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{L.1) Definition. A module over a ring B (or R-module) is a st M
together with a binary operation, usually written as addition, and an op-
ieration of R on M, called (scalar) multiplication, satisfying the following
‘properties.

;8. M is an abelian group under addition. That is, addition in M is associa-
;’f tive and commutative, there is an additive identity element 0 € M, and
> eachelement f € M has an additive inverse - f satisfying f+(~f} = 0.
b Foralla € Rand all f,g € M, a(f + g) = af + ag.

it Foralle,be Rand all f € M, (a +b)f = af + bf.

';d Foralla,be Rand all f € M, (ab)f = a(bf).

& 1f 1 is the multiplicative 1dent1ty in R, 1f = fforall f € M.

(1.1} Definition. Consider a sequence of R-modules and homomorphisms

o Mt 5 M B M —
a. We say the sequence is ezact at M; if im(yp;41) = ker(yp;). ‘
b. The entire sequence is said to be exact if it is exact at each M; which
is not at the beginning or the end of the sequence.

(1.9) Definition. Let M be an R-module. A free resolution of M is an
exact sequence of the form

--—ész-%FlﬂFgﬂM‘"*01

where for all ¢, Fi =~ R™ is a free R-module. If there is a £ such that
Fry1 = Fega = = 0, but Fy # 0, then we say the resolution is finite,
of length £. In a ﬁmte resolution of length ¢, we will usually write the
resolution as

0—’F2—"Fg.~1—*-'°~“?F1—>F0—?M“—?O
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Here is a simple example. Let [ = (22 — z,2y,4% ~ ) in R = k[, yj-
In geometric terms, I is the ideal of the variety V = {(0,0), (1,0), (0, )}
in k%. We claim that I has a presentation given by the following exact
sequence:

(1 RELRIE Ty,

where ¢ is the homomorphism defined by the 1 x 3 matrix
A=(2"~z zy y?~y)
and 9 is defined by the 3 x 2 matrix
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For an example, consider the presentation (1.7) for
1 I={(z*~z,ay,y" - y)
PR =kl I

() (2)-)

& € R, is any syzygy on the columus of B with a; € R, then looking
. at the first components, we see that ya; = 0, 80 a; = 0. Similarly from
 the third components a; = 0. Hence the kernel of ¥ in (1.7} is the zero
: submodule. An equivalent way to say this is that the columns of B are a
. basis for Syz{z? — z, 2y, y2 — ¥), so the first syzygy module is a free module.
© As a result, (1.7) extends to an exact sequence:

" (1.10) 0o REL AT 0.

According to Definition (1.9), this is a free resolution of length 1 for 1.
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