containing two charts

p+: Ux — R with domains Uy =R"U{0+},

defined by ¢(p) = p if p € R* and ¢(0+) = 0. The charts ¢ and ¢_ obviously form an atlas,
which generates a differentiable structure (even of class C*) on M. In this topology, any two
neighborhoods of 04 and 0~ intersect, so M is not a Hausdorff space.

Our next remark concerns the countability requirement. Recall that we call a topological
space first countable if it has a countable local base and second countable if it has a countable
global base. (A local base is the same thing as a neighborhood base: around each point, any
neighborhood contains a base neighborhood. A global base provides enough open sets to generate
all open sets as union of base sets.) Since R" is clearly first countable and each chart maps
its domain homeomorphically into R"™, any set M that admits an atlas is automatically first
countable.

In order to qualify as a manifold, it must fulfill the stronger requirement of second countability.
A weird example of a first but not second countable almost-manifold is the repeated line, the
disjoint union of uncountably many copies of R. (Note that the Hausdorff axiom is obviously
fulfilled, so the only flaw of this example is the lack of second countability!) For another strange
example (also fulfilling all the other properties and moreover being connected), see [757].

Altogether, the purpose of the two topological conditions is to ensure that we can do global
analysis on manifolds: Loosely speaking, the Hausdorff axiom guarantees unique limits (like
derivatives) and thus accounts for the analysis part, whereas second countability employs parti-
tions of unity—to be introduced soon—for pasting together local data (like solutions of a differ-
ential equation on a small chart domain) into global objects and so provides the global part. Note
that while the Hausdorff axiom tends to increase the number of open sets, second countability
restricts them; in this sense, the topological conditions force a certain equilibrium on the open
sets.

There is also another way of interpreting the topological requirements: they are exactly
what is needed to embed manifolds into vector spaces, as achieved by the Whitney Embedding
Theorem [7!]. More precisely, a connected Hausdorff space with a differentiable structure is
embeddable into a vector space iff it is a second countable [175]. In this sense, we can clearly
see the requirement of doing “global analysis”: It is just an abstract (and therefore often more
economic) way of doing calculus in R".

Let us at least mention that one can develop substantial theory without some of these re-
quirements: See for example [31], which starts out without Hausdorff aziom or second countability
(even allowing charts to map into inifinte-dimensional Banach spaces instead of R™). Some au-
thors drop just second countability as [1!26] [5912] [426], others just the Hausdorff axiom as [197]
or Olver in restricted parts [44%12].

A less drastic weakening that is occasionally applied [24] is to replace second countability by
paracompactness, which means that every open cover admits a locally finite open refinement [64].
It turns out that this is all one needs for partitions of unity [593!], but of course one loses
embeddability. In the presence of Hausdorff axiom, there are various conditions equivalent to this
one, most importantly metrizability, separability of the connected components, and the possibility
of building Riemannian metrics [28%]. Generalizing from second countability to paracompactness
just allows uncountably many connected components each of which must be second countable [40)].
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This brings us to another condition that is often required in addition to the ones we stipulated:
that M be connected as a topological space. In the presence of this third requirement, second
countability and paracompactness actually coincide (the repeated line is paracompact, missing
second countability only due to its failure of being-connected). In fact, the paper [17] lists 88(!)
subtly different versions of paracompactness that all happen to coincide on connected manifolds.
On a connected manifold, we could actually drop the equidimensionality requirement that all
charts be n-dimensional for a fixed n € N since the dimension is constant on each connected
component. (If we dropped equidimensionality on non-connected manifolds, we would end up
with aconnected components each of which is a manifold of possibly different dimension.)

In these notes, we keep only the two conditions (Hausdorff axiom and second count-
ability) in Definition 1.25, and we state explicitly when a manifold is to be connected
(but the connected components must have the same dimension.) For the future it is more
practical to ensure these two conditions directly by a suitable atlas, as in [443]. This is
done by requiring a countable atlas (¢;: U; — A; | i € N) for M such that for any two
distinct points p,q € M with p € U; and ¢ € U; there are open sets A, B C R" with
¢i(p) € A C A; and ¢;(q) € B C A; such that ¢; ' (A) Ng; ' (B) = 0. The latter condition
is an obvious restatement of the Hausdorff axiom, while the subsequent lemma guarantess
second countability when the charts are indexed by N.

1.26 Lemma A locally FEuclidean space admits a countable atlas iff it is second countable.

Proof. Assume first (p;: U; — A; | i € N) is a countable atlas for a locally Euclidean
space M. Then every chart domain U; satisfies the second axiom of countability since it is
homeomorphic to R", so let (V;; | j € N) be a base for U;. Any open set U C M can then

be decomposed as
v=Junu)={J U
ieN iEN jeJ;
if each UNU; = | e, Vij 1s the corresponding decomposition in U;, with index set J; € N.
Hence (V;; | 4,5 € N) is a countable base for M.

Conversely, assume that M is second countable, so there is a base (V; | i € N) of open
sets for M. If (¢;: U; — A; | i € I) is any atlas for M, we can expand its chart domains
in terms of the base as

vi=Jv

JjeJi
for suitable index sets J; C N. Now we construct an atlas (¢; | j € J) with the countable
index set
icl
as follows. For every j € J, there is an ¢ € I with j € J;, so that V; C U;. Now let ; be
the restriction of the chart ¢;: U; — A; to V. It is now clear that (¢; | j € J) forms an

atlas since its chart domains V; are sufficient for covering any base set U;, which in turn
cover M. 0
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Just as second countability guarantees a countable atlas, the next lemma states that
compactness guarantess a finite atlas (more suggestively for connected manifolds: para-
compact = countable atlas, compact = finite atlas). Note that a manifold with a finite
atlas need not be compact as we see in the example R with its standard differentiable
structure (generated by the identity). By the converse of the lemma we can obtain non-
compact manifolds if we can show that they do not admit any finite atlas—the “infinite
doughnut” seems to be a case in point.

1.27 Lemma A locally Euclidean space M admits a finite atlas if it is compact.

Proof. Assume M is compact and choose any atlas (¢;: U; — A; | i € I). Then (U; | i € I)
is an open covering of M, so compactness yields a finite subcovering (U; | j € J) with
J C I. Obviously (¢;: U; — A;) is a finite atlas for M. O

1.3 Maps between Manifolds

1.3.1 Differentiability of a Map

In the sequel, we will have to consider more than one manifold (with its various structures
like atlas and later also tangent spaces, tensor spaces etc) at a time. It would be quite
cumbersome to always refer explicitly to the manifold they come from. Hence we will omit
type references when the context makes it clear. For example, speaking of a chart around
a point, we refer to a chart in the differentiable structure of the manifold containing this
point.

Fix a differentiability order r, together with an m-manifold M and an n-manifold N,
each at least of (possibly distinct) class C". In the sequel, we the term differentiable should
be understood as being of class C"; this obviously includes all classes C* with r» < s. In
the same vein, an isomorphism is to be understood as a C" isomorphism, and so on for all
concepts that will be defined in dependence on r. The explicit reference C" is only used
when needed.

In order to deal with maps f from M to N, the crucial tool is once again the method
pulling down, producing a kind of shadow of f.

1.28 Definition Let p: U — A be a chart around p € M and v: V — B a chart around
f(p) € N with f(U) C V. Then fy, = fp~': A — B is called the local representative
of f around p, with respect to the charts ¢ and 1.

The terminology and notation is taken from [1'¥], except that we prefer to write fy,
rather than f,, to reflect the traditional notation of functional composition. Note also
that being a local representative with respect to some charts includes the above-stated
condition of mapping one domain into the other.

We observe that a transition from a chart ¢: U — A to another chart ¢': U' — A’ of
a manifold M is the local representative of 1: M — M with respect to ¢ and ¢’ since we
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have
Ly = o ipUNU) = UNT).

From now on we will employ this as a notation for transitions.
We can now apply the local representative of a map for defining differentiability at a
given point.

1.29 Definition We say f: M — N is differentiable at the point p € M if there is a
differentiable local representative fy, around o(p), using some suitable charts ¢ around p
and ¢ around f(p).

As one can see easily, the definition does not depend on the choice of the charts ¢ and
: If other charts ¢’ and v’ are chosen instead of ¢ and 1, we see that

foe = Ly fuploy

is also differentiable at ¢'(p) since both transitions 1, and 1., are isomorphisms. Instead
of saying that f is differentiable at p, we may also call f continuous or smooth or analytic
at p, in the respective cases s = 0 or s = 0o or s = w. For the first case, this actually needs
some justification.

1.30 Lemma A map f: M — N is continuous at p € M iff some local representative fy.,
is continuous around o(p).

Proof. 1If f is continuous around p, we can choose an arbitrary chart domain V" around f(p)
and then find a sufficiently small neighborhood U of p with f(U) C V. By Proposition 1.17
we can pick a chart domain U C U, and again we have f(U) C V. Hence we may form
the local representative fy, = 1 f@~!, which is then continuous around ¢(p) since f is
continuous around p and ¢ as well as ¢ are isomorphisms.

Conversely, assume fy, is continuous at ¢(p) for some charts p: U — Aand¢: V — B
with f(U) € V. Then ¥ maps any neighborhood V; C V of f(p) to a neighborhood
Y(Vo) € B of ¥f(p) = fys(w(p)) since it is open. By the continuity of fy,: A — B, we
can find a neighborhood ¢(Uy) C A of ¢(p), with Uy C U being a neighborhood of p, such
that fy,(¢(Uo)) C (Vo) or equivalently f(Uy) C V4. O

As to be expected, we call a map differentiable if it is differentiable at every point, so
all its local representatives are.

1.31 Definition A map f: M — N is called differentiable if its local representatives fy,
are, for all charts p in M and ¢ in N.

If the differentiability order is to be mentioned explicitly, one speaks of an r-times
differentiable or C” map. The class of all C" maps from the manifold M to the manifold N
is denoted by C"(M, N). It is a trivial exercise to check that the identity is differentiable
and that composition preserves differentiability. Hence we obtain a category with objects
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the manifolds of class at least C" and morphisms the C" maps. (The most important case
is the so-called smooth category, consisting of smooth manifolds and smooth maps).

As with the test of openness, we should expect that it suffices to check differentiability
of maps with respect to an atlas [1'32].

1.32 Lemma A map f: M — N is differentiable iff the local representatives of f relative
to some atlases of M and N are so.

Proof. 1t f is differentiable, the conclusion follows trivially. The converse follows from
the observation that any admissible chart domain may be obtained by the following three
operations: chart transition, union, restriction; all these operations preserve the differen-
tiability of the corresponding local representatives. 0

Lemma 1.32 is of particular importance if M or N is an open subset of some wvector
space, which can be charted by identity map alone (see Example 1.19). So if M is an open
set U C R™ and N an open set V' C R", we regain the old definition C"(U, V') given in
Chapter 0. The notion of diffeomorphism between manifolds is also inspired by the case
of R™.

1.33 Definition We call a bijection f: M — N a diffeomorphism if both f and f~! are
differentiable; in this case, M and N are said to be diffeomorphic.

Since any open sets U C M and V' C N may be regarded as submanifolds (see Ex-
ample 1.23), this extends to maps f: U — V. In accordance with our conventions of
Chapter 0, we always imply that U and V' are open when stating that f: U — V is an iso-
morphism (again preferring the term C° homeomorphism for r = 0 and C" diffeomorphisms
for r > 0). By Lemma 1.30, this is also consistent in the case r = 0.

We see now immediately that every coordinate chart ¢: U — A is a diffeomorphism,
and all coordinate curves / functions are differentiable curves / functions. Furthermore,
the differentiable structure of a manifold consists exactly of all diffeomorphisms from open
subsets into the coordinate space.

We say that f: M — N is locally diffeomorphic at a point p if it acts as a diffeo-
morphism in an open neighborhood of p. (This usage of the term “locally diffeomorphic”
is nonstandard but seems practical. Postnikov [46°?%] uses the term “étale”, alluding to
certain analogies in algebraic geometry.) If f is diffeomorphic at every point p € M, it
is called a local diffeomorphism. Note that a local diffeomorphism is a fortiori also a lo-
cal homeomorphism and hence an open map. The diffeomorphisms are just those local
diffeomorphisms that are additionally bijective.

1.3.2 The Sheaf Structure on a Manifold

In the previous section, we have treated smooth maps defined on the whole manifold M. As
we have seen in the case of the charts (or the coordinate functions they contain), it is often
relevant to consider maps that are only locally defined. In fact, it is often crucial to cut
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down a global or local map to a narrower domain—see the proof (sketch) of Lemma 1.32 for
a case in point. The underlying notion of functional restriction can best be analyzed if one
focuses on differentiable functions on M; as mentioned before, this includes the coordinate
functions of M.

The desire to capture the notion of functional restriction emerges in various other
branches of mathematics, most notably in algebraic geometry [20%], and one usually codi-
fies restriction by a standard structure called sheaf. As we do not intend to build up sheaf
theory at this place, it will be sufficient if we review briefly how sheaves are defined. For
our purposes, we are only interested in sheaves of algebras (one may of course supply any
other category—like [20'] who uses mainly abelian groups—in place of algebras), and we
prefer to enunciate the definition without explicit use of categories. By using algebras, we
imply that “homomorphisms” should be understood in the sense of algebras.

Before going to sheaves, one usually starts with a preliminary structure, called a pref-
sheaf—it incorporates an abstract notion of functional restriction, but still lacks the power
to use this notion effectively in pasting together functions from local patches: this will be
the task of sheaves.

1.34 Definition A presheaf on a topological space X is a map F that associates an al-
gebra F(U) with any open set U C X, together with so-called restriction homomorphisms
resyy: F(U) — F(V) for any open sets V. C U C X, such that resyy = lrw) and
resw,y resy,y = resw,u-.

The elements of F(U) are usually called sections; the reason for this terminology will
become clear in Subsection 2.3.1. Section from F(X) are also called global, all other
ones local. In many important cases, the sections f € F(U) are actual functions on the
open set U, and resyy is the set-theoretic restriction from the domain U to the smaller
domain U. In this case, one can safely abbreviate resy(f) by the familiar notation f|y,
since a map f encodes its domain U as explained in Chapter 0. Note that the presheaf
axioms are then automatically fulfilled as long as the restriction is closed in the sense that
resy,u f(U) - f(V)

In order to get a sheaf, one has to ensure two further properties about “patching
functions”: Every open cover (U; | ¢ € I') must fulfill the following conditions: Two sections
coincide whenever they have the same restriction on each U;; and any family of sections
on U; with common restrictions comes from a single section. Some authors like [53%]
subsume the first axiom into the second by requiring the unique existence of the single
section f € F(U). Let us now formulate the definition in a bit more detail.

1.35 Definition A presheaf F is called a sheaf if every open cover (U; | i € I) satisfies
the following two axioms:

1. For f,g € F(U) with resy,y f =resy, v g for alli € I, we have f = g.

2. If fi € F(U;) is such that resy,nu, v, fi = 1esu,nu,u; f; for all i,j € I, there is an
feFU) withresy,v f = fi for alli € I.
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We may remove axiom (1) if we stipulate unique existence in axiom (2).

One of the most important sheaves is given by the algebra of continuous functions
on X. In this case, the restriction is of course meant in the set-theoretic sense, and one
employs the notation f|y as explained above; the continuous functions defined on an open
set U are accordingly denoted by Cx(U). It is a trivial exercise to check that U — C(U)
is indeed a sheaf of algebras, written C'x and known as the sheaf of continuous functions
(more compactly, the continuous sheaf) on X.

What is more important for our present purposes is the algebra of differentiable func-
tions on a manifold M, introduced in Subsection 1.3.1. Since we may view any open set
U C M as a manifold it its own right (see Example 1.23), we can also introduce the algebra
C1,(U) of differentiable functions with domain U. Note that this is also consistent with the
topological case discussed before since we have Cy(U) = C3,(U) by Lemma 1.30. Using
again set-theoretic restriction, this yields a sheaf: First of all, it is clear that we have a
presheaf since we deal with actual functions. Then every C},(U) is a subalgebra of Cy/(U),
so sheaf axiom (1) is inherited from Cj;(U). Finally, sheaf axiom (2) follows easily from
Lemma 1.32. Let us summarize this now.

1.36 Definition The sheaf of differentiable functions (more compactly, the differentiable
sheaf) on M, denoted by C%,, assigns to each open set U of M the algebra C},(U) of
differentiable functions on U. In the special case M = R", we speak of the differentiable
Euclidean sheaf.

A subsheaf F' of the sheaf F is a sheaf that assigns to each open set U C X a subalgebra
F'(U) of the algebra F(U) such that the restriction homomorphisms of F” are induced by those of
F. Subsheaves typically arise by cutting down the ground space X to some subset X', regarded
as a topological space with the induced topology. Then the restriction sheaf of F to X' is written
as F|x+ and defined by

Flx/(U)=F({U)

for all U open in X’. In other words, the restriction sheaf Fx/ does exactly the same as F but
ignores any open sets outside of X’.

A sheaf morphism between a sheaf F on the space X and a sheaf G on the space Y is given
by a continuous map ¢: X — Y together with homomorphisms ¢y : G(V) — F(p~1V) for open
sets V in Y such that

IeSUL, Uz OV = PVp OISV, v,

for open sets V41 C Vo in Y and U; = go‘lVl C Uy = gp_lV2 in X. If the sections of F and G are
all functions, the canonical choice for ¢y is the precomposition g € G(V) +— go ¢ € F(p~'V),
and we can think of ¢ alone as a sheaf morphism. In this case, one only has to make sure that
g+ g o carries G(V) into F(o~ V).

As usual, a sheaf isomorphism is a sheaf morphism that has an inverse which is also a sheaf
morphism (if all sections are functions, this is just a homeomorphism ¢: X — Y such that both ¢
and ¢! induce a sheaf morphism); in this case, we say that the sheaves F and G are isomorphic.
This notion can be localized: The sheaves F and G are called locally isomorphic if every point
has an open neighborhood U C X such that F|y is isomorphic to G|y for some open set V C Y.
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The special role of the differentiable Euclidean sheaf is that it models the differentiable sheaf
on any manifold: Locally, they always look the same.

1.37 Proposition The differentiable sheaf on M is locally isomorphic to the differentiable Fu-
clidean sheaf.

Proof. Given a point p € M, we must find an open neighborhood U C M of p and an open set
V' C R" such that C},|v is locally isomorphic to Cjn|v. Choosing any chart ¢: U — V around
p, we show that ¢ gives the required sheaf isomorphism between C},|y = C}; and Cn |y = Cy,.
As any other chart, ¢ is certainly a homeomorphism between the topological spaces U and V, so
it remains to check that oy, : g — go ¢ maps Ck.(Vp) into Cf, (¢~ 1Vp) for open sets Vo C V and
oyt f = fopt maps Cf,(Up) into Chkn(Up) for open sets Uy C U. But obviously {¢} is an
atlas for the submanifold U C M while {1} is an atlas on R, so Lemma 1.32 shows that a map
f: Uy — R is differentiable iff f o o1 is. (]

The nature of sheaf isomorphisms between subsheaves of the differentiable Euclidean sheaf is
particularly transparent: they are precisely the differentiable maps!

1.38 Lemma For any open sets A, B C R", a homeomorphism 9: A — B is a sheaf isomorphism
between Cy and CT iff ¥ is differentiable.

Proof. If 9: A — B is differentiable, the precompositions ¢ — go ¢ and f — fod¥~! clearly
interchange differentiable functions defined on open subsets of B with those defined on open
subsets of A. So assume conversely that ¥ is a sheaf isomorphism between C7 and C7j. Then

8" 0¥: A — R is differentiable since each projection §': B — R is differentiable for i = 1,...,n.
A vector-valued function is differentiable iff its components are, so 9: A — B C R" is also
differentiable. O

The role of the Euclidean sheaf is that it models how differentiation works on a manifold M,
S0 it can be expected that we may even characterize differentiable manifolds in this way—having
differentiable sheaves that look like the differentiable Euclidean sheaf.

1.39 Definition Given a topological space M, a subsheaf of Cas is called a differentiable sheaf
on M if it is locally isomorphic to the differentiable Euclidean sheaf.

We will now reconstruct the differentiable structure on M. Before doing so, observe that we
have actually associated a differentiable sheaf C'g to the differentiable structure ® of M since we
have not used the topological conditions of Definition 1.25.

1.40 Proposition For a topological space M, every differentiable sheaf F on M induces a dif-
ferentiable structure D'z on M whose differentiable sheaf coincides with the original F.

Proof. Given a differentiable sheaf F, we define the differentiable structure D’ by choosing as
charts all those homeomorphisms between open sets U C M and open sets A C R" that induce
sheaf isomorphisms between |y and Cfnla. Let us check that D% is indeed a differentiable
structure on M. First of all, it is clear that the chart domains cover M because F is locally
isomorphic to C%,. Next we have to ascertain differentiability of the transitions 1p~': A" — B’
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between charts ¢: U — A and ¢: V — B with overlaps A’ = o(UNV), B’ =¢(UNV) C R". But
™! is a sheaf isomorphism between (", and CF,, so differentiability follows from Lemma 1.38.

We have now proved that D% is a differentiable atlas, and it only remains to show that it is
maximal. So we must prove that any admissible chart ¢: U — A induces a sheaf isomorphism
between F|y and Ck.|a. For any point p € V there is a chart ¢: U’ — A’ around p with U, =
UNuU" # 0. Write o,: Up — Ap and 4y, U, — A}, with Ay, = 9(U,) € A and A}, = o(U,) C A’ for
the corresponding restrictions. Since ¢ is compatible with ), the transition @1, 1. A, — Ay is
differentiable and thus a sheaf isomorphism between C’;% and Czp by Lemma 1.38. Being a chart,

1 also induces a sheaf isomorphism, and its restriction ¢,: U, — A;, induces a sheaf isomorphism
between F|y, and C’Z;. Hence ¢, = optp, Yop,: U, — Ap is a sheaf isomorphism between F|y,
and C’Zp.

Take any differentiable map g: Ag — R on an open set Ag C A. Writing Uy = ¢~ 1(Ag), we
obtain a differentiable map gg o ¢,: Uy N U, — R. Now the sets Uy N U, form an open cover of
Up, while the gg o ¢, clearly have common restrictions, so invoking sheaf axiom (2) for F|y; yields
a section fy € F(Uy). But this function fy: Uy — R actually agrees with gy o ¢ since we have
fo(p) = go(p(p)) = go((p)) for any p € Uy. Hence we have proved go o ¢ € F(p~LAp) for any
function gg € C’)(Ap) defined on an open set Ay C A, so ¢ induces a sheaf morphism from F|y
to C%n|a. In order to show that conversely ¢~ ': A — U induces a sheaf morphism from C%, |4
to Fly, we can use the same technique with ¢! in place of ¢, and sheaf axiom (2) for Cfn|a
instead of Fly.

This concludes the proof that ©® = D is indeed a differentiable structure. Next we make
sure that its differentiable sheaf C% actually coincides with the original differentiable sheaf F.
For an open set V' C M, we have to prove that f: V — R is differentiable iff f € F(V). Again
we can choose a chart around any point p € V and then restrict it to a small open neighborhood
Uy, within V. The restricted chart ¢,: U, — A, is clearly admissible, hence it induces a sheaf
isomorphism between F|y, and Cfnla,.

Assume now f: V — R is differentiable. Then every local representative f o ¢, L4, - R
is also differentiable. Since ¢, induces a sheaf isomorphism between F|y, and Cg.|a,, it maps
fo 4,0;1 € Crn(A4p) to f,=(fo 4,0;1) oy € F(Up). Again it is clear that the U, form an open
cover of V' and the f, agree on their common restrictions. Thus sheaf axiom (2) for F|y yields
f € F(V) by an argumentation similar to the one above.

Now assume f € F(V). By Lemma 1.32, it suffices to prove that the local representatives
fop, ! are differentiable. But this follows immediately from f|y, € F(U,) and the fact that ©p 1
induces a sheaf morphism from Cf;.|a, to Fly,. O

It is clear how we can go in the other direction: A differentiable structure provides a differen-
tiable sheaf simply by taking all the differentiable functions—this is how it all started. But now
we have seen how to build up a differentiable structure if we are just given the sheaf, and the
question remains whether this leads us back to the original differentiable structure.

1.41 Proposition For any differentiable structure ® on a topological space M, the corresponding
differentiable sheaf C% induces the same differentiable structure ®.

Proof. We have to prove that a homeomorphisms ¢ between an open set U C M and an open
set A C R"™ induces a sheaf isomorphism between Cg|y and CRn|a iff ¢ is a chart of ©.
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Assume ¢: U — A induces a sheaf isomorphism between Cjg|y and Cf.|4. For showing that
© is a chart of ®, it is sufficient to prove that it is differentiable. A vector-valued function is
differentiable iff all its components are, so we just have to show that §?op: U — R is differentiable
for any i € {1,...,n}. Clearly §': R" — R is differentiable, so we have &' € Cl,(A). But this
implies 8% o p € C4(U) since ¢ induces a sheaf morphism between Ch|y and Cfn |4, which means
 is indeed differentiable on its domain U.

Conversely, take a chart ¢p: U — A of ®. In order to show that ¢ induces a sheaf morphism
between Cp|y and Cf;n |4, take a g € Cln(A). We have to show goy € C4(U), which means that
gop: U — R is differentiable. Applying Lemma 1.32, it suffices to prove that gogpozl)p_l U, — R
is differentiable for every chart v,: U, — A, around a point p € U with domain U,. But ¢ itself
is differentiable since it is a chart, hence also p o 1, I by the definition of differentiable maps on
a manifold. Consequently, gopo, 1 is differentiable as a composite of the differentiable maps g
and ¢ o1, L. Finally we must show that ¢! is a sheaf morphism between Ch,|4 and Chlu, so
let f € CH(U). Then f: U — R is a differentiable map, so its local representative f o o~ must
also be differentiable, and therefore f o p=! € CkL.(A) as required. O

We can summarize our findings in the sense that differentiable structures and differentiable
sheaves are essentially the same; see Exercise 2 in [77]

1.42 Theorem For a topological space M, differentiable structures and differentiable sheaves are
i bijective correspondence.

Proof. Write D" for the construction F + D’ associating a differentiable structure to a given
differentiable sheaf, and correspondingly also C" for the assignment © — CF extracting the
differentiable sheaf from a given differentiable structure. If we denote the set of all differentiable
structures on M by Str(M) and the set of all differentiable sheaves on M by Shf(M), we can view
this as two function D": Str(M) — Shf(M) and C": Shf(M) — Str(M), and Proposition 1.40
states that C" o D" = 1gy¢(pr) while Proposition 1.41 gives D" o C" = 1gg,(p7)- Hence C" and D"
are inverse to each other, and the sets Str(M) and Shf(M) are indeed in bijective correspondence.

O

Of course, this also provides an alternative way of defining manifolds in the first place [18%Y],
emphasizing how “continuity structure” (the topology of M) is enriched by an additional “dif-
ferentiability structure” (the differentiable sheaf on M). Besides this, the sheaf definition also
makes certain relations with algebraic geometry more transparent [20].

Let us also remark that one can also define the notion of a differentiable map between man-
ifolds in a “sheaf fashion” [18%Y]; see also Exercise 3 in [77!]. In the following proposition, we
assume the same conventions about dimensions and differentiability orders as in Subsection 1.3.1.

1.43 Proposition The differentiable maps between two manifolds M and N are ezxactly the sheaf
morphisms between CY, and CY;.

Proof. Assume first F': M — N is differentiable. For proving that F' induces a sheaf morphism
between C}, and C};, we take g € O} (V) for an open set V' C N and prove go F' € C},(U)
with U = F~1(V). Using Lemma 1.32, it is enough to prove that all local representatives
goFoy™l: U — R are differentiable, where ¢): U — A is a chart around an arbitrary point
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p € U with domain U C U. Since F is differentiable, we know that F o~ ': A — R is as well.
But then g o F o9~ ! is differentiable since it is the composition of the differentiable maps g and
Foqyl.

For the converse, assume F': M — N induces a sheaf morphism between C}, and C},. For
proving F' to be differentiable, we take arbitrary charts ¢: U — A on M and ¥: V — B on N
with F(U) C V and show that the local representative ©»o F o p~': A — B is differentiable. A
vector-valued function is differentiable iff all its components are, so it will be enough to prove that
§topoFop~t: A— Ris differentiable for all i € {1,...,n}. Note first that ' oo F': U — R is
differentiable: Since §° o ¢: V — R is differentiable, it belongs to C% (V'), while precomposition
with F carries Ch (V) into C%,(¢~'V) because F is a sheaf morphism. Hence &' o ¢ o F is
differentiable even on F~1(V) D U. Finally, 6’0t o F oo~ !: A — R is differentiable since it is
the composition of the differentiable map 6?o1)oF': U — R and the diffeomorphism ¢p=1: A — U.

O

We note finally that there is a sheaf analog of the patchwork construction described in Sub-
section 1.2.3: One may glue together sheaves given on an open cover of a common topological
space [20%]. It seems that this provides again a fully analogous sheaf treatment of general patch-
works in the following sense: The construction of Subsection 1.2.3 may also be carried out if
we are given submanifolds A; C A of a given base manifold A, yielding a new “manifold” M
modelled on A rather than R"™. If A itself is an n-manifold, we may also regard the new manifold
M as an n-manifold by composing the charts of A with the A-charts of M. This means we can
construct an n-manifold by patching together various n-manifolds contained in a base manifold
(which was R" in Subsection 1.2.3). Under the sheaf-manifold correspondence of Theorem 1.42,
this construction might correspond to the sheaf-gluing process as described in [20%9].

1.3.3 Germs and Stalks

Assuming the same conventions as in Subsection 1.3.1, let f: U — N and g: V — N
be maps defined on open neighborhoods of a point p € M. Given a point p € M, we
put f ~, g if there is an open neighborhood W C U NV of p with flw = glw. It is
easily verified that ~, is an equivalence relation on the set of all functions defined on a
neighborhood of p, and the resulting quotient forms a vector space, denoted by G, v (p)
and known as the differentiable stalk at p. Its elements are called differentiable germs at
p, and the canonical projection is written as

C"(U,N) = Gyn(), f—=fp

This construction is based only on the sheaf of differentiable functions from M to N,
and one may in general construct the stalks [209%] for any given sheaf (not necessarily
consisting of actual functions with set-theoretic restriction) and for any category (not just
the category of algebras used here).

In the special case N = R, we obtain even an algebra that is briefly written as G7,(p)
or just G"(p) if M is understood from the context. For such germs f, € G"(p), one can also
define evaluation by f,(p) = f(p). Since we will be working exclusively with such algebras,
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the objects G"(p) will be referred to by the more descriptive name germ algebra instead of
the general term “stalk”.

At any given point p € M, a continuous map f: M — N with ¢ = f(p) induces a germ
transport

fw: Gla) = G(p), Vg (Yo [y

note that f(, is a homomorphism of algebras. Following [36'%], we call f: M — N loaded
at p if the germ transport f(, restricts to fyy: G"(¢) — G"(p), and a loaded map if it is
loaded at all points p € M. A bijection f is called a loaded isomorphism if both f and
f~1 are loaded maps; consequently, f is a homeomorphism and the germ transports are
isomorphisms fi,): G"(¢) — G"(p).

Having differentiable structures on M and N, it turns out that differentiability can be
characterized in a germ-theoretical way.

1.44 Proposition Let f: M — N be a continuous map between two manifold M and
N. Then f is differentiable at p € M iff it is loaded at p. Hence the differentiable maps
coincide with the loaded ones.

Proof. Assume first that f is differentiable at p with ¢ = f(p) and consider the germ
transport f,): G(q) — G(p). Take any ¥, € G"(q) and choose some representative ¢: V' —
R of ¢,. Since f is differentiable at p and ¢ at ¢ = f(p), the composite ¢ f is also
differentiable at p, so we have indeed (¢ f), € G"(p).

Conversely, consider the germ transport f,): G"(q) — G"(p). Choosing suitable charts
¢: U — A around p and ¢: V — B around g, it is sufficient to prove that fy, = ¢ fp™*
is differentiable at ¢(p). As usual, we employ the characterization of differentiable vector
functions; so let us show that &' f,,, is differentiable at ¢(p) for an arbitrary i € {1,...,n}.
Since (§¢), € G"(¢q), we may infer that (6% f), € G"(p). Hence we may choose some
neighborhood U C U of p such that 64 f: U — R is differentiable at p. Since we can
choose any charts p: U — A and ¢: V — B as long as f(U) C V, we may as well take
U=U and V = f(U). But then 64 f¢ is indeed differentiable at o (p). O

In the previous Subsection 1.3.2, we have seen that the differentiable structure of a manifold
is already determined by its differentiable sheaf, and we have characterized which sheaves are
suitable for this purpose. It turns out that we can even go down to the “infinitesimal” level of the
germs: Knowing the germ algebra G”(p) at each point p € M, we can reconstruct the differentiable
sheaf and hence the differentiable structure of M, whose charts may also be characterized directly
in terms of the germ algebras. The crucial point here is (as earlier!) to go back to the Euclidean
space R"™ as a reference object—now understood as a C" manifold having its own germ algebras
G"(z) for every coordinate node x € R"™.

1.45 Proposition For any open set U C M, we have
C"(U) ={f € C(U) | Vpev fp € G"(p)}-

The charts of M are exactly the loaded isomorphisms between open sets of M and R™.
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Proof. For f € C"(U), it is clear that each germ f, is a differentiable germ. So we take a
continuous function f: U — R with all germs f, € G"(p), and we must prove that f € C"(U).
Take a chart ¢: U — A around p and let g € C"(V') be a representative of f, with f|y = g for
a sufficiently small neighborhood V' C U of p. Restricting the chart to ¢: V' — B, we see that
goy~t = forp~l: B — R is differentiable at o(p), so f is differentiable at p by definition. Since
p € U was arbitrary, we see that f € C"(U) as claimed.

For proving the second statement of the proposition, one could probably evoke the correspon-
dence of Theorem 1.42 and apply a suitable adaption of a general theorem in [20%3] connecting
sheaf morphisms and their induced operation on the stalks. As this seems to be rather awkward,
we prefer to give an independent proof here.

As noted earlier, the charts of a manifold M are exactly those homeomorphisms between open
sets of M and R"™ which are differentiable. By Proposition 1.44, differentiability means being
loaded everywhere, so the charts are indeed loaded isomorphisms and vice versa. O

Since the germ algebras of a manifold suffice to build its differentiable sheaf (equivalently,
its differentiable structure), it is natural to characterize what we need to describe a manifold in
terms of germ algebras.

1.46 Definition A loaded space is a topological space M with an assignment G that associates
a germ algebra G(p) C G(p) with each point p € M; such an assignment G is then called a load
on the topological space M. If specifically M = R", the Euclidean load G%.. associates the germ
algebra Gzn (), briefly G"(x), to a point x € R".

Any subset U of M is again a loaded space, carrying the induced topology as well as the
obvious induced load G|y. The above concepts about loads (maps loaded at a point, loaded maps,
loaded isomorphisms) generalize to loaded spaces.

A loaded chart is a homeomorphisms between open sets U C M and A C R"™ that acts as
a loaded isomorphism between U and A, each carrying the induced load. (Here it is important
which load we associate to R™ and hence to A, this depending on the differentiability order r
inherent in the germ algebras G"(xz) making up the Euclidean load!) The crucial role of the
loaded charts is that they will allow us to characterize those loads that come from a differentiable
structure (or sheaf).

1.47 Definition A load on a topological space M is called a differentiable load on M if its loaded
charts cover M.

Any differentiable sheaf 7 on M provides a differentiable load G’ on M by associating

Gr(p) ={fp | f € F(U)AU > p}

with a point p € M; this works since Proposition 1.45 allows us to identify the charts of M with
the loaded charts of G%. Let us next reassure ourselves that we can also go in the other direction.

1.48 Proposition For a topological space M, every differentiable load G on M induces a differ-
entiable sheaf C; on M whose differentiable load coincides with the original G.
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Proof. Given a load G, we can proceed in a manner analogous to Proposition 1.45, defining

Cg(U) ={f € C(U) | Ypev fp € G(p)}-

Let us first show that C{ is a differentiable sheaf on M. Obviously each Cg(U) is a subalgebra of
of C(U), and U + Cg(U) is at least a presheaf since we are now dealing with actual functions and
set-theoretic restriction. In order to verify the sheaf axioms, consider an open cover (U; | i € I) of
U. Taking f,g € C;(U) with f|y, = g|y, for alli € I, we obtain f = g since this is already true for
f,g € C(U). For checking the other sheaf axiom, let f; € Cg(U;) such that fi|v,nu, = filu,nu, for
all 7,7 € I. From the continuous sheaf U — C(U), we obtain at least an f € C'(U) with f|y, = f;
for all i € I; it remains to prove that actually f € C;(U). Hence we must show f, € G(p) for
an arbitrary p € U. Since the U; cover U, there is a U; with p € U; and so f, = (fi),. But
fi € C5(U;) implies that (f;), € G(p), so the other sheaf axiom is also fulfilled.

Now we construct the differentiable load G% induced by F = Cg, and we will show that
actually G'’» = G. By definition, G'z(p) is the algebra of all germs f, coming from a continuous
function f on a neighborhood U of p such that f, € G(q) for all ¢ € U. In particular, we have
then f, € G(p), which immediately yields G'#(p) C G(p).

For the other inclusion, take an f, € G(p) C G,(M). Since f, € G,(M), there is a neighbor-
hood U of p and a function f € C(U) such that f, is represented by f, incidentally justifying our
choice of notation for f,. At this point we make use of the fact that the load G is a differentiable
one, meaning the loaded charts of G cover M. Hence there is also a loaded chart defined on a
neighborhood of p, and we may assume that the above set U was chosen so small that the loaded
chart restricts to a smaller loaded chart p: U — A. Then f,, € G(p) implies (f op~1), € CL(R™)
for z = p(p), so f o ¢! restricts to a differentiable function defined on a neighborhood A’ C A
of . Writing U’ = ¢~1(A’") C U for the corresponding neighborhood of p, we obtain a restricted
loaded chart ¢: U" — A’. In order to prove f, € G'%(p), it suffices now to show that f, € G(q)
for all ¢ € U'. But we know already that (f o p71), € Cy(R") for all y € A’ since f o @1
is differentiable on A’. Therefore we obtain f; € G(g) for the corresponding ¢ = ¢~1(y) by ¢,
acting as a loaded isomorphism between G|y and Cf.|a/. This ends the proof of the inclusion

G(p) € G%(p). a

1.49 Theorem For a topological space M, differentiable loads and differentiable sheaves are in
bijective correspondence.

Proof. Write C" for the construction G — C{ associating a differentiable sheaf to a given differ-
entiable load, as before

CeU)={feCU)|Vpev fr €GU)}.
Correspondingly, we write also G" for the assignment F — G’z extracting the differentiable load
from a given differentiable sheaf, meaning

Gx(p) ={fp | f € F(U) AU 3 p}.

If we denote the set of all differentiable loads on M by Grm(M) and the set of all differen-
tiable sheaves on M by Shf(M), we can view this as two function C": Grm(M) — Shf(M) and
G": Shf(M) — Grm(M). Proposition 1.48 states that G" o C" = 1. (ar) While Proposition 1.45
gives C" o G" = lgye(pr)- Hence C" and G" are inverse to each other, and the sets Shf(M) and
Grm(M) are indeed in bijective correspondence. g
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By Theorem 1.49, we have now a fourth possibility of defining a differentiable manifold (the
others being: atlas, patchwork, sheaf), with an appropriate characterization of differentiable maps
given in Proposition 1.43. This framework is used in [36] to build up the theory of differentiable
manifolds. There is one peculiar point in this approach that should however be noted: Even
though one can dispense with charts in specifying a differentiable manifold (all we need is to
specify at each point a subalgebra of the algebra of continuous germs), they are again needed
(under the guise of “loaded charts”) for characterizing which loads are differentiable—and hence
make up a differentiable manifold.

We conclude this section by pointing out an important property of all except the ana-
lytic germs. So let M be a C" manifold with » € N U {oco} and p € M. Then every germ
in G%,(p) may be realized as f, coming from a global section f € C"(M). The proof [36'7]
uses a partition of unity for constructing a bump function that connects a local represen-
tative smoothly (in as much as required by the order r) to the rest of M; the proof fails for
r = w since the bump function cannot be made analytic. As a consequence, one obtains
an obvious isomorphism of algebras

G"(p) = C"(M)/Cy(M),

where C[, (M) is the ideal of all global sections vanishing around p.

1.4 Constructions on Manifolds

1.4.1 Submanifolds

Recall Definition 1.2 of an n-dimensional embedded submanifold M of R™. We have
around every point a diffeomorphism—an ambient chart—that maps an open set of M to
an open set of R™. From Example 1.19 we know that every diffeomorphism is a chart of the
canonical differentiable structure on R™. This observation motivates the following notion
of an embedded submanifold of an arbitrary manifold.

1.50 Definition Let M be an m-dimensional manifold and N a subset of M. We say that
N is an n-dimensional embedded submanifold of M, if for every point p € N there exists
a chart p: U — A around p such that o(UNN) = ANR". We call m —n the codimension
of N.

To justify our terminology we have to show that NV is a manifold in its own right. Indeed,
we obtain an atlas for N analogously to the construction in Section 1.1.3, by restricting a
chart to the submanifold and then projecting to the first n coordinates.
Let ¢: U — A be a chart as in the above definition (an “ambient chart” in our earlier
terminology). Let
U=UNN and A=n(ANR")

where m: R™ — R" denotes the projection m(zy, ..., &m) = (z1,...,2,). Then A is open
in R™ and the map R X
p=moplyp:U—A
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is an (“abstract”) chart for N. Since an embedded submanifold is a subset of M it is
naturally a topological space with the induced topology. Analogously to Proposition 1.5
and 1.6, we obtain the following properties for the induced charts ¢.

1.51 Proposition Every chart ¢ is a C° homeomorphism.

1.52 Proposition Fvery transition is a C" diffeomorphism.

So the induced charts constitute an atlas for the embedded submanifold, and the cor-
responding chart topology is the induced topology by Propositions 1.11. Note moreover
that the induced topology is again Hausdorff and second-countable. It is also obvious that
embedded submanifolds of R™ as in Definition 1.2 are embedded submanifolds of R™, the
latter seen as a manifold with the canonical differentiable structure. Open subsets of of a
manifold are 0-codimensional embedded submanifolds by Example 1.23.

We have the following characterization of differentiable maps for submanifolds.

1.53 Proposition Let M be an embedded submanifold of M. Let f: N — M be a map
from a manifold to N such that f(N) C M, and consider a point p € N. Then f is
differentiable at p iff the induced map f: N — M 1is differentiable at p.

Proof. Let f be differentiable at p. Let ¢: U — A be a chart around f(p) as in Definition
1.50. By Lemma 1.30, f is continuous at p, so there exists a neighborhood V of p with
f (V) C U. We can choose a chart domain V' C V with the corresponding chart ¢: V' — B
by Proposition 1.17, and since f(N) C M we also have f(V)y CUun M. The local
representative f,, is differentiable around ¢ (p), and therefore also the local representative

fow=mopfu".

for the induced chart ¢ is differentiable since 7 is C*. So the induced map f is indeed
differentiable at p.

Suppose conversely that f is differentiable at p. Let ¢: U — A be a chart around f(p)
as in Definition 1.50 and ¢ the corresponding induced chart. Since f is continuous at p,
we can find as before a chart 1: V — B around p such that f(V) C U N M. The local
representative ﬁaw is differentiable around v (p), and therefore also the local representative

fov=vogfu.
for the chart ¢ is differentiable since the inclusion «(xy,...,x,) = (1, ...,2,,0,...,0) is
C¥. So the map f is differentiable at p, as claimed. O

Several authors consider also a more general notion of submanifolds often called im-
mersed submanifolds, see for example [77%], [46%31] and [27]. We will discuss immersions
and immersed submanifolds in a later section.
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1.4.2 Products and Sums of Manifolds

Given an m-manifold M and and n-manifold N, we can canonically construct a differen-
tiable structure on the cartesian product M x N such that it becomes an (m+n)-manifold.
Let A = (¢; | i€ ) and B = (¢; | j € J) be atlases on M and N, respectively. Then
one sees that
AXB=(p;xth;|icl,jel])

is an (m + n)-dimensional atlas on M x N. The corresponding chart topology is the
product topology, hence it is again Hausdorff and second-countable. We call M x N with
the differentiable structure (A X B),.x the product manifold of M and N.

1.54 Example A classical ezample of a product manifold is the torus
St x ST CR* x R%

To illustrate the torus, we usually use a diffeomorphic embedded submanifold in R® that
looks like a doughnut.

We know that a map f = (f1, f2): U — R™ x R™ for some open subset U C R! is
differentiable iff its components f; and f; are differentiable. Hence we obtain the following
characterization of differentiable maps for product manifolds.

1.55 Proposition Let L, M, N be manifolds and f = (f1,f2): L — M x N. Then f is
differentiable at p iff its components fi and fs are differentiable at p.

Let now M and N be two n-dimensional manifolds. Then we can canonically define an
n-dimensional atlas on the disjoint union M + N by taking the union 2+ (automatically
disjoint) of two atlases for M and N, respectively. This is indeed an atlas since we do not
have any additional transition between charts. The corresponding chart topology is the
sum topology, hence it is again Hausdorff and second-countable. We call M + N with the
differentiable structure (A 4+ 9B)yax the sum of the manifolds M and N.

Note that we can even construct the sum of countably many manifolds, but not un-
countably many since we want to have second countability. Obviously, we obtain an anal-
ogous characterization of differentiable maps for the sum of manifolds with the canonical
inclusions.



Chapter 2

The Tangent Space

Differential calculus on manifolds begins with the tangent space: If we want to approximate
a differentiable map between two manifolds near a given point by a linear map (and this is
what the calculus is all about!), we need a vector space “at” the given point: the tangent
space. But how can we create a vector space structure on an abstract manifold? Obviously
we cannot add their points—unless the manifold is embedded in some Euclidean space.
But this is just what we wanted to avoid in the present setting. Hence we must seek other
means of setting up a vector space structure at a point.

2.1 Cotangent and Tangent Vectors

2.1.1 Abstract Setting

We fix an n-dimensional manifold M of class C" with » > 1, and choose a point p € M.
Let © be the differentiable structure of M. The variables i, j range over {1,...,n}.

We will introduce tangent and cotangent vectors as geometrical objects, with special
emphasis on their duality. As a visual expression of this co/contra duality, portions of the
text will be layed out in two columns.

We write F(p) for the set of function | We write C(p) for the set of curve germs
germs through p, consisting of all C! | through p, consisting of all C! germs of
germs of maps f: M — R. From now | maps ¢: R — M with ¢(0) = p. From
on, the variable f and its embellishments | now on, the variable ¢ and its embellish-
range over F(p). ments range over C(p).

We can measure the rate of change of a function germ f along a curve germ c at the
point p by the directional derivative

(fle) = (f o c)'(0).
We simply call (f|c) the rate of f along c¢. The notation (|) should remind of an inner
product—and we shall soon understand why!

43
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We call f and f cotangent to each other,
denoted by f ~ f, if

(fle) = (fle)

for all ¢. If in particular f ~ 0, we call
the function germ f stationary.

The cotangent space is given by TXM =
F(p)/~, whose elements are accordingly
known as the cotangent vectors (or the
“covectors”) at p. The variables d, e and
their embellishments range over 77

44

We call ¢ and ¢ tangent to each other,
denoted by ¢ ~ ¢, if

(fley = {fle)

for all f. If in particular ¢ ~ 0, we call
the curve germ c singular.

The tangent space is given by T,M =
C(p)/~, whose elements are accordingly
known as the tangent vectors (or the
“vectors”) at p. The variables v, w and
their embellishments range over T,,.

Since we have fixed the manifold M from the outset, we will subsequently abbreviate
Ty M and T, M by T and T, respectively. Note that our terminology and notation antici-
pates already some results that we will prove presently: Both 7)) and T}, are n-dimensional
vector spaces, and 77 is indeed dual to Tj,.

In order to establish these dimensions, we will have to go back to the defining property
of the manifold: Locally, it must be diffeomorphic to R™ via any local chart. Hence it
is reasonable to expect that we can reduce the “testing germs” (function germs / curve
germs) in the equivalence relation (cotangency / tangency) to those coming from a single
local chart (coordinate functions / coordinate lines). In order to make for a smoother
notation, we extend the bracket to centered charts by writing respectively

(fle™") = (foe™)(0) = (flgi) 0" € R,
(ple) = (o0 e)(0) = (¢'le) 6 € R"

for the rate of a chart (meaning its coordinate functions) along a curve and the rate of a
function along a parametrization (meaning its coordinate curves).

2.1 Lemma We have f ~ f iff (flo™!) = (flo™!) and c ~ ¢ iff {¢|c) = (¢|c), where ¢ is
some chart centered at p.

Proof. The direction from left to right is obvious. For the other direction, we can compute

{fle) as
(foc)(0)=((fop ) o(po0)(0)=(for™')(0)(voc)(0)={fle~") (¢lo),

which obviously coincides with (f|é) or (f|c) whenever either (f|p™") = (f|lp™") or {p|c) =
(p|e), respectively. O

In order to address T and T}, as vector spaces, we have to make sure that there is a
linear structure on them. For 77, this is obviously the case already, and for T}, we define
the linear structure by putting

Nelw +Xe'lw = {e € C(p) | Vrerp) (fle) = X {flc) + A" (fle)} (2.1)
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for all N, A" € R and ¢, ¢" € C(p). Note that the linear structure is well-defined since the
result is indeed an equivalence class under tangency, and the vector-space axioms are easily
verified. Hence we can indeed view both T}, and T as vector spaces. Moreover, we can see
that the rate factors through these spaces as a bilinear form

(|): Ty xT,— R,
([fl~, [d~) = {fle)-

Note also that (|): Ty x T, — R is non-degenerate, due to the definition of cotangency and
tangency.

2.2 Lemma For any chart ¢ centered at p, we have (¢*|p;) = 0.

Proof. We compute
(@'es) = (¥ 09) (0) = (6" 0 p) o (97" 08;))'(0) = (&' ©;)'(0) = &7,
the latter identity since 6’ 0 d,;: R — R acts by ¢ — 55 t. O

Our introduction of the cotangent and tangent space follows along the lines of [35], but it can
actually be done in a general construction similar to [32145523] and in the spirit of [43!]. We will
briefly outline this idea because it gives us more insight into the symmetry between the cotangent
and tangent space. Suppose we have a “bisurjective” function (|): F' x C' — K with values in a
field K, meaning (f|—) and (__|c) are surjective for all nonstationary f and nonsingular c¢. Here
one defines the relations of cotangency and tangency in a completely analogous manner, and f
is again called stationary if f ~ 0 and ¢ singular if ¢ ~ 0. One can then proceed to impose a
K-vector space structure on F' = F//~ and C' = C//~ by defining linear combinations on C' as we
did in (2.1), and dually also on F. This makes (|) a non-degenerate bilinear form on F x C.

Bisurjectivity can be guaranteed by having a scalar multiplication on either C or F. Taking
F for definiteness, this means we have a map -: K x F — K such that (A - fl¢) = A(f|¢) for
all A € K and (f,¢) € F x C. This is what we used in our example where we had F' = F(p),
C=C(p) and K = R.

But in general, one will not obtain the dualities F = C* and C = F* from this bilinear
form—in fact, this happens iff we know that one (and therefore also the other) of these spaces is
finite-dimensional. Banach manifolds, as treated e.g. in [31] and [11], are a case in point here:
The tangent and cotangent space (in the sense of our definition) are no longer dual to each other
since each of them is of the same (small) dimension as the underlying Banach space playing the
role of R™. Hence there are now four spaces involved: tangent, cotangent, tangent dual (usually
called “cotangent”!), and cotangent dual.

In the finite-dimensional case of our cotangent and tangent spaces, we have a special situation
that introduces an apparent asymmetry into the construction: There is already a linear structure
on F', but not on C. But when we look at the geometric picture and our actual definitions, we
realize that the linear structure on R is never really used—neither for curves ¢: R — M nor for
functions f: M — R. The crucial point is just that the rate of f along ¢ produces an element of
R; and it is from them that we obtain linear structures on the equivalence classes (and we could
introduce them in the symmetric fashion of the abstract construction sketched above).
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In fact, we could consider generalized curves parametrized by an arbitrary set and generalized
functions with values in an arbitrary set (think of replacing R by a suitable algebraic curve); all
we need is a way of measuring their rate of change! Another possibility would be to keep the
curves and functions as they are, defining a generalized rate e.g. by (f|g) = (f o ¥ o ¢)’(0) with
an arbitrary differentiable map ¥: M — M fixing p.

2.1.2 Representation through Components

In order to arrive at the desired dimension and duality results, we will set up an iso-
morphism between the (co)tangent space and the real vector space. This isomorphism
will depend on the choice of any chart ¢ centered at p; it maps the abstract (co)tangent
vectors to their components in the chosen coordinate system. Note that the component
isomorphisms below are well-defined because of Lemma 2.1.

We define cotangent component isomor-
phism by
(lo: Tr — Ry,

p

[fl = (fle™)

and the cotangent representation isomor-
phism by

We define the tangent component iso-
morphism by

|)e0: T, — R",
[c]~ = (ple)

and the tangent representation isomor-
phism by

Dot R"— T,
hi— [t oh]..

(|0 Ry —T5,
a— [aog]..

As usual, we view the columns h € R"
here as linear curves R — R".

As usual, we view the rows a € R,, here
as linear functions R™ — R.

As mentioned before, we can also write the component isomorphisms in the more explicit
forms

[l = ({flen), - (flen)) and  [cw = ('), (@"e)) (2.2)

Our immediate aim is now to put the component isomorphisms into use: We prove that
they establish the desired isomorphism between the (co)tangent spaces and their Euclidean
counterparts (thus justifying their “isomorphism” labels).

2.3 Proposition The component and representation isomorphisms are inverse to each
other as linear maps. Hence T; = R, and T, = R", implying in particular dimT; =
dim 7, = n.

Proof. On the vector space F(p), we can see the cotangency relation as a linear congruence
that corresponds to the subspace of stationary germs

Sy ={[f | Veecw (fle) = 0} = {f | {fle" ")},
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where the latter identity follows from Lemma 2.1. Observe now that the gradient operator

Yo: F(p) = Ra, fr= (fle™h)

is as a linear map that factors through the cotangency projection to (|,: 7T,y — R,. Since
Ty = F(p)/~ = F(p)/Sp, the homomorphism theorem implies that (|, is a linear map,
while Lemma 2.2 tells us that -, and hence (|, is surjective. Moreover, (|, is injective
since Kerv, = S,. Hence (|, is indeed a linear isomorphism.

Let us now check that (|, is the inverse of (|,, which immediately guarantees that (|,
is also a linear map (and thus a linear isomorphism as claimed). For a linear isomorphism,
any left or right inverse is automatically its (unique) inverse. So it suffices to check that
(|, is, say, a left inverse of (|,. For d = [f]. € T) we obtain

<(d|eo‘s0 = <7so(f)‘s0 = [”Yso(f) oplw=[fl.=d

if we can show f ~ v,(f) o ¢. Using Lemma 2.1, this is equivalent to

Yo () = ((7e(f) 0 9) 0 71)'(0),

which is evidently true since the right-hand side simplifies to v,(f)"(0) = v,(f).
The tangency relation is defined on the set C(p), and it is obviously compatible with
the tangent operator
7o C(p) = R, ¢ = (plc)

Hence 7, factors through the tangency projection to the map |),: 7, — R. We must now
check that the map |), is linear on 7}, = C(p)/~ with respect to the linear structure we
imposed there. Taking ¢',¢" € C(p) and ', \" € R, we pick out any representative ¢ € C(p)
of the equivalence class [c]. = A'[¢'|. + A" [¢"]~, computing 7,(c) = (p o ¢)'(0) as

(o']c) A{etle) + A" {pte) (e'le) (0tle")
: = : =\ : + A’ : )
(") A ([el) + X (@) (") {0"c")

where the first equality uses the linear structure on 7}, and the second the one on R™.
Using now |[c].), = 7,(c) and the analogous relations for ¢' and ¢", this yields indeed
l[c])y = N[c]~)e + A |[¢"]~)y for [c]e = AN [c]w + A'[c"]~, so |)y: T, — R™ is a linear
map. Since 7,(c) = ({¢']c), ..., {(¢"|c))T, we see from Lemma 2.2 that 7, and hence |), is
surjective. It is injective and thus a linear isomorphism because the equivalence kernel is
just the tangency relation.

It remains to be proved now that |), has |),, as its, say, left inverse. For v = [c]. € T},

we have

10)e)e = (@) = ™ 0 To(c)]w =[]~ = v,

provided we can prove ¢ ~ ¢! o 7,(c). Again employing Lemma 2.1, this is equivalent to

(poc)(0)=(po (" o7y(c)))(0)

which is satisfied since the right-hand side simplifies to 7,(c)’'(0) = 7,(c). O



CHAPTER 2. THE TANGENT SPACE 48

We can now prove the announced duality of cotangent and tangent space (thus justifying
the terminology).

2.4 Proposition The cotangent and tangent spaces form a dual pair of vector spaces
(T, (1), 1), hence we will identify (T,)* with Ty, and (T;)* with T).

Proof. Each cotangent vector d € T determines a map d*: T, — R given by v > (d|v);
since this map is obviously linear, we have indeed d* € (7},)*. Analogously, a tangent vector
v € T, determines a map v*: T — R given by d ~ (d|v); this map is again linear, so we
have also v* € (T))*.

The maps d — d* and v — v* are obviously linear, and the construction of 7, and
Ty ensures their injectivity. Injective linear maps between equidimensional vector spaces
are automatically surjective (alternatively we could apply Lemma 2.2), so we have indeed
(T,)* =T and (T;)* =T, O

For each centered chart ¢ around p, an “abstract” tangent vector v € 7T}, is now rep-
resented by the “concrete” component vector h = |v), € R". Choosing another chart ¢
centered at p, we get a different component vector k = |v),, € R™. There must be a tight
relationship between these two component vectors, though, since we have the composite
isomorphism

R e U Re (2.3)

effecting h — k. Similarly, if a cotangent vector d € T is represented by component forms
a=(d|, € R, and b = (d|, € R, the composite isomorphism

R, L1 LR, (2.4)

realizes a — b. It turns out that we can characterize these isomorphisms without recourse
to the component and representation isomorphisms (recall that an asterisk on a linear
map f: R®™ — R" denotes its dual f*: R,, — R, which in canonical bases operates by
multiplying vectors from the left instead of the right).

2.5 Proposition The linear isomorphisms of (2.3) and (2.4) are given by the vector dif-
ferential dy 1y,: R" — R" and codifferential di1,y: R,, — R, respectively.

Proof. For h € R", we compute

17))s = lle™ hl )y = (0 ™ h)'(0) = (™" 0 h)'(0) = (¥™")'(0) K'(0),

and this is indeed the same as (dy 1y,) h, written in canonical coordinates of R™, since
Yt =1y, and K/(0) = h. With a € R,,, we perform a similar computation

((Ploly = ([aglely = (ap 0 ™) (0) = (a 0 py™")'(0) = a'(0) (wr~1)'(0),

which equals this time (dj 1,,) a, written in the canonical coordinates of R,,, since ¢~ =
1,y and @'(0) = a. O
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Note that Proposition 2.5 is very useful since it allows us to change between different
component vectors without “actually knowing” the abstract cotangent/tangent spaces:
Given the components in one coordinate system, we can compute its components in any
other coordinate system by virtue of the transition Jacobian. This is crucial because
we never “actually know” the abstract spaces (whose elements are equivalence classes
consisting of infinitely many germs)! In this sense, the component isomorphisms translate
the abstract entities of the original definition (sometimes called the “geometric” view) into
a simple isomorphic object that is amenable to practical computations (also called the
“physical” view since computations are crucial in physical applications).

We should understand, however, that cotangent and tangent vectors are not simply
elements of R,, and R", respectively. Of course, if we are only speaking about “vectors”
(meaning elements of an algebraic structure that satisfies the vector space axioms), there
is nothing more to it, and even the distinction between R, and R"™ disappears. But a
cotangent /tangent vector of a certain manifold M at a certain point p € M is more
than that: it must behave in the way function/curve germs behave (of course modulo
cotangency /tangency). And exactly how they must behave is specified in Proposition 2.5;
we will come back to this question at the end of the next subsection.

2.1.3 Co- and Contravariance

In order to understand this behavior in some depth, let us restate the transformation
formulae of Proposition 2.5 in a more classical notation: In this subsection we will use z, y, 2
for coordinate systems (which is the same as “charts” in our earlier terminology). Writing
0z/0x = 17,(0) for the transition Jacobian from z to Z, its inverse dz/0x = 1/.(0) is
transition Jacobian from Z to x by (1.1), and the transformation formulae can be expressed
by

0z

Ox
(d|z = (d|, o and |v); = B |v) g (2.5)

We may view these formulae as giving a generalization of the Linear Algebra notion of base
change, as explained in Subsection 2.2.3.

In the so-called Ricci calculus, relations of the form (2.5) are written entirely in compo-
nents with lower /upper indices for extracting covector/vector components (recall that we
think of lower /upper indices as ranging along rows/columns). As mentioned in Chapter 0,
summation over diagonal index pairs is always implicit (“Einstein summation convention”)
in order to avoid excessive summation signs. In order to further simplify our notation, we
leave out the component isomorphisms when using indices. This is harmless since d; makes
sense only if we think of d as (d|, € R,, and v’ only if we now interpret v as |v), € R". Of
course, this notation loses the information about the coordinate systems in use, but this is
usually solved by embellishments on d and v: If we use charts x and z, the corresponding
components would be called (d;) and (d;) for a cotangent vector d or (v7) and (v°) for
a tangent vector v. With these conventions, the transformation laws can succinctly be
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written as B 53¢

- x ; T

d; = a5 d; and ?'= oz, v, (2.6)
all indices (both free and bound) ranging over {1,...,n}. This index convention is another

important standard ingredient of the Ricci calculus. Note also that in the transition Jaco-
bian, the upper index appears in the numerator and the lower index in the denominator,
just as one would expect.

Another crucial aspect is the expansion of (co)tangent vectors in the certain natural
bases, called (co)frames.

The coframe for a chart x around p is | The frame for a chart x around p is given
given by the n cotangent vectors by the n tangent vectors

[z']., ..., [2"]. € T, [T1]my ooy (0] € T,
abbreviated as dz', ..., dz". abbreviated as dxq, ..., dx,.

The significance of the (co)frames is that they are all that one needs: Having chosen
a fixed coordinate system z, they result from the cotangent representation isomorphism
(lo: Rn — T as 6" — da’ and from the tangent representation isomorphism |[),: R" — T,
as 6; +— dw;. Of course, one could choose different (co)bases in T and T},. But somehow
this would be pointless because any such “unnatural” basis corresponds to a (co)frame for a
different coordinate system Z, and it is much more convenient to work with this (co)frame;
below we will derive the corresponding transformation laws. In view of these facts, we will
henceforth use only (co)frames.
The ezplicit component formulae (2.2) can now be restated in terms of (co)frames: For
a cotangent vector d = [f]. € T and tangent vector v = [c|. € T, the components can
be extracted by
d; = (f|lz;) = (d|dz;) and " = (z'|c) = (da'|v) (2.7)

since the rate factors through the canonical projections F(p) — T, and C(p) — T,.

From Lemma 2.2 we infer immediately that (dz’|dz;) = 6%, which implies that both the
dx' and the dx; are linearly independent. In order to see that they also span the respective
spaces (and hence constitute mutually dual bases for the cotangent/tangent space), we
claim the expansions

d=d;dr" and v=1"dx;, (2.8)

now making use of the conventions explained above.

2.6 Proposition For any cotangent vector d € T and tangent vector v € T), we have the
expansions (2.8) and the formula

(dlv) = (d|; [v), = div’ (2.9)

for the rate of d along v.
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Proof. Choose arbitrary representatives to write d = [f]. and v = [¢].. We start by
proving the formula (2.9) for the rate

(dlv) = (fle) = (f 0 ¢)'(0) = (fa~" 0 2c)'(0) = (fa~1)'(0) (x¢)'(0) = (d|s|v)a,

unfolding the definition of the component isomorphism in the last step. The second equality
of (2.9) is just a restatement using the component convention introduced above. Note also
that we can write the rate as (d| |v) if we omit reference to the chart x. Running together
the components, this could then be written as (d|v) and parsed as the canonical scalar
product of (dy,...,d,) and (v%,...,0v")T.

In order to prove the identities (2.8), it suffices to verify the relations f ~ d;z* and
¢ ~ v'z;. Choosing an arbitrary ¢ € C(p) with associated v = [¢].. € T, we compute

(fle) = (d|v) = d; 0" = (d; 2"|c)

by the explicit component formulae (2.7). Dually, we take f € F(p) with d = [f]. € T}
to compute

(fle) = (dlv) = dp" = (flv'z:),
again using (2.7). O

Using frame and coframe, we can also express the transition Jacobian 0z /0x = 1. (0) =
(zx=1)'(0) for the coordinate change from z to Z. Its i-th row is obviously (ziz~')'(0) =
(dx'|, by the definition of the cotangent component map. Using the explicit formulae (2.2),
this yields
(@) - (@)

0z
Ox - o

(T"z1) oo (T"an)

for the Jacobian matrix and 0z'/0x; = (z'|x;) for its generic entry.

Having bases in 7)) and T},, we can also ask how they change when we pass from one
coordinate system to another. We have already derived the transformation formulae (2.5)
for the components, and from Linear Algebra we would expect those for the basis change
to be contragredient to them. This is indeed the case as we shall see now.

2.7 Proposition Passing from a coordinate system x to T, the coframe dx', ..., dx™ and
the frame dxy, ..., dx, change to dz',..., dz" and dZ.,...,dZ, such that the transforma-
tion laws o B

A7’ = 25 do?  and  dE = o da; (2.10)

&€ €T

are satisfied.

Proof. For expressing “new” coframe vectors dz’ and frame vectors dz; in terms of their
“old” cognates dz' and dx;, we expand them in the old (co)frame, computing the corre-
sponding component vectors according to formula (2.5). The latter are given by

0T Ox

|dz"), = |dx"), B and (dz;|, = o (dx;l ;.
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Since |dx?), = §° and (dx;|, = §;, this yields

(i) = 2

.0
7.\ —
= o and (dz;)

0%

for the components (all referring to the coordinate system x). Inserting them now into the
expansions, we obtain the claimed relations
oz o’

di’i = (d.f?fl)J dl‘j = a,j(jj dl’j and dif‘l = (di’Z)J dl‘j = a—i’l dl’j

for the new (co)frame vectors. O

The formulae (2.10) for the basis change are clearly contragredient to the formulae (2.6)
describing the coefficient transformation. In detail this means the following: The matrix de-
scribing the transformation of the coframe is contragredient (i.e. inverse-transpose) to the
matrix describing the corresponding coefficient transformation for cotangent vectors, and
also the transformation matrix of the frame is contragredient to the coefficient transforma-
tion matrix for tangent vectors. The combined effect of contragredience is that cotangent
and tangent vectors remain invariant under all coordinate transformations (which we could
have used as an alternative starting point for deriving the formulae of basis change). From
the abstract point of view, this is of course trivial; let us nevertheless see how this manifests
in components: Taking a cotangent vector d = d; dz* € T’ and passing to a new coordinate
system Z, we regain the original cotangent vector since

d; dz' = (g—g @) (gil da') = 6 d; da' = d; da’ =

similarly, a tangent vector v = v'dz; € T), is replicated as we see from

i !
0 dT; = (g; U]) <g; d:cl) = 5; v dx; = v dxj = v.
This shows how the contragredient transformation of the frames and coefficients combines
to keep cotangent/tangent vectors invariant.

The classification of the transformation laws seems to create considerable confusion as
one can see from [52]. We will try to clarify the issue from a geometric point of view.
The key to understanding is to consider a uniform expansion by a factor x > 1. This
can be expressed by passing from the coordinate system x to a new coordinate system T
such that z(p) = k Z(p). (Note that in Z all coordinates are smaller by x~!, thus making
everything appear larger by x. In other words, measuring in smaller units leads to larger
results!) The transition Jacobians are then given by 0x/0% = x and 0z/0x = x~!. Hence
everything that transforms with dx/0Z, expands along with the coordinate space: its scale
varies in harmony or covariantly. Everything that transforms with 07 /0x = k™!, however,
contracts against the coordinate space: its scale varies in opposition or contravariantly. We
must now distinguish three different object types in discussing “how they change under
coordinate transformations”:
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Vectors: As we have seen, cotangent and tangent vectors are invariant. This is just
the point in defining “geometric objects” in the first place: they are independent
of any coordinate systems, and that is why we have already introduced them in a
coordinate-free manner. (In another terminology, such objects—along with points,
curves, functions and the like—are called intrinsic, as opposed to extrinsic ones like
charts and everything coming through them—in particular, bases and components.)

Bases: From Proposition 2.7 we can see that the cobasis transforms contravariantly,
whereas the basis transforms covariantly. This should be geometrically obvious:
Expanding the space, the basis vectors grow along with it, but the cobasis vectors
(think of evenly spaced level planes) shrink.

Components: Equation (2.6) tells us that the cotangent components transform covari-
antly, while the tangent components transform contravariantly. We can understand
this geometrically as follows: Since the basis vectors are now bigger, fewer are needed
for building up a composite vector, but more level planes fit in a reference volume.

We can now see the source of confusion in the terminology: Tangent vectors are some-
times called contravariant (because their components are) but at other times covariant
(since their bases are), while they are in fact invariant! In the same spirit, cotangent
vectors are frequently called covariant vectors (after their components) and at times also
contravariant (like their cobases), but they are of course again invariant! Therefore we do
well to remain with the terminology “cotangent vector” versus “tangent vector”, reserving
the variance terms for the corresponding transformations of bases and components (since
only they are actually transformed).

A last word on the terminology (in case this is not already obvious): The conventions
imposed by the Ricci calculus on the position of indices is chosen in such a way that
all superscripts (hence row indices) mark contravariant objects while subscripts (hence
column indices) mark covariant objects. The whole calculus is marvellously consistent in
this respect, and that can be a great help for keeping order in one’s calculations.

At this point one could have the impression that the distinction between covariant and
contravariant transformations is completely artificial since the “actual geometric objects” are
anyway invariant. But there is really more to it: Even though a cotangent vector remains invariant
under a coordinate transformation, we know that its components transform covariantly—and not
contravariantly or whatever! And similarly for the invariant tangent vectors, whose components
transform contravariantly—and not covariantly or whatever! The way in which the components
transform turns out to be characteristic for (co)tangent vectors—this is the traditional physicists’
view of cotangent and tangent vectors: “Anything that transforms covariantly is a cotangent
vector. Anything that transforms contravariantly is a tangent vector”.

Here “anything” means any vector (in a finite-dimensional vector space). Up to isomorphism,
every vector space is given by R"™, but it turns out to be more convenient to use R,, in the first
case. So we can rephrase the above statement as: “The cotangent space is R,, with a covariant
transformation law. The tangent space is R™ with a contravariant transformation law.” We
will refer to the former as the covariant component space and to the latter as the contravariant
component space; their elements will accordingly be called co-/contravariant component vectors.
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The idea of characterizing geometric objects by their transformation laws is a very fruitful one.
(More precisely, we should say that one specifies geometric objects by some representations that
are subject to certain constraints on how they transform under coordinate changes). This was at
the heart of Felix Klein’s “Erlangen program” of classifying geometries through their invariance
properties. In his geometry book [26], we can find numerous transformation laws at prominent
places, for all kinds of geometric objects (of course including our cotangent and tangent vectors,
albeit under different guises).

Let us now make this precise. For imposing a transformation law, we associate a row /column
of components to each coordinate system in such a way that the component rows/columns of
different coordinate systems are linked to each other by the appropriate transformation law.
(According to Proposition 2.5, this means they come from the same “abstract” cotangent or
tangent vector.)

The covariant component space at the point | The contravariant component space at the
p consists of all maps point p consists of all maps
D:®pe — Ry V:9,e — R"
with the property with the property
ox 0T
for all z,% € D .. for all , T € D pe.

Note that using R,, instead of R™ for defining the covariant component space is not essential.
The point is just that the transformation law in the definition of = looks nicer by using rows
for the component vectors. If we insisted on columns, the transition Jacobian would have to be
transposed, and the component vectors would appear to the right of it.

Our definition of the component spaces follows [22]. Other authors [12][38] use the following
alternative but equivalent definition: The covariant component space is given by (Dpe X Ry,)/=
with an equivalence = defined by (x,a) = (Z,a) iff @ = a (0z/0Z); the contravariant component
space by (Dpe x R")/= with another equivalence defined by (z,h) = (z, h) iff h = (0z/dz) h.

The connection is the following: In the original definition, a co- or contravariant component
vector is specified by a certain map, in the alternative definition by its (partitioned) graph.
Conversely, one can obtain maps from the equivalence class because the latter are actually maps
in disguise (which suggests that the definition by maps is more natural): Whenever both (z,a)
and (z, a) are in the same equivalence class of (Dpe XR;,) /=, we obtain a = a0z /0x = a; similarly,
(z,h) and (z,h) being in a single equivalence class of (D,e x R™)/= implies h = dx/dx h = h.
Hence we see that the two definitions of component spaces are indeed equivalent.

2.8 Theorem The covariant/contravariant component space at the point p is isomorphic to the
cotangent/tangent space at p.

Proof. Fixing d € T); and v € T}, the component isomorphisms induce a covariant component
vector x — (d|, and a contravariant component vector x +— |v),. Thus we obtain a map +* from
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T’y to the covariant component space at p and a map ¢ from T}, to the contravariant component
space at p.

These maps are bijective since every covariant component vector D and every contravariant
component vector V gives rise to abstract counterparts in the following way: Picking any coordi-
nate system x € Dpa, we obtain the corresponding (¢*)"H(D) = (Dyl, € T and .= H(V) = |V,), €
T,. Proposition 2.3 implies immediately that (:*)~! and ¢* as well as t~! and ¢ are actually linear
isomorphisms and inverse to each other.

The only thing left to check is that (¢*)~! and +~! are well-defined. Picking another coordinate
system T € D, we must verify that (D.|, = (Dz|z and |Vy), = |Vz)z. Set d = (D], and
v = |V,),. Then we obtain

ox ox
(Dzlz = (Dy %\f = ((dlz %\f = ((dlzlz = d

and

from the definition of the co- and contravariant component isomorphism, the representation/com-
ponent isomorphisms of Proposition 2.3, the component transformation laws (2.5), and the rep-
resentation/component isomorphisms again (this time reversed). U

The characterization of T); and T}, described in Theorem 2.8 is also useful for defining the
(co)tangent space in a patchwork directly (i.e. without first constructing a differentiable atlas
and then using our earlier definition); actually, this is where the idea of the component spaces
has apparently come from [38]. The point is that we just need the transition Jacobians—and
these are of course available in a patchwork as the derivatives of the gluing diffeomorphisms.

Since the (co)tangent vectors are now attached to equivalence classes of glued points in R", it
is now more advantageous to apply the above-mentioned alternative definition: The equivalences
for gluing points and for identifying components can be combined into a single equivalence defined
on triples made up of label/coordinates/components. (The label identifies the coordinate system
in use, the coordinates specify the point, and the components refer to the actual (co)tangent vector
at this point with respect to this coordinate system.) Including the point actually anticipates a
construction that we will come across later: the (co)tangent bundle.

2.1.4 Coderivations and Derivations

Up to now, we have treated cotangent and tangent vectors in such a way that we can per-
ceive the symmetry between them in a clear light. In some sense, however, this symmetry
is not perfect: Although one need not use any asymmetric features for buildung up the
theory (and we have indeed avoided them in our treatment), one can also take advantage
of such asymmetric features. In this subsection, we will give a brief outline of such an
approach. Let M again be a fixed n-manifold and choose a point p € M.

The main point is that the set F(p) is an algebra whereas C(p) is not. We can add
functions, but we cannot add curves. This also why it was trivial to introduce a vector
space structure on Ty = F(p)/~ while the definition (2.1) of linear combinations is much
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more indirect for T, = C(p)/~. In fact, it amounts to taking a detour via the derivations,
as we shall soon realize.

A coderivation at p € M is a map
n:C(p) — R

that is compatible with the tangency re-
lation ~ and has a linear quotient map
N~ T, — R.

We write Ay M or briefly Ay for the vec-
tor space of all coderviations at p, and
we use 77, ¢ and its embellishments for el-
ements of A7

A derivation at p € M is a map
0: F(p) — R

that is compatible with the cotangency
relation ~ and has a linear quotient map
o Ty — R.

We write A, M or briefly A, for the vec-
tor space of all derivations at p, and we
use 0, and its embellishments for ele-
ments of A,

Obviously every cotangent vector d = [f]. gives rise to a coderivation n: ¢ — (f|c), and
every tangent vector v = [¢|. to a derivation 0: f — (f|c). We call ) the coderivation onto
d, written as (f|_) or (d|_—), while § is called the derivation along v, denoted analogously
by (_|c) or (__|v). (Imagine (d|_) as a velocity component projected onto f and (__|v)
as a directional derivative directed along v.)

Passing from a (co)derivation to its (co)tangent vectors is achieved —as we shall see
immediately—by the quotient maps 7. and d. occurring in the definition above. We call
N~ and 6. the direction of n and ¢, respectively. They can be directly characterized by
suitable equivalence classes.

2.9 Lemma We have

N ={f € F(p) | Veecrp) (flc) = n(c)}

and
o ={c € C(p) [ Vserp (fle) = 0(f)}
for everyn € A7 and 6 € A,
Proof. By definition of A% and A, we obtain from 7 and 4 yield linear forms n.: T, — R

and 0.: T; — R. Using the identifications of Proposition 2.4, this means n. € 7)) and
0~ €Ty, For every v = [c|. € T}, and d = [f]. € T; we have

n~(v) =n(c) = {f € F(p) | Veeew) (fle) = nlc)}v)

and
0~(d) = n(f) = {c € C(p) | Vyerp (flc) = 6(c)}|d),
so the claim follows by the duality of Proposition 2.4. O
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2.10 Proposition The maps d — (d|_) and n — n. are inverse to each other, defining a
linear isomorphism T; = AY. Similarly, the maps v +— (_|v) and § — . are also inverse
to each other, defining a linear isomorphism T, = A,,.

Proof. By the bilinearity of (|), the maps d — (d|__) and v — (__|v) are linear. Being
projections onto quotients modulo ~, the maps n — n. and ¢ +— 0. are linear as well. It
follows immediately that (d| )  =d and (_|v)  =wv for all d € T and v € T}, as well as
(N~]—) =nand (_[d~) = ¢ for all n € A¥ and § € A, O

Now we can understand the definition (2.1) of linear combinations of tangent vectors
in a new light: Paraphrasing it as X'v'+ A"v" = (N (_|[v") + N"(_|v"))_, its effect is to push
the linear structure from A, to 7},. As mentioned after Lemma 2.2, one could do the same
for the cotangent space—but the point is that one need not!

Next we consider component view of (co)derivations. By the above proposition, it is
clear that (dz'|_) and (_|dz;) constitute bases for A% and A,, which we shall denote
respectively by dx* and Oz; or even—if the coordinate system is assumed to be known—Dby
9" and 0;. Using these bases, a coderivation n = n; 9z’ operates on ¢ € C(p) by

ne) = mdhe = dr'le) = i (o' 0 (0) = i 2 (0)

and a derivation § = ¢ dz; on f € F(p) by

5(f) = 8'0uf = 5 (fldw) = 5(f o 2. (0) = 5 22 (0).

Roughly speaking, a coderivation is a vector differential operator on curves and a derivation
a partial differential operator on functions. (Note the last expression in both lines, exempli-
fying some common “abuse of notation”: One writes ¢’ for the i-th coordinate projection of
¢, and one reuses the name z; of the i-th coordinate function for the corresponding formal
differentiation parameter of f.)

Up to this point, out treatment was completely symmetric between coderivations and
derivations. From now on, however, we will consider some special features of derivations
since the coderivations are apparently of a rather meagre structural substance (this is why
they are not explicitly introduced in the standard texts on manifolds). Our first remark
serves to justify the term “derivation”.

2.11 Definition A derivation on G"(p) is a linear functional & satisfying the Leibniz law

in the form d(fg) = f(p)o(g) +g(p)d(f).

This notion of derivation can be seen as an instance of the gemeral concept of derivations
§: A — M from an R-algebra A into an A-module M; see for example [32746]. In this sense,
a derivation § is an R-linear map satisfying the Leibniz law in its “classical” form §(fg) =
fo(g)+g9d(f). In our case, the ring R is given by the reals R, the algebra A by the germs G"(p),
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and the module M again by G"(p), but now equipped with the module operation A x M — M

defined by (f,g) — f(p)g-
Let us also remark that one obtains a differential algebra if one takes M = A, viewed as a

module over itself. A typical case would be C°°(I), the smooth functions on some open interval
I C R with the usual differentiation as a derivation (and the product rule as the Leibniz law).

Since 6(1) =6(1-1) =1-(1) + (1) - 1, it is clear that & vanishes on constants. Every
derivation 0: F(p) — R has a canonical extension 6: G"(p) — R via 8(f) = 6(f — £(0))
for all f € G"(p). Therefore we will from now on identify the derivations on G"(p) with
those on F(p). Now for the announced result on derivations.

2.12 Proposition A linear functional 6 on G"(p) is a derivation iff 8|z factors through
the canonical projection \: F(p) — F(p)/F (p)%. Then we have in particular § (F(p)?) = 0.

Proof. For defining the quotient map 0: F(p)/F(p)> — R we have to make sure that
d(Ker \) = O. Taking f € F(p) with A\f =0, there are f1, fo € F(p) with f = fifo. But
then 6(f) = fi(p) 0f2 + f2(p) 6.f1 = 0 since fi(p) = f2(p) = 0, s0 0|7 =00 A.

Conversely, assume 0|zp) = 6 o A for a linear map 0: F(p)/F(p)*> — R and take
f,g € G"(p). Using the linearity of 6 and A, we obtain

5(fg) =X (fg— f(p) g(p)) = oA (f — f(p)) (9 — 9(p))
+ f(P) oA (g — g(p)) + 9(p) SA(f — f(p)),

where the first summand of the right-hand side vanishes since (f — f(p)(g —g(p)) € F(p)*.
The Leibniz rule now follows since

3(f9) = () OA(g — 9(p)) +9(p) OA(f = f(p) = F(p) 6(9) + 9(p) (/)

so 0 is indeed a derivation on G"(p). O

We can now prove that the linear functionals of A, are indeed derivations on G"(p). In
fact, we can even prove a little bit more. For that, let us call a derivation C™ compatible if
it annihilates all stationary function germs.

2.13 Corollary Every § € A, is a C" compatible derivation on G"(p).

Proof. By definition, every 6 € A, is compatible with the cotangency relation; in particular,
we have §(f) = 0 for all stationary function germs f € F(p), so § is C" compatible. But
every f € F(p)?is a fortiori stationary since f = fi fo with f, fo € F(p) implies

(fle) = (fif20¢)'(0) = ((free)(f2 0 0))'(0) = f1(0) (fale) + f2(0) (file) = 0

for all ¢ € C(p). Therefore §(Ker A\) = O and §|#(,) factors through A, so Proposition 2.12
ensures that ¢ is a derivation on G"(p). O



CHAPTER 2. THE TANGENT SPACE 29

So every 6 € A, is a derivation on G"(p), but one should not think that A, provides
all derivations. This is not true for r < oo; see the remarks in [55]. For the cases r < oo,
one needs the additional hypothesis of C" compatibility [41°¢], which can also be achieved
implicitly [77] by considering only those derivations that can be written as (__|c) for some
ceC(p).

2.14 Proposition The algebra of C"-compatible derivations on G"(p) coincides with A,,.

Proof. By Corollary 2.13, every 6 € A, is a C" compatible derivation on G"(p). Con-
versely, let d be a C" compatible derivation on G"(p). Then ¢ is a linear functional that is
also compatible with the cotangency relation, and Proposition 2.12 yields a factorization
8|7 = 0 o A with a linear map 0: F(p)/F(p)> — R. This means that § € A,. O

In order to understand the special case of '™ manifolds, we have to characterize the
structure of stationary function germs [41°%] in a suitable way. Assuming r > 0, we write
now more explictly F"(p) for the r-times differentiable function germs vanishing at p.

2.15 Proposition Every stationary f € F"(p) can be written as f = gihi + ... + guhn
with g1, .., Gns b1, .., hy € FT7Y(p).

Proof. Using a ball chart, we can reduce the statement to the case M = R™ and p = 0.
By the Fundamental Theorem of Calculus, we have

_[ror

= tx) dt,
i axj( )

fla)= [ Gt dt =S ng()  with  alo)

and g; € G"'(p). Since f is stationary, we have also ¢;(0) = 9f/0x;(0) = 0, so g; €
Fr=Y(p). Setting h;(x) = x;, this yields the representation f = gihy + ...+ guhy,. O

2.16 Corollary Every derivation on G*(p) is C* compatible.

Proof. Take a derivation § on G*°(p) and a stationary f € G*(p). By Proposition 2.15, we
can write f = g1hy + ...+ gyh, for some gy, ..., gn, h1,..., h, € F°(p). But then 6(f) =0
follows since d(g;h;) = 0 by the Leibniz law. O

This result explains the special status of smooth manifolds: We do not need any addi-
tional compatibility condition, so the tangent vectors can be identified with all derivations.
Restricting themselves from the outset to smooth manifolds (clearly the most important for
appliations), some textbooks therefore introduce the tangent space simply as the algebra
of all C'*° derivations.

One can see this point clearly for the Fuclidean manifold M = R™. In this case, it is
clear that all tangent spaces V' can be identified canonically (see Subsection 2.2.3 for more
details). Choosing a V-basis ey, ..., e, for V its dual V*-basis consists of the coordinate
functionals x1,...,x,. (Note that for once we do not adhere to the usual convention of
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index placement.) The bidual V** consists of linear functionals on V*, and the V**-basis
dual to x1, ..., z, are just the partial derivatives 0y, ..., d,. Hence V** may be described as
the space of linear partial differential operators with constant coefficients. In these bases,
the canonical isomorphism V' — V** is realized by e; — 0;, and we have 0;(f) = f(e;) for
every f € V*. Hence the dual pairing is either realized by evaluation of linear functionals
as
V*xV =R
(f,v) = f(v)

or by differentiation of linear functionals as
Vix V™ - R
(f,0) = 9(f).

The isomorphism V — V** is packed up in the isomorphism 7,M — A,M of Proposi-
tion 2.10.

Going back to the C" case with 0 < r < 0o, we provide an alternative characterization
of A, in terms of lower-order derivations. Choose any s with 0 < s < r. Then every C"
compatible derivation on G"(p) can be extended to a C* compatible derivation on G*(p),
as pointed out in [4158]. The converse is also true, yielding the following characterization
theorem [41%].

2.17 Proposition We have 6 € A, iff 6 = 5|p(p) for some deriation & on G*(p).

Proof. Take a derivation é on G*(p) and a stationary f € F"(p). Then by Proposition 2.15,
we have f = g1hy + ... + gyh, for suitable g1,...,gn, h1,..., h, € F*(p). Since 0 is a
derivation on G*(p), we have 8(g;h;) = 0 by the Leibniz law. Conversely, every § € A,
represents a C" compatible derivation §: G"(p) — R that can be extended to an (even C*
compatible) derivation §: G*(p) — R by the above remark. O

In concluding, we turn now briefly to the cotangent space. From the definition, it is
immediately clear that 77 = F"(p)/~ is the quotient space of F(p) modulo the stationary
function germs. Dually to the tangent space, this can be formulated in a “nicer” (more
algebraic) way in the special case of smooth manifolds.

2.18 Proposition A function germ f € F>(p) is stationary iff f € F>°(p)>.

Proof. From Proposition 2.15 we know that every stationary function germ is in F°°(p)2.
Conversely, let f € F>(p)?®. Then the Leibniz law implies §(f) = 0 for every derivation &
on G*°(p). By Corollary 2.16, we have 6 € A, for every such derivation. By the definition
of A, and Lemma 2.9, this means (f|c) = 0 for all ¢ € C(p) and hence f ~ 0. O

In view of this restult, one can define the cotangent space of a smooth manifold as

Ty = F>(p)/F= (p)?, and one can interpret the duality between T, and T in the following

way [55'3]. Every cotangent vector represents a linear functional d: F>(p)/F>®(p)> — R,
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which by Proposition 2.12 gives a derivation when composed with the canonical projection
A F>®(p) — F>=(p)/F>=(p)?, and vice versa. Hence in the smooth case, we have a natural
isomorphism between A, and F>°(p)/F>°(p)?>. For non-smooth manifolds this approach
fails because F"(p)/F"(p)? is infinite-dimensional for r < co; see [55'].

The construction of this isomorphism can be generalized [3274%][18%] [5%%9] to derivations

0: A — M between an R-algebra A and an A-module M. In this case, it turns out that the A-
module of derivations is isomorphic to the module of all A-homorphisms between the A-modules
J/J? and M, where the ideal J is given as the kernel of the tensor product A® A — A, a1 @ ag
aiaz. The module J/J? is referred to as the universal differential module of A, and its elements
are often called Kihler differentials [48!%%]. This construction is of some importance is algebraic
geometry since it provides a kind of substitute for differential forms on manifolds (which we will
introduce soon). In our case, F°°(p) plays the role of J, so we can think of the cotangent vectors
in F°°(p)/F>(p)? as the Kihler differentials at p € M.

2.2 The Differential

Now that we have defined the tangent space at each point of a manifold, we can define
the linear approzimation—the differential—of a differentiable map between manifolds as a
linear map between the tangent spaces. In the following, we discuss the definition of the
differential and its basic properties. Let M and N be two manifolds as in Subsection 1.3.1,
with a map ®: M — N, differentiable at a point p € M mapping to ¢ = ®(p).

2.2.1 Abstract Setting

By the usual pushforward and pullback constructions, every differentiable curve c: R — M
through p is “pushed forward” to a differentiable curve ® o ¢c: R — N through ¢ and
every differentiable function f: N — R at ¢ is “pulled back” to a differentiable function
fo®: M — R at p. The transformations ¢ — ®oc and f — fo® obviously factor through
the germ equivalences ~, and ~,, yielding the corresponding germ transports

F(q) — F(p) and  C(p) — C(q)

fq = (fo®), cp = (Poc),.

For simplicity, we will suppress the germ subscripts p and ¢ and use f for the function
germs of F(p) and ¢ for the curve germs of C(p), just as in Section 2.1. The corresponding
objects in N will be denoted by bars, so f ranges over F(q) and & over C(q).

Now the (co)differential arises simply by factoring the germ transports through the
(co)tangency relation as made explicit in the following definition.
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The codifferential of ® at the point p is | The differential of ® at the point p is
defined as the map defined as the map

T/N — T M M — T,N

[f]~ = [f o @], [c]~ = [® o],
denoted by d;®. denoted by d,®.

2.19 Proposition The codifferential d;®: Ty N — T>M and the differential d,®: T, M —
T,N are well-defined linear maps.

Proof. For showing d;®: TN — T;M well-defined, we take fi,fo € F(q) with fi ~ £y

and prove f; o® ~ fy0®. Hence we fix ¢ € C(p) and show (f; o ®|c) = (fs 0 ®|c), which is

equivalent to (f|® o c) = (f5|® oc). But this follows from f; ~ f, since ®oc € C(q). In a

completely analogous fashion, one can also prove that d,®: T,M — T, N is well-defined.
The linearity of d;® is immediate since

O\ [file + A2 [fo]o) = 4@ M fi + Aafole = [(Afi + Aaf2) 0 B0
=M fiod+ X foo®l=N[fiod] 4+ X [fa0®P]l =\ d;®fl + A d;q)fz-

In order to prove d,® linear, however, we have to invest a little more work (because linear
combinations are more involved for tangent vectors than for cotangent vectors). We must
prove that

L =d,®(Ai [er]~ + A2 [ea]n) = dpy® {c € C(p) | Vierp) (fle) = A (fler) + Xa (flea) }
=[Poc|ceC(p) ANVierp) (fle) =M (fler) + A2 (fle)]~

and

R = >\1 dpq)[Cl]N —+ )\2 dp(I)[CQ]N = )\1 [(I) e} Cl]N —+ )\2 [(I) e} CQ]N
={ceC(q) | Yser(y (f1e) = M (f|Poci) + Ao (flPoca)}

are the same. For showing L C R, we take ¢ € C(p) with (f|c) = A1 (f|c1) + A2 (f|ca) for
all f € F(p) and prove (f|® oc) = A\ (f|® oc1) + Ao (f|® o cy) for all f € F(q). But the
latter is equivalent to (f o ®|c) = A\; (f o ®|c;) + A (f o ®|cy), and this follows from the
choice of ¢ since f o ® € F(p). Now for the converse L O R, let ¢ € C(q) be such that
(f1e) = A (f|®ocy)+ Ay (f|Pocy) for all f € F(q); we must find ¢ € C(p) with ®oc ~ &such
that (f|c) = A1 (flc1) + A2 (f|ce) for all f € F(p). Choosing ¢ by [c] = Ay [¢1]~+ A2 [c2]~, the
last condition is trivially fulfilled, so it remains to prove {f|®oc) = (f|¢) for all f € F(q).
By the definition of ¢, we can compute

(fl®oc)=(fodlc) = A (fodler) + Ao (f o Plea) = Ay (f|P o cy) + Ay (f]Poca);
but this is {f|¢) by the choice of . O
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For emphasizing the symmetry of (f o ®|c) = (f|® o ¢), we may also introduce the
generalized rate (f|®|c) = (f o ® o¢)’(0) for it. We can think of this expression in the
following way: It measures the rate of change of the f-value of ® along the c-direction.

As we may expect from the symmetry in the definition of the differential and the
codifferential, the latter is the dual of the former. In other words, the categorical duality
(pullback versus pushforward) is respected by the linear structure (operating on the dual
versus primal space).

2.20 Proposition The codifferential is the dual of the differential, (d,®)* = d;®. In
detail, this means B B
((d,®) dJv) = (d|(dp®) v) (2.11)

for all d € T;N andv € T,M.

Proof. In the sense of the identification installed by Proposition 2.4, the identity (d,®)* =
dy® is nothing more than a reformulation of the defining property (2.11), so we just have
to prove the latter. For arbitrary d = [f]. € TN and v = [c|. € T,M, we obtain

((d,®@) d|v) = (f|®|c) = (d|(d,®) v)
as claimed. ]

The language of Subsection 2.1.4 provides another way of understanding this pull-
back/pushforward action. Let us use the explicit notation ®* for the pullback of ® and @,
for its pushforward; this notation will be “globalized” in Subsection 2.3.4. Thus ®* is de-
fined by f — fo® for any function f defined in a neighborhood of ¢ € N while ®, operates
on curves ¢ through p via ¢ — ® o ¢. Factoring through germ equivalence, this yields the
maps ®*: F(q) — F(p) and ®,: C(p) — C(g). In the sense of Proposition 2.10, we may
interpret the codifferential as a map d;®: A’N — AsM and accordingly the differential
as a map d,®: A,M — A;N. Then one sees immediately that d;® acts by 7] +— 70 ®, and
d,® by 6 — 6 o P*.

As we can immediately read off from the definition, both the codifferential and the
differential respects identity and composition in the sense of the generalized uniformity
relation

d; 1M:1T;M and dp 1M:1TpM

and the generalized chain rule
d(Vo®)=d®od,¥ and d,(Vo®)=d,Vod,®

if U is a map from N to another manifold, differentiable at ¢. Hence we can view the
codifferential and the differential respectively as a cofunctor and functor

d* - PtNan — YVec and  d_: PtNtan — Vec
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from the category PtIMMan of pointed manifolds to the category Uec of vector spaces.
(Following [13], we use “functor” as a synonym for “covariant functor” and “cofunctor” as
a synonym for “contravariant functor”.)

Let us make this a bit more explicit: A pointed manifold is a manifold with a distin-
guished point called the “base point”. Clearly, a morphism ® between pointed manifolds
(M,p) and (N,q) is then given by a continuous map ®: M — N with &(p) = ¢, dif-
ferentiable at p. The functors d* and d_ are thought to operate with the basepoint p
substituted for the slots _; they map a pointed manifold (M,p) € PtMan respectively
to the vector spaces Ty M € Yec and T,M € Pec, and a morphism of pointed man-
ifolds ®: (M,p) — (N, q) to the codifferential dy®: T/N — T M and the differential
d,®: T,M — T;N.

2.2.2 Representation through Components

In Subsection 2.1.2 we have seen how to represent any cotangent and tangent vector by its
list of components. These components depend on the choice of a coordinate system around
the point p in question, and they refer to an expansion with respect to the (co)frames that
we have introduced inSubsection 2.1.3.

Now the question is near at hand: Fixing a coordinate system x around p and z around
¢, how can we compute the matriz representation of the (co)differential with respect to
the (co)frame in the (co)tangent spaces? The answer is strikingly simple: Extracting the
local representative with respect to x and z, its Jacobian operates from the left as the
differential and from the right as the codifferential!

2.21 Proposition Let x and T be coordinale systems around p and q, respectively. If
d = (d3®)d and v = (d,®) v for a cotangent vector d € TN and tangent vector v € T,M,
we have the matrix relations

(s = (dlz 25,(0) and [0); = 5, (0) [v).
for the corresponding component vectors (see the diagrams below), yielding

0T (D) . 07'(D)

d; = oz d; and V"= oz, v’ (2.12)
when written in the Ricci calculus.
* ; * dp®
TpM «— TqN M —— T,N
(| (| De Dz
R,, ——— R, R™ — R"

A D do®zz
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Proof. Using the explicit component formulae (2.2), we can compute
d; = (d|dx;) = ((d,®) d|dx;) = ((d:®) d; dz’|dz;) = (77 o ®|z;) d;
for the cotangent components and analogously
vt = (dz'|v) = (dZ'|(d,®) v) = (dZ'|(d,®) v/ dx;) = (Z'|® o x;) v
for the tangent components. But the Jacobian ®._(0) = (Z o ® o z71)(0) obviously has
(#]®l;) = (#|® 0 2,) = (& 0 D))
for its (i, ) entry, hence we obtain (2.12). O

The transformation formulae (2.12) can be seen as a linear approximation of ® in the
row space R,, or column space R™. The notation 0z (®)/0z for the transformation Jacobian
is quite similar to our notation for the transition Jacobian introduced in Subsection 2.1.3.
In fact, the corresponding transition formulae (2.5) are a special case when we have one
manifold M = N and the identity map ® = 1,,. In this case, we suppress the latter in the
notation for the Jacobian, just writing 0z/0x then.

Sometimes one also suppresses reference to the charts. If the target chart z is inessential,
one can write 0®/0z as in [22]. If both the target chart  and the source chart = are clear
from the context, the notatation O® can be used. (In components, these notations would
be 09'/0x; and 9;P", respectively.)

In the language of the component spaces explained in Subsection 2.1.3, the formulae (2.12)
take on the form

oz (P) oz (P)
ox

which should now be read as a definition: The codifferential is a transition-compatible linear map
between the cotangent vectors D and D, the differential between the tangent vectors V and V.

D, = D; and V= Ve,

2.2.3 The Special Case of Vector Spaces

If the manifold in question is a vector space V, we know from Example 1.20 that each

choice of basis (by,...,b,) corresponds to a canonical atlas {z} for V, where z: V" — R"
is the component chart [27%7] | given by v — (A!,...,\") for every vector v = A'b;. In
the special case V' = R"™, we have the canonical basis (di,...,d,), corresponding to the

component chart 1y and the atlas {1y} treated in Example 1.19.

An “abstract” linear map ®: V — W between “abstract” vector spaces V and W can
be described by its coordinate representation if we choose bases in V and W. If x and z
are the corresponding component charts, the coordinate representation of ® with respect
to these bases is nothing else than the local representative ®z,: R™ — R".

A change of basis in V' corresponds to replacing x by another component chart z. In
Linear Algebra, this is usually described by a transition matriz, defined as the matrix of
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the identity map with respect to these bases [3'1°]. Hence it is just the transition Jacobian
0z/0x = 17,(0), and the usual formula for “coordinate transformations” can be seen in
the right-hand formula of (2.5); the left-hand formula of (2.5) describes the corresponding
basis change in the dual space.

Let us now turn to cotangent and tangent spaces. Any component chart z: V — R"
gives rise to the charts = — x(p) centered at a point p € V; these charts are again denoted
by z if there is no ambiguity. Thus we get a coframe dz',. .., da" for T,V and a frame
dxy,...,dx, for T,V and these spaces are all canonically isomorphic to each other (once
we have fixed the component chart x). Observe that da', ... dz" are just the coordinate
planes, while dz, ..., dx, are the coordinate axes. As opposed to general manifolds, we
can thus identify all cotangent spaces with each other (and also all tangent spaces with
each other).

For a differentiable map ®: V — W with ¢ = ®(p), these canonical isomorphisms allow
us to interpret the differential d,®: T,V — T,W with respect to fixed bases (and thus
component charts) in V' and W as a linear map d,®: R™ — R"™ and the codifferential
dy®: TyW — T3V as a linear map dy®: R, — R,,. This is essentially what we did in
Subsection 1.1.1, using the canonical bases in V' = R™ and W = R" corresponding to the
component charts 1y and 1y, respectively.

If &: V — W is a linear map, its codifferentials coincide for all points p € M (and
of course also its differentials coincide for all points); hence we may suppress p in this
case. We see here a generalized picture of the three levels described in Chapter 0: First
the abstract map ®: M — N along with its dual ®*: N* — M*. Second their coor-
dinate representations d®: R" — R"™ and d*®: R,, — R,,, which are identical with the
local representatives of ® and ®*, respectively. Third the Jacobians 0® and 0®' as the
corresponding representation matrices.

Next we describe hybrid cases—those where either the domain or the codomain of a
map is a vector space. If this vector space is just R, we are led to functions and curves. For
functions on R™ and curves in R", the derivative has the intuitive meaning of cotangent
vector and tangent vectors as explained in Chapter 0. We can now generalize this to
functions on M and curves in M.

2.22 Definition The cotangent vector of a function f: M — R at a point p € M is the
codifferential dyf. The tangent vector of a curve c: R — M at p 1s the differential dyc.

As a codifferential or differential, these concepts are linear functions and not just cov-
ectors and vectors as in the special case M = R". But they can be naturally identified
with covectors and vectors as we shall see now. For writing this succinctly, let us agree
that [f]. for a function f: M — R means [f]., where f is the function germ of f(_) — «
for a = f(p); similarly, [¢]. for a curve ¢: R — M stands for [¢]., where ¢ is the curve
germ of ¢(_ + 7) for 7 € R such that ¢(7) = p. (These conventions reflect the intuition
that differentiation is only concered with the local behavior and that we can furthermore
discard constants.)
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2.23 Proposition There are natural isomorphisms carrying the cotangent vector of a
function f at a point p € M to the covector [f]. € T;M and the tangent vector of a
curve ¢ at p to the vector [c]. € T,M.

Proof. The codifferential df: T;R — T;M is defined on a one-dimensional vector space
with canonical coframe {[1r — a]~}, so we can identify d;f with its value

(dpf) Ir = o] = [(Ir —a) o fl.

I
=
2

I
=
K

as claimed.
Also the differential dyc: TR — T,M is defined on a one-dimensional vector space,
now having {[1r + 7]~} as its canonical frame, and we may identify

() (1 + 7). = [0 (I + 7))o = [E = [e]-
with the differential dc. [

Somewhat loosely, we may summarize this as follows: A cotangent vector [f]. € Ty M
is the cotangent vector of any of its representatives f, and a tangent vector [c|.. € T,M
is the tangent vector of any of its representatives c. This confirms the terminology of
“cotangent space” and “tangent space”, and it justifies the notation (dz?, ..., dz") for the
coframe and (dz1,...,dz,) for the frame in the following sense: By Proposition 2.23, we
can identify da’ = [z']. € TyM with djz* and dx; = [z;]~ € T,M with dyz;. Formally
speaking, we are just suppressing the point p € M and the asterisk in the coframe (the
latter is clearly motivated by Definition 2.22).

The next interesting hybrid map is exemplified by a chart x: M — R" and its para-
metrization =': R™ — M. It turns out that we obtain well-known maps when we pass to
their (co)differential—the component maps for the tangent and cotangent space, respec-
tively! This is not surprising since the idea of the tangent space is to provide a linear
approximation of the manifold (locally given through a chart or a parametrizations).

2.24 Proposition For a chart x centered at p € M, we have dyx = |), and djz™' = (|,
as well as dor™" = [), and djx = (|,.

Proof. The differential d,x: T,M — T,R™ may be interpreted as a linear map d,z: T,M —
R™. This can be done by identifying ToR" with R", mapping the frame (ddy, ..., dd,) of
the former to the frame (y,...,0,) of the latter. For proving d,z = |),, we consider an
arbitrary frame vector dz; = [7! 0 §;]. € T,M and compute

(dyx) dr; =[x 0 (27" 0 6;)]~ = [6i]~ = db;

which can be identified with |dz;), = §; € R".

Analogously, the codifferential djr": TyM — T§R" is interpreted as a linear map

diz=1: Ty M — R, by identifying TfR"™ with R,,, this time mapping the frame (do*, ..., doém)



CHAPTER 2. THE TANGENT SPACE 68

of the former to the frame (&', ...,d") of the latter. For proving djz~! = (]., we take now
a coframe vector dz’ = [§" o ] € Ty M and compute

(dsx 1) da' = [(6" o x) o™ ] = [§] = d',

which corresponds of course to §° € R,,.
The other two formulae are an immediate consequence of the bijectivity of x and the
functoriality of d,, as well as d;. O

Recall that we called the image of an “abstract point” under a chart x its coordinates,
whereas the image of an “abstract cotangent / tangent vector” under the component
isomorphisms are of course called its components. In this sense, we could say that the chart
differential passes from coordinates (nonlinear labels) to components (linearized labels),
and this is also true for the differential of an arbitrary map between manifolds.

2.2.4 Co- and Contravariance Revisited

In Subsection 2.1.3 we have investigated the notion of co- and contravariant transformation
laws from a geometric viewpoint: Changing from a coordinate system x to another z, an
object transforms by rescaling its representation by dx /0 for the covariant and 0z /0z for
the contravariant case.

On the other hand, we know from category theory that contravariant functors (also
called “cofunctors”) reverse the order of composition while covariant functors (otherwise
just “functors”) preserve it. We have seen an example of this in Subsection 2.2.1: the
differential d_: PtNan — Yec is a functor, the codifferential d* : PtMan — Vec a co-
functor.

As one would suspect, there is a relation between the categorical and the geometric
notions of variance. But we must be careful because, as pointed out in Subsection 2.1.3, a
coordinate change (also known as a chart transition) manifests itself in an inverse manner:
Expanding by a factor x > 1 is realized by a coordinate change 1;,: A — A with x(p) =
x T(p), which appears to be a compression by a factor k=1, however!

For any vector space V', a linear endomorphism A: V — V may be interpreted as an
active or passive transformation: as a coordinate change or as an actual movement. These
two interpretations are exactly inverse to each other, in the following sense. On the one
hand, a passive transformation 1z, assigns to a point p new coordinates, which can be
interpreted as the coordinates of another point p in the old system. On the other hand,
the point p is moved to p, by the active transformation 1,;. More precisely: The transition
matrix 1z, from a basis x = (z1,...,x,) to its A-image B = (Axyq, ..., Ax,) is the inverse
of the representation matrix A,,.

From a geometric point of view, we must therefore regard a transition 1z,: A — A
as a morphism from A to A. This makes the differential into a contravariant functor
d..: PtNan® — Yec and the codifferential into a covariant functor d* : PtMan™ — Vec.
In order to avoid the notational encumbrance of dealing with chart domain overlaps, let
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us introduce the quotient category [34°!] of PtdMan with respect to germ equivalence at
the base points. Writing BtItan_, for this category, it is obvious that the differential and
codifferential factor over this quotient category, so we obtain in our setting a contravariant
functor d_ : PtNMan”, — YVec and a covariant functor d* : PtMan”, — Vec.

The co- and contravariance of the transformation laws comes from the correspond-
ing Hom-functors. Fix a manifold M with base point p as an object in PtMan_ and
consider the two covariant Hom-functors Hom(7,,M, _), Hom(T; M, _): Vec — Set and
the two contravariant Hom-functors Hom(_, 7,M), Hom(_, pM) Yec — Get. Compos-
ing them with the contravariant functor d_ : PtIMan’, — Yec and the covariant functor
d* :PtMan_, — Yec, we obtain two covariant functors

B. = Hom(d, —,T,M),C, = Hom(T,; M,d, _): PtNan’, — Get

) P —
as well as two contravariant functors

B* = Hom(d;,

p—7

M),C* = Hom(T,M,d, —): PtMan’, — Set

As we shall see in a moment, the covariant / contravariant functors give rise to covariant
/ contravariant transformation laws, namely B, and B* for the bases, C, and C* for the
components.

oM M T,M

/ax/ax\x dr ‘71 \\m _ d ‘/ax/ax\
A
(\\ N N e \ /

The above diagram visualizes the action of these functors, showing (from left to right):
in the upper layer the contravariant functors B* and C*, in the lower layer the covariant
functors C, and B,. (In order to avoid confusion, we have displayed the morphisms in
PtMan,_ rather than PtMan® | namely by way of representatives r: U — Aand z: U — A
but with the chart domains U and U suppressed. Note also that the functors B*, C*, C,, B,
are all to be applied to the middle morphism 1z,, leading to a vertical reflection of the
diagonal arrows in the two outer diagrams.)

Let us now see what these diagrams mean in detail. Applying the functor C* and C,
respectively to the identities Z = 1z, o x and 27! = z~! o 1,, Proposition 2.24 yields
Nz = (0%/0x) - |). and (|, = (|z - (0z/0z). If we multiply the latter identity by the inverse
Jacobian 0z /0% and substitute an arbitrary cotangent vector d € 1M and tangent vector
v € T,M, we obtain |v); = (02/0z) - |v), and (d|z = (0z/0Z) - (d|,; these are exactly the
formulae (2.5) of Subsection 2.1.3, describing the co- and contravariant transformations of
the components.
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In a similar fasion, we can now derive the corresponding transformation of the bases by
applying the functors B* and B, to the identities Z = 1;, oz and 27! = 27! 0 1;,. Using
again Proposition 2.24, this gives (|z = (-(0Z/0z)|, and |), = [(0Z/0x)-)z. Precomposing
the latter identity by the inverse Jacobian dz/0% and substituting an arbitrary coframe
vector § and frame vector d;, we obtain respectively

. O - oxk . 0Tt . 0Tt . or' .
T (et — (e V| Y ey v 2 s8I _ 7 j
dz' =0 0x|x (9% Oz, e <8:Bj e Oz, (L Oz, d
and 0 ox? ox? ox? ox?
= 19T sy s 9T ek s 9T O o O
dml - ‘aj 6Z>$ |5J 8jk 52 >3U ‘6J ai,l >3U 82%2 ‘6J>$ ai,l dx)’

which are exactly the basis transformation laws (2.10) of Subsection 2.1.3.

The functorial view of cotangent and tangent vectors also enables a better understanding of
the component spaces introduced at the end of Subsection 2.1.3.

2.25 Proposition Up to isomorphism, the (co)differential is determined uniquely as (co)functor
PtNtan . — Yec that maps open sets A, A of R™ to the vector space R™ and differentiable maps
f+ A— A to their (co)differential.

Proof. Let T : PtMan_, — Yec be any functor with the required differential properties and M
a fixed manifold with differentiable structure © and base point p. Then every v € 7 M induces
a map V:9,, — R" by sending v € Dpe to V, = (Tz)v. Since 7 is a functor, we have
Vz = (02/0x) - V,, which means that V is a contravariant component vector in the sense of
Theorem 2.8. Conversely, any contravariant component vector V: ®,, — R" comes from a
unique v € TM since we have v = (T7x)~1V, for an arbitrary x € ®,.. This means that 7 M is
isomorphic to the contravariant component space and hence by Theorem 2.8 also to T,,M.

Now consider a map ®: M — M between an n-manifold M and an m-manifold M mapping
p € M to g € M. The morphism 7®: TM — T M can be interpreted as a linear map between
the corresponding component spaces the contravariant component vector determined by (7 ®)v €
T M to the contravariant component vector determined by v € 7M. Applying the functor 7 to
the identity ®z, = o ® oz~ ! yields V = (7®) V with

- 0Z(P)
Ve = Ox

which is exactly the component representation 2.12 of the differential d,® under the above iso-
morphisms 7 M = T,M and TM = TqM .

The proof for the codifferential is completely analogous, using covariant instead of contravari-
ant component vectors. O

Va,

Note that a differential 7*: PtNMan_, — Yec in the sense of Proposition 2.25 is a functor,
a codifferential 7,: PtNMan_, — Yec a cofunctor. Looking at it “geometrically”, however, the
differential appears as a contravariant functor 7*: PtIMan’, — Yec and the codifferential as a
contravariant functor Z,: PtMan’ — Yec. This is consistent with the terminology of Theo-
rem 2.8: As we have seen in the proof of Proposition 2.25, the object function of 7* provides the
contravariant component space, the object function of 7, the covariant component space.



CHAPTER 2. THE TANGENT SPACE 71

2.2.5 The Rank Theorem

We know from differential calculus in R™ that several (local) properties of a differentiable
map can be characterized by properties of its linear approximation. Recall for example the
Inverse Mapping Theorem 1.1. In the following, we first discuss the Rank Theorem, which
is a generalization of the Inverse Mapping Theorem and the Implicit Function Theorem.
Using charts we translate the result to differentiable maps between manifolds and their
differentials.

We first look at the situation in Linear Algebra. Let A: V — W be a linear map
of rank r between finite dimensional vector spaces. Then we know that there are linear
isomorphisms ¢: V — R™ and ¢: W — R"™ such that ¥ Ap~': R™ — R" is given by

(1, ) — (T1,...,2.,0,...,0).

Let now f: U — R" be a differentiable map and x € U C R"™. We define the rank of
f at x, denoted by rnk, f, as the rank of the differential d, f or the Jacobian matrix f’(z).
The Rank Theorem [9'%] tells us that every differentiable map that of locally constant
rank looks like the linear counterpart in suitable coordinates.

2.26 Theorem (Rank Theorem for Vector Spaces) Let f € C*(U,R") with s > 1,
U C R™, and consider a point p € U with image ¢ = f(p). If the map f has locally
constant rank r around p, there exist open neighborhoods U and V' of p and q, respectively,
and C*® diffeomorphisms p: U — A and ¢: V — B with ¢(p) = 0, ¥(q) = 0 such that
Yo l: A— B is given by

(xla--'azm) = (xl>"'>x7’>0a-"70)7
locally around 0.

Notice that if we consider f as a differentiable map between the manifolds U and
R", the conclusion of this theorem says that there exists a local representative fy, of the
indicated form.

Locally the rank of a differentiable map cannot decrease: For rnk, f = r, the Jacobian
matrix f'(z) has an r x r submatrix with nonzero determinant. Since the Jacobian depends
continuously on z and the determinant is continuous, this subdeterminant is also nonzero
in a neighborhood of z, and the rank there is at least r. In fact, the rank can increase as
we can see from considering x = 0 in the example f(z) = z°.

There are two cases where the rank cannot increase and is thus locally constant: If
the rank of f at x is either m or n hence maximal for the given m and n. The condition
rnk, f = m is of course only possible if m < n and equivalent to d, f being injective (by the
Rank-Nullity Theorem of Linear Algebra). Then we call f an immersion at z. Similarly,
we call f a submersion at x if d,f is surjective so rnk, f = n and hence in particular
m > n. We call f an immersion / submersion if it is one at every point.

We are in the situation of the Inverse Mapping Theorem if f is both an immersion and
a submersion at x, so rnk, f = m = n. If f is a submersion at x, then z is also called a
regular point of f, see Subsection 1.1.2.
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By the Rank Theorem, we know that an immersion (assuming m < n) can be repre-
sented locally by an embedding

R™ — R"
(X1, ooy T) — (21, .., T, 0,0, 0),
and a submersion (assuming m > n) by a projection
R™ — R"
(T1y ey Ty e ) = (X1, ).
Therefore an immersion is locally injective while a submersion is open.
Let now M and N be two manifolds with a map ®: M — N, differentiable at a point
p € M mapping to ¢ = ®(p) € N. We define the rank of ® at p, denoted by rnk, @, as
the rank of the differential d,®: T,M — T, N. From Section 2.2.2 we know that a matrix
representation of the differential is given by the Jacobian of a local representative of ®. So
the rank of a differentiable map is also the rank of the Jacobian matrix of any of its local
representative, rnk, ® = rnk, ®,,, with x = p(p).

From the Rank Theorem 2.26 for vector spaces, we immediately obtain the following
version for manifolds.

2.27 Theorem (Rank Theorem for Manifolds) Let ®: M — N be differentiable with
locally constant rank r = rnk, ® around p. Then there exist charts ¢ and v centered at p
and q, respectively, such that the local representative @, is given by

(xla--'>$m) = (xl>"'>$raoa-"70)>
locally at 0.

Immersions and submersions are defined as before. Then the Rank theorem implies in
particular that for immersions there is a local representative ®,,, given by

(X1, oy T) — (21,0, T, 0,...,0)
and for submersions by

(X1, ey Ty ey ) = (X1, 0, ).

We obtain also the following version of the Inverse Mapping Theorem for differentiable
maps between manifolds: The differential d,® at p is an isomorphism iff ¢ is a local
diffeomorphism at p.

Immersions can be used to define a more general notion of submanifolds than we con-
sidered in Subsection 1.4.1, see for example [77%], [46%34] and [27]. Let us briefly discuss
this notion and its relation to our definition. A manifold N is called a submanifold of a
manifold M if N C M and the embedding

t: N — M
p—Dp
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is an immersion. Note that in the definition we require a differentiable structure on N,
so N already has a topology. Since N is a subset of M, we can also consider the induced
topology on N. In general, these two topologies are different. We only know that the
induced topology is contained in the topology as a manifold (this is simply the continuity
of the map ¢).

The manifold N is an embedded submanifold (also called a regular submanifold) if the
embedding ¢ is a homeomorphism onto its image, that is, the induced topology and the
topology as a manifold coincide. Otherwise N is sometimes called an immersed submani-
fold, to emphasize that it is not an embedded submanifold.

Of course we should verify that this definition of embedded submanifold is equivalent
to Definition 1.50. From Subsection 1.4.1 we know that the topology as a manifold and
the induced topology are equal, and from Proposition 1.53 that the embedding ¢ is differ-
entiable. Conversely, one can show that the above definition implies the existence of charts
as required in Definition 1.50 of embedded submanifolds by applying the Rank Theorem
2.27 to the given immersion.

Submanifold in the above sense can also be interpreted as parametrizations with ar-
bitrary manifolds as parameter set. Let ®: N — M be an injective immersion. We can
decompose ® = 1 o ® into a bijective map ®: N — ®(N) and the insertion ¢. Since ®
is a bijection, it induces a differentiable structure on N' = ®(N). Then N’ becomes a
manifold, ® a diffeomorphism, and : = ® o &' an immersion. But this means that N’ is
a submanifold of M.

Submersions can be used to implicitly define manifolds. Compare to Subsection 1.1.2,
where we discussed this construction for embedded submanifolds of R™. Let M and L
be two manifolds of dimension m and k, respectively, with £ < m. Let ®&: M — L a
differentiable map, ¢ € L and N = ®71(q). We call ¢ a regular value of ® if @ is a
submersion at each point in V.

2.28 Theorem (Regular Value Theorem) If ¢ € L is a regular value of ®: M — L,
then N is an embedded submanifold of M of codimension k.

Proof. Let p € N and n = m — k. Since ® is a submersion at p, the Rank Theorem 2.27
implies that there exist charts ¢: U — A and v centered at p and ¢, respectively, such
that the local representative ®,, is given by

(1o oy Ty Tt 1y - oy Toke) = (Tigds + ooy Tia)-
We show that for the chart ¢, we have
pPeUNN & (g™ (p)....o" " () = 0.
Note that for p’ € U, we have ®(p') = ¢ iff

V(@) = v (e(p') = ¥(q).
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Since 1(q) = 0, and the local representative is given by

Dy, (e(p)) = ("), ..., ")),

the stated equivalence is clear. Hence
e(UNN)=ANR",

and we have proved for every p € N the existence of charts as required in Definition 1.50
of embedded submanifolds. O

Just like injective immersions can be compared with a parametric description of varieties
(see above), submersions correspond to an implicit description of varieties.

2.3 Tensor Fields on a Manifold

2.3.1 Fiber Bundles

In Subsection 2.2.1 we have viewed the codifferential and the differential respectively as a
cofunctor and functor

d* :PtNMan — Yec and  d_: PtNan — Yec

from the category PBtMMan of pointed manifolds to the category Uec of vector spaces.
Specifically, if ®: M — N is a continous map between manifolds M and N, differentiable
at the point p € M with image ¢ = ®(p), we obtain linear maps d;®: T/N — T M and
d,®: T,M — T;N.

Suppose now that @ is differentiable at every point p € M. Then we can construct the
tangent spaces and differentials for all these points (we need not mention that everything
works just as well in the co-style). It would be nicer, though, to compress all these tangent
spaces into just two super-objects (one for M and one for N), and to paste together all the
differentials into one super-morphism between these two super-objects. This is what vector
bundles can do for us: they provide the kind of super-objects that we need here, and the
corresponding bundle maps are the required super-morphisms. Writing UecBnd for this
category, the differential comes out as a functor d: Man — YecBnd and the codifferential
as a cofunctor d*: Man — LVecBnd. But before introducing vector bundles, we will briefly
have a look at the more general concept of fiber bundles.

Let B be a fixed topological space. A bundle over B is a topological space F together
with a surjective continuous map 7: E — B. We call F the “total space” (containing the
“bundle points”) and B the “basis space” or just “basis” (containing the “basis points”),
whereas 7 is referred to as the “bundle projection” or just “projection”. A bundle over B
will be called a B-bundle for short. Now for some basic vocabulary about bundles.

e The fiber over p € B is defined as the closed set 7~*(p), denoted by E,,.
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e For an open set U in B, the slice over U, here denoted by FEy, is the bundle 71 (U)
over B, of course using the restricted projection 7|g,. (A more common notation for
Ey is actually E|y, but we prefer to make the relation to fibers more explicit: We
view E, as abbreviation for Ey,, except that {p} is not open.)

o Let E be another B-bundle. A bundle morphism (over B) is a continuous map
h: E — E such that m = 7 o h, where m and 7 are respectively the projections of F
and E. This means we have h(E,) C E, for every p € B.

e If h: E — E is moreover a homeomorphism, we speak of a bundle isomorphism (over
B), and we call the bundles E and E isomorphic. Note that h swaps E, and E, for
every p € B.

e The bundles over a fixed basis B form a category with morphisms the bundle mor-
phisms over B, a subcategory of the slice slice category Top | B, where Top denotes
the usual category of topological spaces with morphisms the continuous maps.

e More generally, one may also consider the bundles over arbitrary bases as a category,
this time a subcategory of the comma category Top | Top. Given a B-bundle E with
projection m and a B-bundle E with projection 7, a bundle morphism is given by a
continous map h: E — E together with a continuous map hy: B — B between the
bases such that hg o™ = 7 o h; in this case, one speaks of a map h “over” a map hyg.

Having a map h over a map hg, there is for each basis point p € B a point p = hy(p) € B
yielding the fiber inclusion h(E,) C E Conversely, every continous map h: E — E with this
fiber inclusion property determines the basis map hg: B — B uniquely via ho(p) = 7h(Ep),
but note that hy need not be continuous in general. At any rate, we may describe a morphism
between a B-bundle E and a B-bundle E as a continuous map h: E — E that fulfills the fiber
inclusion property such that the induced basis map is continuous.

A section (sometimes also called “cross section”) of a B-bundle FE is a continuous map
0: B — E such that m o 0 = 15. The geometric motivation for the name (meaning “cut”
in Latin) becomes evident in simple cases like a cylinder £ = S* x [0, 1], considered as a
bundle over the basis B = S. (The terminology is also consistent with the generic case:
In any category, if one has two morphisms 7: £ — B and 0: B — E with moo = 15, one
calls 7 a left inverse or a retraction for o and dually o a right inverse or a section for 7.)

In a general B-bundle E, it is not always possible—or at least not easy—to find a
section 0: B — FE. One is therefore often content with a local section, meaning a map
o: U — FE that is a section of Ey. Note that such sections form a sheaf—and this is
actually the motivation for the name “section” used in sheaf theory (see at the beginning
of Subsection 1.3.2). Certain powerful topological tools (like partitions of unity) allow the
construction of a global section (meaning a section o: B — E) from a collection of local
sections covering B.
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One important example of a bundle is the following. For a given topological space F,
we consider £ = B x F' as a B-bundle, using the canonical projection 7: B X ' — B
acting by m(p,v) = p. We call E the straight B-bundle with typical fiber F.

2.29 Definition The B-bundle E is called locally straight if every basis point p € B has
a neighborhood U such that Ey 1s isomorphic to a straight B-bundle.

In detail, there is for each such neighbor-
hood U of the basis point p a homeomorphism
0: By — U x F with 7(o~Y(p,v)) = p for all
p € U and v € F; such a map is called a
bundle chart of E over U. Obviously we can
write ¢ = (7, ¢@r) with a continuous fiber chart
pr: Ey — F. The fibers F' need not be the
same for different bundle points p, but we have
always [’ = E,. If all fibers are indeed homeo- N

morphic to a fixed F', we call F locally straight
with typical fiber F'. (This terminology is con- O cB-s

J ==

o TSRS « F = [-1, 1]
QRS '
LHHAT

sistent with the case of a globally straight bun-
dle E = B x F, where each fiber is given by

{p}xF=F)
Note the analogy to manifolds here: Again
we have maps (bundle charts) for locally Figure 2.1: The Mdbius Band

“pulling down” a complicated structured (twist-

ing fibers in a B-bundle E) to a simple reference

object (a straight B-bundle). The point is that even though FE is locally straight, it may
still be globally twisted. Think of the Mobius band with basis S' and fiber [—1,1], as
visualized in Figure 2.1.

In analogy to manifolds, we can also introduce a bundle atlas for a locally straight
bundle as a collection of bundle charts whose domains cover the total space (or equivalently
their projections cover the basis space). Hence we can read Definition 2.29 as characterizing
the locally straight bundles as the ones having an atlas. Again similar to manifolds, a
bundle structure is a maximal bundle atlas (with respect to set inclusion), containing all
admissible bundle charts. In fact, we have not yet restricted the transitions—which we will
do by the structure group to be introduced below—so that all bundle charts are admissible
at this point.

On a locally straight B-bundle E, local sections o: U — FE always exist. Moreover,
they are in bijective correspondence with the continuous maps ¢: U — F, which we
might call fiber maps: Given an admissible bundle chart ¢: Ey — U x F, we obtain
fiber maps from local sections via 6(p) = ¢r(c(p)) and local sections from fiber maps via
a(p) = ¢~ (p.5(p)).

Note that the homeomorphism type of E), is locally constant in every B-bundle E, so
we have a typical fiber at least for every connected component of B. In particular, all
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bundles over a connected basis B do have a typical fiber F' = E, for all p € B. Hence it is
only a small step from locally straight bundles to fiber bundles.

2.30 Definition A fiber bundle is a locally straight bundle with a typical fiber.

Let us return to the analogy with manifolds. The crucial idea of a C" manifold is that
every point has a neighborhood that is locally mapped to an open set of R™ in such a way
that all the transitions are C”. One can impose similar restrictions on the bundle charts
of a fiber bundle.

Recall that every B-bundle E' comes with a bundle atlas, which can be extended to
the unique bundle structure consisting of all admissible bundle charts—just like in the
manifold case. If E is a fiber bundle with typical fiber F', every admissible bundle chart
can be cast into a map ¢: Fy — U x F. Now let ¥: Eyy — V' X F' be another admissible
bundle chart with non-empty overlap W = U N V. Then the bundle transition from ¢ to
1 is given by the homeomorphism

lyp = " W X F—W x F.
Since 1y, is a bundle isomorphism, we have

Lyo(p,v) = (p, 1y (p)v) with 1), (p): F — F

being a unique homeomorphism depending on the basis point p; let us call 1;}@(])) the
fiber transition at p from ¢ to . (Note that, for the moment, 1}, (p) is just a convenient
notation for a certain map depending on the chosen charts ¢ and ¢; it has nothing to do
with derivatives, which are not even defined when the fiber is a plain topological space!
But in the special case of tangent bundles on a manifold, 1j, (p) will indeed be the good
old transition Jacobian: the derivative of the coordinate change 1, around p.)

The fiber transitions obviously form a group. Taking any homeomorphism ~ of F' and
any open set W of B, one can build admissible bundle transitions (1y, ), from any chart
 with domain W to its corresponding chart (1y,7) o ¢ with the same domain W. Hence
the group of fiber transitions is given by all homeomorphisms of F. In order to restrict
the possible transitions in the bundle, we must prescribe a smaller subgroup G. Usually
one thinks of G not as a subset of the full homeomorphism group of F', but as a separate
group acting effectively on F. Moreover, one also specifies a topology on G such that G
can be required to act continuously on F'; this is sometimes convenient for fine-tuning the
admissible transitions. Let us summarize these ideas.

2.31 Definition Let E be a fiber bundle over B with typical fiber F and with a topological
group G acting effectively on F' as a group of homeomorphisms. Then E is said to admit
the structure group G if there is a continuous map Oy,: W — G for any two admissible
charltj ¢ and ¢ with overlap W C B such that 1}, (p)v = Oyy,(p) - v for allp € W and
ver.
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For the sake of a readability, we identify the homeomorphism 1), (p): F' — F and
the group element ©y,(p) € G, using the former for the latter. A fiber bundle with
structure group G will briefly be called a G-structured bundle. Just as with manifolds
constructed via patchwork (see Subsection 1.2.3), the fiber transitions from G satisfy the
three transition conditions, thus making the gluing relation an equivalence (for all base
points in the appropriate overlaps): reflexivity ©,, = 1p, symmetry ©,4,0y, = 1r, and
transitivity Oy, = O,y Oyp. As in Subsection 1.2.3, the third condition—also named the
“cocycle condition” in Cech cohomology—implies the other two.

The geometric significance of the structure group is to impose various symmetry con-
straints on how the fibers can by glued together. As an example, consider the Mobius
band (Figure 2.1), an S'-bundle with typical fiber ' = [—1,1]. One can impose Z, as a
structure group on it because running 360° around the band one will end up on the same
fiber with opposite orientation, corresponding to a fiber transition F' — F' that flips the
interval F' via v — —u.

Everything which we have done up to now (bundles, bundle morphisms, sections, fiber
bundles, structure groups) can be specialized to the category of manifolds: Just replace
all topological spaces by manifolds and all continuous functions by differentiable ones. So
a differentiable fiber bundle is a manifold E based on a manifold B with a manifold F' for
its fiber, and the projection 7: E — B would be a differentiable map commuting with
the (differentiable!) canonical projection B x F' — B. A structure group for E would be
required to be a Lie group with a differentiable action on F', inducing differentiable fiber
transitions.

Before proceeding to the next subsection on vector bundles (bundles with linear fibers

and linear structure groups—as we shall see soon), let us mention a few other special cases
of fiber bundles.

e In complex analysis, covering spaces are an important tool for classifying analytic
continuations. We can view them as fiber bundles with discrete fibers.

o [f the fibers have a free and transitive group action, one speaks of a principal bundle.
In this case, the fiber itself serves as a structure group.

e The n-dimensional disk bundle has as fiber a disk D" = {z € R" | ||| < 1}. Its
structure group is often required to be a subgroup of the orthogonal group on R".

e Analogously, the n-dimensional sphere bundle has a sphere S™ = {z € R™ | ||z| = 1}
for its fiber, and again the transitions are often restricted to rotations. Disk bundles

and sphere bundles are used for constructing the Thom space of a vector bundle;
see [23%3].

A few words on the terminology in the theory of fiber bundles and vector bundles. First of
all, we must confess that to some degree we have introduced our own terms here because there
seems to be no global agreement on how to name various key concepts of the theory.



CHAPTER 2. THE TANGENT SPACE 79

For example in [23'%7], a bundle E over B is called a “topological space over” B, without
mentioning the projection m; whereas in [7%%], they call 7 a “bundle projection”, ignoring the
total space E. Our own usage of the “bundle” is similar to [58].

Speaking of a bundle E over B suggests a rough parallel to vector spaces V over a field K.
In this comparision, V corresponds to £ and K to B, so “vectors” are like “bundle points”
and “scalars” like “basis points”, while the heterogeneous operation -: V x K — V has a vague
counterpart in the projection 7: £ — B. Moreover, the brief name “B-bundle” corresponds to
the common term “K-vector space”. Generalizing the analogy from vector spaces over a field K to
modules over a commutative ring K, a straight B-bundle B x F' with typical fiber F' corresponds
to a free K-module K¥ with generators F.

The term “(locally) straight bundle” is also nonstandard; the usual name is “(locally) trivial
bundle”. We prefer the more explicit term that refers to the geometric contents of this concept:
Calling something trivial just provokes the question: trivial with respect to what? The expres-
sions “fiber chart” and “fiber map” are also new (there seem to be no words for them in the
literature). Note also that the pictorial terminology of “slices” is uncommon, the usual term
being “restriction”.

For the transition of bundle charts, the terminology in the literature is again undecided. Some
people use the name “transition function” for what we called “bundle transition”, some use it for
our “fiber transition”. We find it more useful to distinguish them in a natural way by referring to
what they act on (either on the “bundle” in its locally isomorphic manifestation or on the fiber).

Regarding structure groups, we have a small problem with our terminology of B-bundles: In
the literature, a fiber bundle with structure group G is sometimes called a “G-bundle”. This
would conflict with our notion of B-bundles since it may not always be clear from the context
(at least a check would be distracting) that B is a basis space and G a group. But we may
instead speak of a “G-structured B-bundle”, roughly analogous to speaking of an “n-dimensional
K-vector space”.

2.3.2 Vector Bundles

As announced in the previous section, we are especially interested in those fiber bundles
that have linear fibers and linear structure groups (subgroups of the corresponding general
linear group).

2.32 Definition An n-dimensional vector bundle is a fiber bundle with typical fiber an
n-dimensional vector space V' and linear fiber transitions V- — V.

Obviously (recall we are only dealing with real vector spaces), we may replace V' by R"
if we choose a basis. In particular, a one-dimensional vector bundle (also known as a line
bundle) may be fibered by R. For general vector bundles (like a Lie algebra or a space of
algebraic tensors), however, there may not always be a natural basis.

If E and E are vector bundles over the same basis B, a vector bundle morphism is a
bundle morphism h: E — E restricting to linear maps on all fibers (then h is sometimes
called a “fiberwise linear” map). This means the restriction h: E, — E, is a linear map
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for every p € B. We observe that, with these morphisms, the vector bundles form a (non-
full) subcategory of the fiber bundles. If E is a vector bundle over a different basis B, a
morphism h between F and F is a fiberwise linear morphism of fiber bundles. This makes
the vector bundles (over arbitrary bases) a subcategory LecBnd of the fiber bundles (over
arbitrary bases).

Just as with fiber bundles, one may specialize to the category of C" manifolds, defining a
differentiable vector bundle as a vector bundle that is at the same time a differentiable fiber
bundle (and hence all the more a manifold). So we have a manifold with a differentiable
projection to a basis which is also a manifold, and the structure group is a Lie group. The
corresponding morphisms are of course also assumed to be differentiable maps; let us write
this category as LecBnd,, with the understanding LecBno = VecBn0,.

Before we proceed to our most important example—the cotangent and tangent bundle
of a manifold—Iet us mention that one can use the basis space for transferring its topology
(in case the basis is a manifold, also its differentiable structure) to the total space, thus
building a vector bundle (in case the basis is a manifold, even a differentiable vector bundle)
on what is called a “vector prebundle” in [8%)].

More specifically, a vector prebundle is given as follows: We have a set F, a basis space
B, a surjection 7w: E — B, an n-dimensional vector space V', and an atlas 2 of prebundle
charts ¢: Fy — U x V. The latter condition has the expected meaning:

e The U C B are open sets such that the slices Ey; cover E.

e Each ¢ is a bijection with m(p=(p,v)) =pforallpe U and v e V.
e The bundle transitions 1y,: U x V — U x V' are homeomorphisms.
e The induced fiber transitions 1), (p): V' — V linear.

Note that 2 is then a bundle atlas for E except that E has no topology, so we cannot speak
of ¢ as a homeomorphism. But we can endow F with a topology in the same manner as
in Proposition 1.11, namely by requiring all prebundle charts to be homeomorphisms (and
thus charts). Then E becomes indeed a vector bundle with continous projection 7 and
bundle atlas 2.

Now assume that F is what could be called a differentiable prevector bundle, meaning
that—in addition to the above—the bundle transitions 1y,: UxV — U xV are C" with B
an m-dimensional C" manifold (this includes of course the case when the bundle transitions
are smoother than B). The first condition can also be formulated [31*?] by requiring that
all group operations

U— GL(V), pr— 1,,(p)

are C". Now each bundle chart ¢: Fy — U x V may be followed by a B-chart U — A
going into an open set A C R™ and a component chart V' — R" corresponding to a fixed
basis in V. Combining these, one obtains an E-chart ®: EFy — A x R™ making E into an
(m + n)-dimensional C” manifold. Hence E is a differentiable vector bundle.
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One may even go one step further [41'°7]  starting without the total space E and the

prebundle charts ¢: Eyy — U x V. One starts from an open cover (U; | i € I) of a C" basis
manifold B having at each point p € B a group of fiber transitions ©;;(p): V — V that
fulfills the cocycle condition O;0;;, = Oy, and induces a C" map ©: U; N U; — GL(V).
Then one can construct the total space E as a C" manifold, along with a C" bundle atlas,
in a manner similar to the patchwork construction of Subsection 1.2.3.

As announced at the beginning of this section, we can now summarize the cotangent
and tangent spaces in one convenient data structure—a vector bundle, utilizing the above
construction based on a vector prebundle.

2.33 Definition The cotangent and tangent bundle of an n-dimensional C™ manifold M
with r > 0 are respectively given by the disjoint unions

"M = |H ;M and TM = |4 T,M

peEM peEM

over the basis M with the natural bundle projections.

Note that T*M and T'M are the total spaces of the vector bundle. By the definition of
disjoint union, it consists of pairs (p, d) and (p,v) with basis point p € M and fiber vectors
d € Ty, and v € Ty. Then the natural bundle projections 7"M — M and TM — M
operate by (p,d) — p and (p,v) — p, respectively.

Next we introduce the bundle charts of the cotangent and tangent bundle. Let 2 be a
differentiable structure on M and take a chart x € 2 with domain U C M and coordinate
patch A C R™.

One slight technicality has to be addressed at this point. Up to now we have always
used charts centered at a fixed point p; for bundle charts we have to relax this restriction
since we need the components for the (co)vectors in a whole neighborhood of a point. Since
the components are defined in terms of the rate (|) at a fixed point p, it suffices to generalize
(|) to non-centered charts. This is done in the obvious way: Let f be any function germ
at p, and let ¢ be any curve germ through p = ¢(t). Then we set (f|c) = (f|¢), where ¢ is
the centered curve germ through p defined by ¢(7) = ¢(7 — t). And if = is any chart with
x(p) = xo, we define

(fle™) = (foa™) (w0) = (flwi) &',
(zle) = (zoc)(t) = (a'|c) 0

for the rate of a chart along a curve and the rate of a function along a parametrization.
Using this generalized rate, a cotangent vector d = [f]~ € Ty M has a again the components
(d|z = (flz~') and a tangent vector v = [c]. € T,M the components (z|c). Now we can
define the bundle charts.
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The map
(x|: T"My — U x R,
(p,d) — (p,(dl:)
is a bundle chart of T*M. We write
A = {(z] |z € A}

for the collection of bundle charts.

82

The map

|z): TMy —UxR"
(p,v) = (p;[v)z)
is a bundle chart of TM. We write

2) = {lz) | = A}

for the collection of bundle charts.

As explained above, (| and |2() turn 7*M and T'M into differentiable vector bundles,
if we can ensure certain conditions: If z: U — A is another chart with overlap W = UNU,
the bundle transitions come out as follows. For any basis point p € M, the transformation
formulae (2.5) yield

or ,_ 0T

x
for all a € R,, and h € R™; here we have written Zo = Z(p) and zo = z(p). In other words,
we have

Uz (P) a = a1, (To) and  1i5,(p) h = 15, (z0) h

for the corresponding fiber transitions. Note that these maps are indeed linear and the
group operations

W — GL(T; M), p+ 1'(:E|(x‘(p) and W — GL(T,M), p— 1"@‘96)(]))

are C"7!. Hence we may conclude that 7*M and T'M are 2n-dimensional differentiable
vector bundles of class C" 1.

Finally, let us interpret the codifferential and differential as appropriate vector bundle
morphisms. Let N be another manifold and let ®: M — N be a sufficiently smooth map
(and a bijection in case of the codifferential).

The map The map

d*d: T*N — T*M dd:

(®(p), d) — (p, (d,®) d)

is called the codifferential of ®.

TM — TN
(p,v) = (2(p), (dp@) v)

is called the differential of ®.

Both d*® and d® are obviously vector bundle morphisms. Moreover, the observations
at the end of Subsection 2.2.1 can now be reformulated as follows. We have the generalized
uniformity relation

d* 1M = 1T*M and dlM = 1TM
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and the generalized chain rule
d(PoVW)=dVod® and d(Vod)=d¥Vodd

if U is a map (of the same type) from N into another manifold. Writing 9tan,. for the cate-
gory of C" manifolds (with r > 0), we may thus view the codifferential and the differential
respectively as a cofunctor and functor

d*: Man! — VecBno,_; and d: Man, — VecBnd, 4,

just as promised at the outset of this section. There is just one catch in this apparent
symmetry (a situation that will reappear when we consider pushforward and pullback
of tensors in Subsection 2.3.4): As mentioned above, the codifferential works only for
bijections, so the category 9Man, must be restricted to C" diffeomorphisms; this is what
the notation Man,. tries to suggest.

2.3.3 The Tensor Bundles

A differential form and a vector field assign respectively a cotangent and a tangent vector
to each point of a manifold. In this subsection, we make this more precise by using the
construction of the (co)tangent bundle from the previous subsection. After recalling some
facts of the tensor product from Linear Algebra, we discuss the generalization to tensor
fields, which assign to each point a tensor.

Let M be an n-dimensional C" manifold with » > 1. Then we know from the previous
subsection that the (co)tangent bundle is a C™! manifold with a C"™! projection.

A differential form on M is a section A wector field on M is a section
w: M —T"M &M —TM

of the contangent bundle, meaning | of the tangent bundle, that is, meaning
w(p) € Ty M for all p € M. E(p) € T,M for all p e M.

More precisely, we speak of C* differential form or vector field if the section is a C'* map
where s < r — 1. For the sake of symmetry, differential forms are sometimes also called
covector fields.

Now we discuss how differential forms and vector fields can be represented using local
coordinates. Let 2 be a differentiable structure on M and take a chart x € 2 with domain
U C M and coordinate patch A C R". Then for every point p € U, we have respectively
the natural

cobasis dz'(p),...,dz"(p) of TYM and basis dz1(p), ..., dz,(p) of T,M.

So for any differential form and vector field there exist respectively component functions
v1,...,v, and v, ... 9™ on U such that we obtain a local representation

w(p) = (p,vi(p) da’(p)) and &(p) = (p,v'(p) dai(p)).
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It is clear that the differential form or vector field is C* if and only if the corresponding
component functions are C*°.

Let z: U — A be another chart with overlap W = U NU. Then we know from (2.6)
the transformation laws

oz’ Y,
v = v; and ?'= v,
‘ 8:2’1 J 81’]'
for the components of a (co)tangent vector. Recall that here 0z /0x denotes the transition
Jacobian from z to  and 0x /0% its inverse. From these equations we immediately obtain

the transformation laws

ox? oz’

@i(p)za—ji(fo)vj(p) and ¥'(p) = &Cj(xo)vj(p)

for the component functions, writing again Zo = z(p) and zo = z(p).

We recall some facts on the tensor product. Let U and V' be K-vector spaces. Then
we know from Linear Algebra [3250%] that there exists a K-vector spaces U ® V, called a
tensor product of U and V', together with a bilinear map

R:UXV -UV

having the following universal property: For any bilinear map f: U x V. — W with W
being a K-vector space, there exists a unique K-linear map f: U ® V — W such that

f=fow.

The tensor product is unique up to isomorphism. Moreover, if U and V are finite-
dimensional with bases

(ei)lgigm and (fj)lﬁjﬁm

then
(ei ® fi)i<icmi<i<n

is a basis of U ® V, so that dimU ®@ V = dim U - dim V. Considering multilinear instead
of bilinear maps, one can analogously define a tensor product of finitely many K-vector
spaces.

2.34 Proposition For finite-dimensional vector spaces, a tensor product of U and V is
given by the K -vector space L*(U*,V*; K) of bilinear maps from U* x V* to K.

Proof. To show that it is a tensor product, we have to construct a bilinear map
®:UxV — L*(U* V5 K)
satisfying the universal property. For any (u,v) € U x V| we define a bilinear map

uRu: U x V"= K
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by

u@v(u,v*) =u*(u) v (v).

It is easy to see that ® is a bilinear map. Let (e;) and (f;) be respectively bases for U and
V with dual bases (¢¥) and (f!). Then

e; & fj(ekufl) = ¢;(e") fj(fl) = oF 5;»

so (e; ® f;) is a basis of L*(U*,V*; K). Let now f: U x V — W be a bilinear map, given
by its values

flei, ;) =wy; €W
on the tuples (e;, f;) of basis vectors. Then f defined by

flei ® f;) = wy;

obviously satisfies f = f ot, and we have shown that L?(U*, V*; K) is indeed a tensor

product of U and V. 0

Analogously one can show that a tensor product for finite-dimensional K-vector spaces
Vi,...,V, is given by the K-vector space of multilinear maps from Vi* x --- x V¥ to K,
denoted by

Loy, ... V5 K).

Moreover, by identifying a vector space V with its bidual V**, we see that a tensor product
of U* and V* is given by L?(U,V; K). Thus we have

Us@V*=IL2U,V:K) and U®V = LX(U*,V*; K).

Let V be a finite dimensional K-vector space of dimension n, and «, § positive integers.
The K-vector space T*?(V) of tensors of valence [g} and rank o + 3 on V is a tensor
product of § copies of V* and « copies of V', so that

Tayﬁ(v)zv*®.®V*®V®..®V:LOL+5(V"V’V*”V*7K)
T A

Elements of 7%(V) are also called (a, 3)-valent tensor or contravariant of order o and
covariant of order [3.

Let (e;) be a basis of V and (&) the corresponding dual basis. Then we know that a
basis of T%#(V) is given by

R Re, QR e,
so dim T%A(V) = n®*# and any tensor t € T%?(V) can be written uniquely as

10y i . .
t:tjll ..... j(;e']l®...®€]ﬁ®ei1®...®eia
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i1yl
jlr"’jﬁ _
If (€;) is another basis of V' with the transition matriz (¢}) from (e;) to (&), we have

with an array ¢ of components in K.

Let (c!) denote the inverse of the transition matrix. (Precisely speaking, the transition
matrix itself is an object ¢~ and its inverse an object ¢_. In connection with these objects,
one imposes the index convention that barred indices are always to be used under the barred
positions of these matrices, while unbarred indices must only be used in their unbarred
positions. Hence one may leave out the overbars on the indices in barred positions—
which would anyway look ugly from the typographic perspective.) Then we know that the
corresponding dual basis (&) for (&;) transforms with the inverse transpose of the transition
matrix, so that the relation
el =cé.
is fulfilled.
By multilinearity of the tensor product we obtain the transformation law

Uyeensla __ J1 . Jg L. 1150l
til,mJﬁ - Cjzl CJ_B Ci Ciq tjl,...,jﬁ (2'13>

for the components of a tensor.
Interpreting ¢ as multilinear function

b VX x VXV x o x V= K,

3 o
we have
I la\ _ 4l1,..50
t(ekl,...,6k5,6 ,...,6“)—1&,{17.“71(%,
and for
k
v =viler,, ..., v5 = vg'er, and d'=dj e, ... d* =d e
we obtain by multilinearity
1 a\ _ gliyenla k1 kg 11 e
t(vl,...,vﬁ,d,...,d)—tk17...’kﬁvl ""Uﬁ dll"'dla.

Let us collect here some additional notes about the tensor product of K-vector spaces V= K™
and W = K. Besides the “official” way of introducing the tensor product V ® W by way of its
universal property (leading to V @ W as a suitable quotient of the space K (VW) "4 construction
that generalizes to arbitrary commutative rings K ), there are three alternative definitions:

Basis-free: As discussed in the text, one can set V@ W = L2(V*, W*; K)

Basis-invariant: One can introduce V ® W in a fasion similar to the component spaces intro-
duced at the end of Subsection 2.1.3.

Basis-depenent: If xq,...,x,, and y1,...,y, are bases respectively for V and W, we can also
interpret V ® W as a suitable space of the noncommutative polynomials.
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Each of these constructions of V ® W must also provide an appropriate definition for the universal
map ®: V xW — V ® W, and we shall see that this is indeed the case.

Depending on how the spaces V and W are given (and what one wants to do with them), one
will give preference to one or the other. The basis-free definition is best suited if V and W are
given in the usual way, namely as sets with operations like +: V XV — Vand -: RxV — V,
subject to certain well-known axioms. If V and W are given as torsors (see Section 0.2), however,
one would naturally use the basis-invariant definition. And if V and W come with specific bases,
the bases-dependent definition is of course most convenient.

We have already discussed the basis-free definition. We define V@ W = L2(V*, W*; K) with
the universal map ®: V x W — V ® W is obviously by v ® w (v*, w*) = v*(v) w*(w). See the
text above for a more detailed treatment.

The other extreme is the basis-dependent definition. Assume V has the basis (z1,...,Zn)
and W the basis (y1,...,¥yn). Then we may view both V and W as subspaces of the noncom-
mutative polynomial ring K(x1,...,Zm,¥y1,---,Yn), namely as the corresponding linear spans
V=K(xy,...,xm) and W = K(y1,...,y,). Then we may set

V®W:V'WgK<xl7"'7xmuy17"'7yn>7

where - denotes the usual product of noncommutative polynomials, which sereves also as the
universal map «: Vx W -V W.

This sheds more light on the intuitive meaning of tensors: They are just the noncommutative
analogs of mixed homogeneous polynomials of degree two (also called bilinear forms!), and this
can be continued. For any vector space V, its tensor algebra is given by the direct sum of
arbitrarily high tensor products V' =V ®...® V as

7

W)= PV,
n=0

so we have T(V) = K(z1,...,xy) where (z1,...,Ty,) is again a basis for V.= K(x1,...,zy,). If
(y1,.-.,Yn) is a basis for the vector space W = K(y1, ..., yn, we see that

V@W:K<x17"'7wmny17"'7yn>

so VoW <Z(V e W) is just that part of the tensor algebra that combines exactly one “inde-
terminate” from V with one “indeterminate” from W. As we said before: Mixed homogeneous
polynomials of degree two.

For the basis-invariant definition, we use the language of torsors (see Section 0.2). So let V'
and W be contravariant component spaces with “abstract bases” B and C with dimensions m
and n, respectively. Then every v € V is an equivariant map v: B — R"™ and equally every
w € W an equivariant map w: C' — R™. Now we consider the “abstract bases” B x C and the
component array R™*" as torsors over GL,,(R) x GL,(R). For the component array, we have
to view m = {0,1,...,m — 1} and n = {0,1,...,n — 1} in their ordinal character. On B x C,
the action of GL,,(R) x GL,(R) is given by the torsor product. For M € R"™*"™ we define the
action of (S,T) € GL,,(R) x GL,(R) by

(8,T)-M = S'MT;
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note that this is just the usual transformation rule for the components of a bilinear form [3252%].

We can now define V® W to be the set of all equivariant maps between the GL,,(R) x GL,(R)

torsors B x C' and R™*". This gives a vector space of dimension mn, as one may easily check.
The universal map ®: V x W — V ® W is constructed as follows. Given two equivariant

maps v: B — R™ and w: C — R", we construct the map
v@w: BxC—R™™",
(8,7) — ((0,9) = vi(B) wy())

so that v ®@w behaves just like a bilinear form should behave. Hence v ®@w is indeed an equivariant
mapvQ@Qw €V @ W.

Of course, one need not stop at tensoring two vector spaces; the same approach works for
defining V} ® --- ® V,, yielding tensors of valence [g] In fact, one can immediately introduce
tensors of arbitrary mixed valence [g] , and this is where the torsor construction shows its benefits
(assuming V; = ... =V}, for simplicity): The construction is completely symmetric in co- and
contravariant components. Indeed, assume a dual pair of vector spaces (V*,(|), V) is given as the
space of equivariant maps from a set B of “abstract bases” to R,, and to R", describing the co-
and contravariant vectors, respectively. Then a tensor of valence [g] is just an equivariant map

T7: B — lR,"aX"ﬁ,

where
na:{mm {0,1,...,a—1}—>{0,1,...,n—1}}

and likewise n® are to be understood in the sense of ordinals. The action of a transition matrix
c=c¢" € GLy(R) on a component array t € R™ " results in another component array c-t =
fe R™*" given by

Flela 31 B J1 . I8 i1l
tjlw-JB =C;, ¢ C.%l s tj17---7jﬁ’

which is just the tensor transformation law (2.13), again using c_ for the inverse of ¢~ in the way
described above.

We can now apply the construction of the tensor product to the tangent space of a
manifold and define tensor fields, which assign to each point of the manifold a tensor. We
first have to generalize the definition of the (co)tangent bundle to tensor bundles. Recall
that

.3 S ot *
1 M.—TpM®---®Tp]\4J®TpM®---®Tp]\/£

'
[0

B
is an n®tA-dimensional vector space.

2.35 Definition The tensor bundle of valence [g} of an n-dimensional C" manifold M
with r > 0 is given by the disjoint union

T°PM = |H T M

peEM

over the basis M with the natural bundle projection.
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Similar to Subsection 2.3.2, we can turn T%°M into (n + n®"%)-dimensional differen-
tiable vector bundle over M of class C"~!. Note also that

TOM =TM and T°'M =T*M

recovers the (co)tangent bundle.

A tensor field of valence [§

6] on M is a section

M — T M

of the tensor bundle T’ M, meaning 7(p) € TI?‘ﬂM for all p € M. More precisely, we
speak of C'*® tensor field if the section is a C* map where s < r — 1.

We can represent tensor fields using local coordinates, as before differential forms and
vector fields. Let z: U — A be a chart. Then there exist component functions t;i """ “ on
U such that we obtain a local representation

.....

where we omit the dependence on p in the basis vectors. It is clear that the tensor field is
C* if and only if the corresponding component functions are C*.

Let Z: U — A be another chart with overlap W = UNU. Then from the transformation
laws (2.6) for the (co)tangent vectors and (2.13) for the components of a tensor, we obtain
the transformation laws

_ J1 Jjg Ayl Flo )
R o Ay (2.14)
0%5 0%y, Ox; Oz,

for the component functions of a tensor, where everything depends on p.
The set of all sections of the tensor bundle of valence [g} is denoted by 7% M. Note

that 7%%M is just the sheaf of differentiable functions on M; one may check that every
T>PM is also a sheaf, accordingly called the sheaf of tensor fields of valence [g] The

special cases of vector fields and differential forms will be denoted by ZM = T%°M and
QM = T%' M, respectively.

2.3.4 Pullback and Pushforward

We now discuss the pullback and pushforward of tensor fields for a differentiable map.
Again we first consider the situation in Linear Algebra, so let A: V' — W be a linear map
between finite dimensional K-vector spaces. The dual map

A W* =V~

is defined by w* — w* o A. Note that W* = T% (W) and V* = T%!(V). We can generalize
this idea. The dual of a linear map induces the pullback on covariant tensors of order (3,
which is again denoted by A*. More precisely, we have the linear map

A TP (W) — T (V)
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defined by _ ' ' _
N ReP i AR ® AT,

Analogously, A also induces a map
A TOV) — T (W),
defined by
e, ® - e, '—>A€i1®"'®A€ia

and known as the pushforward on contravariant tensors of order a.

If A is an isomorphism, we can define respectively the pushforward of covariant tensors
of order 3 as the pullback of A~! and the pullback of contravariant tensors of order o as
the pushforward of A=!. So for an isomorphism A, we can define the pullback

A" TP(W) — T*F(V)
of mixed tensors by
NP RIPRe, DR, AR QA RA G, @ A e,
and the pushforward
Ay TPV — T*P(W)
by

QR Re, @ ®e, = (AT @@ (A7) ® Ae;, @ @ Aey,,,

containing the previous definitions as the special cases @« = 0 and 3 = 0.

We can also apply the pullback and the pushforward pointwise to tensor fields along a
diffeomorphism ®: M — N, where the differential d®: TM — TN plays the role of the
linear map A and accordingly the codifferential d*®: T*N — T*M the role of the dual
map A*. Writing the arguments of ® as subscripts for readability, this yields

d*r: TN - T*PM
(®p, 7) = (p,d, 7(p))
for the pullback of & and

o7 TYPM — TN
(p7 7') = (p7 de((I)p))

for the pushforward of ®. If one takes a chart/parametrization for ®, one may use the
pullback and pushout of tensors for extracting their components with respect to ® in
complete analogy to Proposition 2.24.

Let us analyze the important special case of differential forms w: M — T*M and
vector fields &: M — TM a bit closer. The diagram below illustrates the definition of the
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pushforwards ®,£ and ®*w as well as the pullbacks ®*¢ and ®*w. Up to now we have
always assumed that ® is bijective. In the diagrams we see that this is actually needed—
except in the one case of ®*w, because we can compute ®*w = dj ow o ® without inverting
either the map itself or its linearization. In the other three cases, we need the inverse of
either one of them or both. Note that the failure for ®*¢ and ®,w is already apparent for
linear maps A as discussed above; but the failure for ®.£ and ®,w only comes from not
being able to “transport” the tensors to the right points of M, a phenomenon that we have
already encountered in the definition of the codifferential on the cotangent bundle.

M L} N M .......... CI> ........ 5 N
¢ e 3 ¢
TM ................. N TN TM - TN

dd dd

M L N M .......... cI) ........ 5 N
w Pw P*w w
T*M .............. > T*N T*M - T*N

(d" @)1 (d @)1

The above diagrams have been drawn in the style of categorical pullbacks and pushforwards
(actually the latter is then usually termed “pushout”). The idea is that the morphisms represented
by the solid arrows are regarded as given (together with the three objects at their vertices)
while the ones represented by dotted arrows are to be found (together with the missing vertex).
For example, the upper left diagram would describe the pushout square for ®: M — N and
& M — TM, yielding the “fibered sum” TN, and d®: TM — TN for the pushout of ® along &
as well as ®,£: N — TN for the pushout of £ along ®. Likewise, the lower right diagram would
appear as the pullback square for ®: M — N and (d*®)~': T*M — T*N, yielding the “fibered
product” M, and ®: M — N for the pullback of (d*®)~! along w as well as ®*w for the pullback
of w along (d*®)~!.

The situation in manifolds is somewhat degenerate as compared with general categories be-
cause the horizontal arrows determine each other: Given a diffeomorphism ®: M — N, its
differential d®: TM — TN and codifferential d*®: T*N — T*N are fixed (and bijective again);
conversely, one can of course extract ® from the fiber maps d® and d*®. Hence the missing
vertical morphism is the only interesting thing (and thus the only one named “pullback” or
“pushforward”), and it is obtained by the appropriate composition of @, its linearization, and
the given (co)vector field.

We recall from Subsection 2.2.1 that the differential and codifferential were constructed by
“pushing forward” curve germs and codifferential by “pulling back” function germs, respectively.
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As the names suggest, there is some connection between these notions of pushforward/pullback
and the ones we have been studying now. As before, we consider manifolds M and N, a diffeo-
morphism ®: M — N, a vector field £&: M — TM, and a differential form w: N — T*N. Fixing
a point p € M with image ¢ = ®(p) € N, the pushforward is defined by

((I)*f)q = (dpq)) &p

and the pullback by
(P*w)p = (d;@) Wq,

where we have used the conventions £(p) = (p,§,) and w(q) = (¢,wy), with their analogs on
the left-hand side. As we can see from this, the pushforward of a vector field is a pointwise
application of the differential (a pushforward of a single vector), and the pullback of a covector field
accordingly a pointwise application of the codifferential (a pullback of a single covector). In other
words, the pushforward/pullback of vector/covector fields is a fiberwise pushforward/pullback of
single vectors/covectors.

In order to make these relations more explicit, let us first consider the pushforward. We
know [3138] that there is an integral curve c: R — M locally through p = ¢(0), meaning

£(c(t)) = die = (c(t), (1))

or briefer {.;y = ¢/(t) for all ¢ € R. (Recall the convention of identifying tangent vectors with
curve differentials as explained after Proposition 2.23.) For a curve point p = ¢(t), we can then
compute

(®:8)q = (dp®) [ep]~ = [(P o)yl = (P o c)'(t) (2.15)

for the pushforward of the tangent vectors. Note here the different meanings of the subscripts:
For vector fields, the subscript is defined in the previous paragraph, for the differential it denotes
the base point of the fiber, and for curves it passes to the curve germ. In equation 2.15 we can
see that the effect of the pushforward of a vector field is to “push forward” its integral curves in
the sense of Subsection 2.2.1.

We can express (2.15) more succinctly by introducing the tangent field of a curve ¢: R — M
as the vector field

C—-1C
c(t) — diec = (c(t),c (1))

on the submanifold C' = ¢(R) € M. We will write ¢ for this vector field (the context will remove
any ambiguity). Then c is an integral curve iff ¢ = £|¢, and equation (2.15) may be restated
as @, = (P oc). Since every curve may be seen as part of some vector field (its restriction),
we can forget about £. Then we can summarize equation 2.15 as follows: The tangent field of a
curve is pushed forward to the tangent field of its image curve.

We can do analogous things for the pullback. Given a differential form w: N — T*N, there
is a local potential function, meaning

w(q) = dof = (¢, f'(q))
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or briefer w, = f'(q) for all ¢ € N in a sufficiently small open region. (Recall the conventions of
identifying cotangent vectors with function codifferentials, also discussed after Proposition 2.23)
Writing the preimage points again p = <I>_1(q), we can now compute

(P*w)p = dy® [fol~ = [(f 0 )g]~ = (f 2 2)'(q) (2.16)

for the pullback of the cotangent vectors. In other words, the pullback of a covector field “pulls
back” its potential functions in the sense of Section 2.2.1.

In order to express equation (2.16) in a compact manner, we introduce the gradient form of
a function f: N — R as the differential form

N —T*N
q—dyf =(q,f'(q))

Again we will write f’ for this differential form (relying on the context for resolving ambiguity),
so f is a potential function iff f* = w. Now equation (2.16) can be stated as ®*f" = (f o ®)" and
verbalized thus: The gradient form of a function is pulled back to the gradient form of its image
function.

2.3.5 Various Tensor-like Quantities

Tensors are an incredibly flexible tool for describing many geometrical and physical struc-
tures occurring in practice; this is why one finds a stupendous array of tensor-like objects
with all sorts of (all too often inconsistent) terminology. Here are some examples from
geometry: length, area, volume, angle, curvature, torsion. Here are some examples from
physics: electro-magnetic fields and fluxes, stress and strain, stress-energy in relativity.

For some of these objects, one needs certain variations of tensors. We can try to
put some order into them by looking at their behavior under coordinate changes in an
n-dimensional manifold M. Locally at a point p € M, such a coordinate change is always
linear (realized by the transition Jacobian), so we are really studying GL(V') with V =
T,M. Roughly speaking, we can distinguish the following features in overview (more on
them later):

Translations: It is maybe stupid to mentions this here, but just to make sure: The fact
that we linearize chart transitions by their Jacobian includes a hidden transportation
to the origin of the tangent space. Hence translations are preserved ab initio—the
universe is isotropic.

Rotations: Every tensor-like quantity (even its most fancy variations) should respect
rotations. This is the core idea of all tensors, expressed in their transformation law:
We may violate this law for various special transformations, but never for rotations—
the universe is isotropic.

Dilations: Passing to tensors densities, we may get extra determinant factors when rescal-
ing some of its components. Geometrically, this means that the tensor spreads out
transversally.
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Reflections: Working with pseudo-tensors, we have to flip sign if orientation is reverses;
combined with densities, this brings in determinant factors with absolute value. Ge-
ometrically, the easiest example is the cross product of vectors.

Permutations: For quantitites—think of areas, volumes, angles—that extend in more
than one direction (more precisely: tensors with rank above one), the order of these
directions (more precisely: the order of the V' and V* factors in the definition of the
tensor bundle) may have a certain influence: The two extreme cases are: symmetry
(nothing happens) and antisymmetry (the sign flips).

Note that the first four operations are the basic building blocks of GL(V'), while the
last one allows to let GL(V') act on more than just single vectors. All these choices
are independent of each other, and they are also exhaustive in the following sense: Any
combination leads to some variation 7" of the plain tensor bundle 7', and GL(V) acts on T
by way of a linear representation. Conversely, any representation of GL(V') can be obtained
in this fashion. (This relation seems to be folklore among mathematical physicists, but
unfortunately I have not found any references.) The whole menagerie is seldom layed out,
although some physics book [50%¢] do mention all of the relevant “geometric objects.”

Let us start with the action of permuations. A tensor 7' of rank called pure if it is
either fully contravariant (having valence [{] then) or fully covariant (having valence [g]
then). For reasons of simplicity, we will restrict ourselves to these cases, viewing all tensors
as multilinear maps into R. Then we call T' symmetric if T remains invariant under all
permutation of its arguments and alternating (also called skew- or anti-symmetric) if 7T
changes sign for alternating permutations (one may obviously reduce these requirements
to transpositions). As one sees immediately, this gives subspaces of the corresponding
plain tensor spaces. In analogy to the usual contravariant and covariant tensors, this
gives respectively symmetric tensor bundles *M and X°M as well as alternating tensor
bundles AM and A?M. In their component arrays, symmetric/alternating tensors display
an analogous behavior, e.g. (skew)symmetric matrices in rank two; in fact, this was is the
old way of defining symmetric/alternating tensors—together with the remark that the
(skew)symmetry remains invariant under coordinate changes.

An arbitrary tensor may be symmetrized or alternated in the obvious manner (see [220%]
for details). This means we have projection maps Sym and Alt, both defined on 7*%M as
well as 7%# M, such that

Sym(7*°M) =M and Sym(7°°M) = %M,
AI(T*°M) = A°M  and  AW(T*°M) = A°M.

A tensor 7 is symmetric iff Sym(7) = 7 and alternating iff Alt(7) = 7. Furthermore,
Sym and Alt commute with pullback/pushforward (this means we can pull them back
and push them forward just as if they were plain tensors). In components, one indicates
symmetrization/alternation by putting round/square brackets around the indices [45%3%].
One may also multiply symmetric/alternating tensors by usual tensor multiplication with
subsequent symmetrization/alternation, resulting in a tensor with rank the sum of ranks.
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An alternative approach to symmetric/alternating tensors is via quotient spaces of the
plain tensors: One simply collapses the subspace generated by all commutators/anticommutators
of the basis elements. This is not essentially different from the selective approach outlined
above; in fact, we have just selected canonical representatives from the equivalence classes
of the quotient.

Of course, the symmetric/alternating tensor bundles are of a lower dimension than the
plain ones. In fact, one may restrict the tensor basis vectors (being tensor products of
basis vectors) for example to weakly/strictly ascending ones (meaning the indices of the
contributing basis vectors form a monotonically increasing / strictly increasing sequence).
Hence we have

dim XM =dim XM = ( I ), dim A"M = dim A;M = (k‘)
basis vectors in the respective cases.

There are two important examples that equip the manifold M with additional structure:
Metrics are elements of ¥2M, while symplectic forms are from A2M. In physics, we may
quote stress and strain or the moment of inertia, all coming from X2M as well.

The alternating structures are more important than the symmetric ones. An alternating
tensor of rank « is called a multivector or rank « or briefly an a-vector (for « = 1 we get
back the old vectors); an alternating form of rank 3 a multiform of rank 3 or briefly a
B-form (for B = 1 we get back the old linear forms). In the vector case, we may also
speak of monovectors, bivectors, trivectors and the like for a = 1,2, 3,...; the anlog for
multiforms seems to be uncommon—and the name “multiform” as well. The sections of
A*M are accordingly called a-vector fields, and their corresponding sheaf is denoted by
Q>M; the sections of A°M are then named the differential 3-forms, and their sheaf is
denoted by Z°M.

As an aid for visualization one may take the models given for M = R3 in the beautiful
booklet [56]. Then we may picture vectors of course as “arrows”, forms as “stacks” of
equally spaced sheets with a big arrow for orienting them, bivectors as “thumbtacks” with
designated tip direction, and biforms as an “grid” of equally spaces wires with a specific
current direction. Note that all these four objects have three components (since they are
tensors of rank 1 on a manifold of dimension 3), while the behavior of their components
under transformation is very different! Indeed, expanding the space uniformly shrinks an
arrow shaft but condenses the sheets of a stack. Expanding the space along a thumbtack
or a grid has no effect, but expanding it transversally shrinks the thumbtack head and
condenses the grid lines.

As explained above, multivectors and multiforms can be multiplied: an «;-vector times
an ag-vector gives an (o +ag)-vector, and a (3;-form times a (y-form gives a (31 + (32 )-form.
Hence the direct sum of all multivectors/multiforms gives an algebra, called the exterior
algebra of vectors/forms. This is important for the integration theory behind the general
Stokes theorem, where k-chains serve as the global analogs for k-vectors and k-integrals
for k-forms.
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For ezample, assume we want to integrate a “vector field” (doing a biintegral) over a
“surface patch” (a bichain) in space. An infinitesimal piece of the patch is spanned by
two vectors; since only are and orientation counts for integrating whatever quantity on the
surface patch, we may think of the path as the bivector formed by the product of the two
vectors. The integrand is a scalar f(p) depending on the point p of the surface patch and
the product of two differentials dx and dy; the precise formulation is that both dz and
dy are actually forms (stacks of sheets), whose product gives a biform (the grid of wires
at the sheet intersections); then the biform may evaluate the bivector (counting the wires
traversing the surface patch).

The n-forms w € ATM have a special role to play. If the manifold is orientable, they
can be used for determining the volume—this is why they are also called volume forms.
A manifold is orientable iff it has volume form that vanishes nowhere. Note that ATM is
a line bundle (also known as the “determinant bundle”), just like AYM = C™(M), so a
volume form is somehow like a scalar field. But the difference is that—unlike an honest
scalar field—a volume form expands if the basis vectors expand: after all, it is supposed to
measure out the volume spanned by the basis vectors! There is also an analog for n-vectors,
forming another line bundle (let us call it the “codeterminant bundle”).

Now let us go to tensor densities, also called “densitized” or “weighted” tensors. For a
basis-free definition of the corresponding bundles, one proceeds most conveniently by form-
ing the tensor product with certain line bundles of scalar densitites, also called “densitized”
or “weighted” scalars. For any p € R, a scalar density of weight p is a map u: A" M — R
with the property that for all A € R* one has

pAw) =27 p(w) or p(Aw) = A7 p(w);

such a densitiy is then called relative or absolute, respectively. In the literature, the relative
densities are mostly just called densities, whereas the absolute ones are often called pseudo-
tensors.

We write *I1P M for the space of all p-weighted scalar densities at p with 4+ designating
the relative and — the absolute ones. Besides the usual laws for the signs, one obtains the
isomorphisms I17* M @ [172M = T1P**P2 M and (IIPM)* = II7?M. The scalar densities of
weight 0 are obviously the old scalars. The product II"M @ ~II7"M is called the pseudo-
bundle; its elements, accordingly called pseudo-scalars, are like ordinary scalars except that
they flip sign when the orientation of the basis is reversed. In forming tensor products, of
relative/absolute tensor densities, they act like a minus sign (hence one needs only relative
or absolute tensor densitites once the pseudo-scalars are available).

For the common case of weigths p = nl with [ € Z, there is an additional interpretation
of tensor densities: twisting [ times with the determinant bundle for [ > 0 and with
the codeterminant bundle for [ < 0. (Forming the tensor product with a line bundle is
often called “twisting with such-and-such”. ) Another important relation is given by the
Weinreich duality [52%3], which associates k-forms with &’-vector densities where k' = n—k.
(One often leaves out the specification of the weight if [ = 1.) Note that we have silently
made this identification above when we described the visualization of bivectors and biforms.
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In coordinates, the effect of these twists is just what one expects: The tensor transfor-
mation laws (2.14) gets an additional factor (0z/0z)” for relative and |0z /0x|” for absolute
tensor densities of weight p. Tensor densities are seldom treated in the literature—if at all,
mostly by this coordinate characterization [47], [57].

Pseudo-tensors are important for integration on non-oriented manifolds. This is in
particular true for rank zero: pseudo-scalar densities (the “function” that one wants to
integrate), called “densities” in [31%%%]. Instead of a volume form, one needs a volume
pseudo-form in order to determine the volume of a non-orientable manifold (for example the
area of the Mobius band). On an orientable manifold, there is a bijective correspondence
between volume pseudo-forms and volume forms, so one does not notice the need of pseudo-
scalars there.

In physics, there is one famous group of quantities, namely the fundamental fields of
electro-magnetism as they appear in the Maxwell equations (everything alternating): The
electric field F is a monoform, the magnetic field H a biform, the electric flux D a pseudo-
biform, and the magnetic flux B a pseudo-monoform. (Note that in many texts, all these
quantities are sometimes just termed “vectors”—just because they can be described by real
numbers. Or because one may identify all four quantities if one has additional structure
like metrics. Or because one restricts oneself to orthogonal coordinate systems so that the
transition Jacobians are always rotation matrices.) Another case in point is the physicists’
distinction between azial and polar vectors: White the latter are plain old vectors, the
former ones are pseudo-vectors: vectors twisted by the pseudo-bundle.

In the presence of additional structure, there are numerous other ways of identifying
some of these objects. For example, in the presence of a Riemannian metric, one may
apply Hodge duality for associating k-forms with k’-pseudo-forms or—in case of an oriented
manifold—even with k-forms, where ¥’ = n — k. This is where the theory of manifolds
opens itself into the endless mathematical ocean of ever new structures ...
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