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Example 1 (Semantics) Let

Solution. (Fy); = T iff for each d € D:

I
<V z < y> =T
4 ocU{z—d}

e Case z — 0. We have

I
<Vx§y> =T iff for each d e D : <x§y>€w_)0}w{y_)d}:’ﬂ‘
Y {z—0} ‘

— Case y — 0. We have

I
<:E < y> {z—0,y—0}

I I
~ <z <$>{x_>07y_>0}7<y>{m—>0,y—>0}

~ SZ [Oa 0]
T

$

— Case y — 1. We have

I
<$ = y> {z—0,y—1}

I I
~ <z <$>{wﬁ0)yﬁl} > <y>{xao7yﬁl}

~ SZ [07 1]
~ T
e Case z — 1. We have
I
<Vw<y> =T iff for each d € D : <m§y>fr_>1}w{y_>d}:'ﬂ‘
v {z—1}



— Case y — 0. We have

I
(T < Y){oms1,y—0)

T I
~ <z <x>{x—>1,y—>0} s <y>{x—>1,y—>0}
~ SZ [17 0]
~

Hence <F1>] =TF.
Example 2 (Semantics) Let

F, <= Vdz+4+y>c
Ty

Solution. (Fy); = T iff for each d € D:

e Case z — 0. We have

I
<3 Tty > c>{ N =Tiff forsomede D: (z+y> c>€m~>0}@{y~>d} =T
T—

— Case y — 0. We have

I
(+Y> ) as0ym0}

I I
v >z [<x + y>{z—>0,y—>0} ) <C>{r—>0,y—>0}:|

e’/ {+Z {<5’3>£I—>0,y—>0} , <y>‘€w—>07y—)0}:| ’O}

~ >z [+2][0,0],0]
>y [Ov 0]
~ [

— Case y — 1. We have
I
<‘T +ty> C>{a:—>0,y—>1}
I I
~>z |:<:E + y>{w—>0,y—)1} ) <C> {z—)O,y—>1}:|

V2L {‘*‘Z |:<x>€z~>0,y~>1} ’ <y>€z%0,y~>1}:| ,O}

>y [JFZ[Ovl]aO]
>y [LO]
~ T



e Case r — 1. We have

<3x+y>c> = T iff for some d € D :
4 {z—1}

I

— Case y — 0. We have

Hence <F2>] =T.

Example 3 (Semantics)

3

<$ +y> c>{z~>1 y—0}

I
ML {(x + y>{z~>1,y~>0} ) <c>{m~>1,y~>0}:|

Solution. (F3); = T iff for each d € D:

e Case z — 1. We have

~ >y [-i-z [<$>fm_,1,y_>o} ) <y>§z—>1,y—>0}:| ’0}
~ >y ["'Z [170] ’0]
~ >y [170]
~ T
Let
= Y (Pl = QUlsl.a)
D =1{1,2}
ar = 1
. =1
fr:D=D fil2l =1
Pr: D — {T,F} ggig
o Q1,1]1=T Q[1,2]=F
Qr: D* — {T,F} Qj[ll] - F Qj[Q,Q] =T
(Plz] = QIf[«], a)pupsay = T
(Pla] = QLf[a], %ﬁu
~ { {:Dﬁl} [x]vabgzal}
~ {PIK {93*)1} [f1[<x>€xel}]’ <a>€fﬂﬁ1}
~ B:> [PI[1]7 Ql [f[[ ]7 H
~ B:> [PI[1]7 QI[L 1]]
s B, [T, T
~ T

I
(T +y >0 yugy—a

=T



e Case z — 2. We have

(Plz] = Q[flz], al){, .z

B (Pl fasay - QU] o]y
~ B {PIK[%D{{&IHQL Ql[f1[<x>€az~>2}]’ <a/>fgz~>2}
~ B:> [PI[Z]v QI [fI[Z]v 1“
~ B:> [PI[2]7 Ql[lv 1]]
~ B, [F, T
~ T
Hence <F1>[ =T. <

Example 4 ((Un)Satisfiability & (In)Validity) Prove that the formula

YPla] A 3Py

is inconsistent by definition.

Solution. We have to prove that the formula is F for all interpretations I.
Let I = (Dy, Pr) be an arbitrary interpretation. Then

<Z’P[m] A glﬂP[y]>I =F

~ By {<Z’P[$]>I : <§i—|P[y]>I] —F

e Case <YP[$]>I =T and <3ﬁP[y]> =TF. We have
I

Y

— For each € Dy, (P[z]); =T and
[

— For some y € Dy, (~P[y]); =F and further for some y € Dy, B~ [(P[y]),;] = F We obtain that for
some y € Dy, (Plyl); =T

e Case <¥P[m]> =T and <§—\P[y]> = T. Similarly.

I I

<
Example 5 (CNF) Prove the following by bringing the formulas into CNF
(¥Plal) = Q@ = 3(Pla] = Q).
Solution. We have
(;/P[x]) =Q = - (Z’P[x]) vQ = (gﬁpm) VQ = 3(-Pl]VQ)
Further we have
(Pl = Q) = 3(Pl]vQ)
<«



Example 6 (Skolem Standard Form) Bring the following formula into Skolem Standard Form

v 3 ((=Plz,y] A Qlx,2]) V Rlz,y,2])

T Y,z

Solution.

¥ 3 (~Ple.y) A Qle,2)) v Rly,2)
= ¥ 3 (<Ple,y) v Rle,p2) A QL] v Rlz,y,2)
v V((=Pla, flz]] v Rz, flz],glz]]) A (Q(z,gl2]) vV Rl, flz], g[x]]))
<
Example 7 (Skolem Standard Form) Bring the following formula into Skolem Standard Form
¥ (3Pl APly.2)) = 3Qley.ul
Solution.
¥ (3Pl 21 A Ply.Al) = 3Qlw.y.d
— xf( Plz, 2] A P[y, ]) vV 3Qe, .4
— ¥ (P2 V-Ply.Al) v 3Qlry.
= ¥ (5Plz,2]V-Plyz]) v 0w,y ]
= Y3 (Pl V-Ply2l) v QL)
¥ Pl V Plyel v Qlay. flo.y. 2]
<

Example 8 Prove that the formula
VP[z] = 3P[y]
z Y

is valid by equivalent transformations.

Solution. We assume that the formula is invalid and derive a contradiction. Hence, it exists an interpreta-
tion I under which the formula is false. That is

(vplal) =

A
<3P[y1>1 _F - <\;ﬁp[y1>l =T

I I
<¥P[m]> = <Z’—|P[y]> which is a contradiction

From the above we obtain that



Example 9 ((Un)Satisfiability & (In)Validity) Prove that the formula
VP[] A 3Py
@ y

is inconsistent by equivalent transformations.
Solution. We have

VPle] A 3-Ply] = YPla] A ﬁ(ZP[y]) = VP[a] A ﬁ(yP[x]) = F

b
<
Example 10 (Clausification) Transform the formulas Fy, Fy, F3, Fy, and =G into a set of clauses, where
F,: V 3P[xz,y,z]

xr,y z

(Plz,y,u] A Ply,2,0] A Plu,z,w] = Plz,v,w])
T,Y,z,u,v,w

F2 . A\
vV (Plz,y,u] A Ply,z,v] A Plz,v,w] = Plu,zw|)

T,Y,2,u,V,w

F5: VYP[z,e,x] A VPle,z,x]

Fy: YPlz,i[z],e] A VP[i[z],z,e€]

x X

UV, W

G: <¥P[x,x,e]) = ( vV (Plu,v,w] = P[v,u,w]))

Solution. Fi, Fy F3,Fy can almost immediately transformed into clauses. We have

Plz,y, fle.y]

-Plx,y,u] V =Ply,z,v] V =Plu,z,w] V Plz,v,w]
—Plx,y,u] V =Ply,z,v] V =Plz,v,w] V Plu,z,w]
Plz, e,z

Ple, z, x]

Pla,ilx], ]

Plila], 2, €]

We transform —G into standard form

((VP[x ze]) = (u (Pluvw] = P[v,u7w])>)

<:>ﬁ< (VPxxe v (uyw (~P[u,v,w] V P[Uuw])))

)

— (\;/P[%x,e]) A (%3 (P[u, v,w] A ﬁP[v,u,w])>

~VP[z,xz,e] A Pla,b,c] A =Pb,a,c]
which gives the following clauses
Plz,z, €
Pla,b, ]
Plb,a,c|



