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The Theorema System

www.theorema.org

Aims at computer support for:
> constructing mathematical models (logical theories)
» defining and testing algorithms
» proving — for algorithm verification or synthesis

Natural style (human like):
» notation — formula appearance
> inference rules

> proof presentation
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Syntax: Example

Program computing the GCD of two numbers using substractions

Program["G", G[a, bl],
If[a = O,
Return[bl];
If[b = 0,
Return[all;
Ifla > b,
a := G[a - b, b],
a := G[la, b - alll;
Returnl[a],
Pre > a>0Ab>0,

Post— IsGCDJy, a, b]

Program: list of statements (assignment, conditional, return).
Contains also terms and formulae from the object theory.
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Syntax

The meta-level predicate I checks the syntactical correctness of the
program:

» the program contains only valid constructs,
» variables are initialized,

> every program path contains a Return.

Definition
1. N[P] < N[{x}, P]
2. N[V, (Return[t]) — P] <= Vars[t] C V

Vars[t] C V

3. N[V, {v: =f>VP]‘:’/\{ nvu{v}, P

Vars[p] C V
4. n[v7 <If[§07 PT7PF]> ~ P] — /\{ I'I[V, Pr — P]
nv, Pr — P

The definition of I is a set of logical formulae! {}
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Semantics: Example

Program["G", G[a, bl],
Iffa = O,

Return[bl];

If[b = 0,

Return[al]l;

Iffa > b,
G[a - b, b],

a := G[a, b - alll;
Return[a],
Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

a :

(1)

Semantics

» (a>0)A(b>0)A(a=0) =
Gla,b] = b
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Semantics: Example

Program["G", G[a, bl],
Iffa = O,
Return[bl];
If[b = 0,
Return[al]l;
Iffa > b,
G[a - b, b],
a := G[a, b - alll;
Return[a],
Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

a :

(2)

Semantics
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Semantics: Example

Program["G", G[a, bl],
Iffa = O,
Return[bl];
If[b = 0,
Return[al]l;
Ifla > b,
G[a - b, b],
a := G[a, b - alll;
Return[a],
Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

a :

(3)

Semantics
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Semantics: Example (4)

Semantics

Program["G", G[a, bl], > (a>0)
Iffa = 0, (b#0
Return[bl]; Gla, b] =
If[b = O,

Return[al]l;
Iffa > b,

G[la - b, bl,

a := G[a, b - alll;

Return[a],

Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

a :
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Semantics

The meta-level function X creates a formula with the shape:

Y AP = (F15 = &)},

» This is a logical formula at object level.

» This is the implicit definition of the function implemented by the
program.

» This is the functional program equivalent to the imperative one.
Definition
L 2[P] = ¥(le[%] = T[{%x = %}, Plizges)
2. Y[o, (Return[t]) — P] = (f[xo] = to)
3. Y[o,(v:i=t) — Pl =X[oo{v — to}, P]
9o = [0, Pr — P]

—wo = X[o, PF — P] N

4. Yo, (1f[p, PT, Pe]) — P] = /\{
W
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Partial Correctness:

Program["G", G[a, bl],
Iffa = O,
Return[bl];
If[b = 0,
Return[al]l;
Iffa > b,
a := G[a - b, b],
a := G[a, b - alll;
Return[a],
Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

Example (1)

Verification Conditions

> (a>0)A(b>0)A(a=0) =
IsGCD|b, a, b]
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Partial Correctness:

Program["G", G[a, bl],
Iffa = O,
Return[bl];
If[b = 0,
Return[al]l;
Iffa > b,
a := G[a - b, b],
a := G[a, b - alll;
Return[a],
Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

Example (2)

Verification Conditions

> (a>0)A(b>0)A(a#0)A
(b=0) =
IsGCD|a, a, b]
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Partial Correctness:

Program["G", G[a, bl],
Iffa = O,
Return[bl];
If[b = 0,
Return[al]l;
If[a > b,
a := G[a - b, b],
a := G[a, b - alll;
Return[a],
Pre > a>0Ab2>0,

Post— IsGCDlJy, a, b]

Example (3)

Verification Conditions

> (a>0)A(b>0)A(a#0)A
(b#0)A(a>b) =
a—b>0

> (a>0)A(b>0)A(a#0)A
(b#0)A(a> b)A

D[x,a — b, b]

= IsGCDIx, a, b]
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Partial Correctness

The meta-level function I' generates two kinds of verification conditions:
> coherence (safety) conditions;

» functional conditions.
Definition
1. T[P] = Y(F[{)‘( — %o}, Ip[%0], Plizocs})
2. Tlo, &, (Return[y]) — P] = (cb = op[;o,w])

3. Mo, @, (Return(t, ,5]) — P] =
Mo, ®, (w:= u[7], Return[trw]) — P]

4. To, ®, (vi=v) — Pl =T[oo{v— o}, &, P]
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Partial Correctness

The meta-level function I' generates two kinds of verification conditions:
> coherence (safety) conditions;

» functional conditions.
Definition

5. To, &, (v:=h[7]) — P] =
/\{ > = Iy[yo]
Mo o{v — h[yol}, ® A Ih[yo], P]
6. Mo, &, (v:=g[l) — Pl =
® = Ig[v0]
/\{ loo{v—c}, ®AIl[Yyo] A Og[70,c], P

7. To, &, (v :i=teym) — Pl =T[o, &, (w:=u[j], v:i=trew) — P]

8. Io, o, <If[90‘r<—u[7]7 Pr, PE]) — P] =
Mo, ®, (w = u[¥], If[prew, Pr, PF]) — P]

Mo, ® A po, Pr— P]

Mo, ® A —po, Pr— P] 7

9. Mo, &, (Ttp, Pr, Pr]) — P] = A{
%
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Termination: Example

Program["G", G[a, bl],
If[a = O,

Return[bl];

If[b = 0,

Return[all;

Iffa > b,

a := G[a - b, b],

a := G[a, b - alll;
Returnl[a],
Pre > a>0ADb2>0,
Post— IsGCDlJy, a, b]

Termination Condition

a=0= 7la, b]

b= 0= m[a, b]
( S N (a;ﬁO/\b;éO/\azb/\7r[afb,b]):>7r[a,b]):>< S “[37"])
320,620 (a#0Ab#O0Aa P bAT[a,b—a]) = 7|a,b] 220,620

The termination condition is expressed at object level!
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Termination

The meta-level function © generates one termination condition.
Definition
1. ©[P] = (_V,/ O[{x — %}, T, P]{io“?}) = _Y m[X]
x:lp x:lp

2. o, @, (Return[y]) — P] = (¢ = 71[)?0])
3. Ofo, @, (v:=7)— P]=0[co{v— o}, ®, P
4. Ofo, &, (v:= h[§]) — P] =0O[o o {v — h[yo]}, ®, P]

5. Ofo, @, (v:=f[F]) — P] =
Olo o{v =y}, ® A Op[yo,y] A w[70o], P]

6. ©lo, ©, {v:=gll) — Pl =Ooo{v—y}, & A Oyf5o.y], P]

7. Ofo, @, (If[p, Pr, PF]) — P] =
A Olo, ® A po, Pr — P]
Olo, ® A —po, Pr— P]
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Proof of Method
Total Correctness
Existence of the Function
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Total Correctness

Generic Program
Program[‘‘f’’, f[x], If[Q[x], Return[S[x]],
Return[C[x,f[R[x]]]]

Sema'};ﬁiﬁ (fx] = S[x])
x| = x| = X
5" {ﬂQ[X] = (fx] = Clx, fIRIx]]])

x:l¢

Partial correctness — functional conditions
¥ Q[x] = Oflx, S[x]]
x:le

>X{ﬁQ[X] = Y(Of[R[XLy] = O[x, C[x,y]])

Termination
o QX = 7l ‘}

MR AR = Al =

x:lg
The proof of total correctness applies the induction principle (given
by the termination condition) to the partial correctness conditions.

Take 7[x] as Of[x, f[x]]. £
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Repetition function

Lemma
Y g Y (G[0,x] =x A n‘:VN(G[nJr,X] = h[G[n, x]]))

Proof.
! (H[0] = x A nEmH["ﬂ = h[H[n]]) (natural induction on m)
3 v (HImI[0] = x A Y H[ml[n*] = h[H[m][n]]) (Skolemize H)

] H[m][n] = H[n][n] (natural induction on n)

nmN m>
V3 (gl0) =x A ¥ eln'] = higlnll) (take gln] = #[n][n])
Skolemize g into G[x] and use G[n, x] instead of G[x][n] O

G|[n, x] is usually denoted as h"[x].
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Existence of the recursion index.

Lemma
¥ 3 (@RI A ¥ ~GIR™[]):

(By the induction principle with appropriate 7[x])

Skolemize n to obtain M[x] (the recursion index).
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Existence of the implemented function

QX = (f[x] = S[x))
e/ {ﬁo[x] = (f[x] = Clx fRI]]])

Proof. Similar to " Repetition function”: use x (with M[x]) instead of n.

Natural induction on m:

<
mvN IE: le (M[X] m) =

((Qx] = Flx] = SIx]) A (=QIx] = Flx] = C[x, F[RIx]I]))
Skolemize F:

3V V(MR <m)=

((QIx] éf[m][X] SIxI) A (=QIx] = Flm][x] = Clx, FIm][R[x]]]))
Induction using 7[x]:

VY (m = M) = (Flmlbd = FIMI)

Finally: f[x] = F[M[x]][x].

Uniqueness: Take fi, f; satisfying semantics and

use induction with 7[x] as f1[x] = f[x].
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Conclusion
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Conclusion

Existence and Uniqueness
object theory
semantics X[P] } E (3'Z[P])
e . f
verification conditions

Mathematics: implicit function definition — needs existence [and
uniqueness].
Programming: new function implementation — needs correctness.

These are equivalent!
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