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“ |n the prazent mote we show that Glen's notlon of “signal function™
goincides with the Intultivaly simple notlon of "steo counting function®,

whlch can ba mads pracisa by using A recent rapresestatlon thaorsm for

partial racursiva functlons.
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oy afaﬁw;ﬂﬁriﬁl nurbarlng {'ﬂi.} of tha unary pardlal recursive fanciions

:.-.f_LHng&rsi':-]]l, Fral lowing Blum(ll & set {l}ﬂ ot partlal recurslve fupctions
-?f}é a got of sinnalk *uanFﬁnE im1th mespect to the Gide! nurberling ﬂ;i}?

2% the following axloms are zatlzflsd:
Tich gyiny deflned &5 @ (n) dafined

" {e2Y the funcklon

1, if dlf{n] =

ML g = 0 otharwlse

R
e = . _
T 15 recursive [l.g. partial recursive and fotall.

o

C o dn L1] varfous exomplas for slgral fonctlons ars alven., Partly, 1hoy arne

. _,',_=f;:|u11-.: abstrect constructiors, Howewar, some of +hem have an intultive
é};1ﬁfcrprefa+inn. lFar Instercs, define ¢|in? «m+o hold |f ané only 1F
R T

" the multipias tapa machlrn 7 stops exzetly adver m staps when placed on

:M:iﬁJUT A, Or let wltni =m [f and chly |f I: usat gxacl|ly mocells of the

L5 otage when working on Trput o,
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S bntultieely spaakiwgﬁi*he presant mote woe shall show thal for cecey sef
_._ {ﬁl'} of E-IQFIEL funetiaprs (with F-ESPEIC""' te [HL]-'!‘I there vxi=ls a oortaln
;?&%::Iass af "machine takles” (mechima deseriptlons”, "progroms?) {MI}, such
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Tha-l-fc:.r all i rf.1 cor Ut 0% Hi" and &, (n} |5 2xactly tha ruorbee of staps
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8. 5f a2 corputstian sccording to the descriptlon M. with laput 7, On the other

5 .h.anu, it i easy to verify that, glwen a class ot machino tadles {M,] de=
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Firing a Codal numberlng l}gl} of the partial recursiva fuactions, the

w Funetlon witn} = rambar of stoeps which HI nods fn;_thg:nemputﬂflﬂn el
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_Qg_[r-_}, satlsfins {013 and (C2Y, Thus, 4he botlens "sigral funchica™ and

.',__::_r'_f._.,n-:-l-[c:-n giving the number of steps necessary fof Tha computatica of

-arha pa—tlal ragursive functlons on a2 cortala ¢lass of machlnes’! coincida,
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2, 5Step countlng func'l'ien_ﬁ;

LGlwen any C5dal nurboring lg,} of the partial Fesdrs | ve funcklos we can
" gefine tne binzry partial recursive functicn

Py ¥ il =4 tal
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‘which ™dsscribes The rumbaring” tRegers £51). Using the rasults of LF]

L AThaorzn 2.1 and Scctlon 3) we know that vhers exlst recarsive Ltotald)

'.'_-jfun:'l'iaha g, T, e, v such that
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Hers we used thae fol lowlng definltlon

_ o, if elE) = O,

.Ix'_,:;_":c 53 IS A

A {7, (T tzn orheruise,

§ <. The oparater P s a gencrasizod version of The toperator of cwditicned

fterarion™ imtrodeced In (23, 11 has the followlng fnfuitlve skonlficance:

a. .

- glver a total functicn ¥ {eohs|dered as the fransitior tuncdion of ar

.;;:':

;,._ autoraton with 8 courtable nurbar of steatas) and @ toral function e (with
i plLh = 0 ]n;l'erpra'fad as "E iz @ fingl sfarc") then t@,r.:-_glp.{li:l gives the

“E $inal stete whick the automston awentualiy reaches wher starting fn-.-:m s¥ota
é . stata

.;' vii.n} can be v.1c=wgd as dafinlng an initlal¥of tho automaton for every
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air of numaers ti,nd, whara | mey Bo calbed & "mechine tahle® [("macshing

woriptian, "program™) and noen Tirpat,

:.h;.- functlon ¥ plays the rale of en. Intorpreter for the "programs™ |,
'!E}Emi lar fa the functicn ..I". in the ¥lanna~mzthod for doflning the semantics
.f progreminlng [enguages (see LA, p.A-11 or the 'I'.ransl‘l'lf:n function of

ﬁﬁ computes Lglwza by 115 hardwara for intsrpreting ths rachine |anguags

st ruct [ons

ﬁE Thus, docemposition (2} can be read as folluoms: ary GEdel rumbarling ot
Eiﬁ*hﬂ partlal rocursive functions can bs thoughtof as polng defined by en
:ﬁnuhma*ﬂn (glwan oy its (totail) transltica functlon % and a dﬁldabje L=l

i -\..5.-\.%{\-.:
jﬁ*r."rnlnﬂ-'-::n crliterion (E) = 0 +hat Inteprets the "programs" | werking on

= ]n;uTs n which through z sertain (totald onceding function y detine the

*ﬁntTiai state of tnha avtomaton. Atter termlnatlor, the {vatall function

p says kow the fInab state defines the rasult.

E}' Entvent o,
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ﬁ:‘ '}'[n;}ﬂE:' = 0,
-i%;:taz P 0 = wmE ey fer t s

-;ﬁﬁ{ﬂcw, glwvan any deccmocsbtlor {27 of & Gidel numbering ¥ {i,n) wo can d=31na

ﬁi’ tho assoclated 'stoep counting functicns™ -
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intul Flwe meening is =pparunt.




f:_yﬁirh fhix fefinlticns of 3cetlon Z. We Bre now iA @ pn51+icﬁ to foreulate

' g@é'%he:rum, which 15 ar exac] counterpart of the infermal assertloen stotec

)

ﬂﬁ# the and nf =eetlon 1.
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S Fhoorem 11 Let PO0,A) be a Bode! numbaring of the unary partial rogufsiyve

# functionz. Thon,
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i L' for syery sot {@1]ﬁf slgnal functlons with respect o afi,n} tharn
ﬁif‘ oxists 3 cecompos [ Tlen (23 of ¥{0,n) zuck ot the sfcp_caun+ing_
Eﬁf functions Eﬁ”] daflnad by (5 coinclde with the ﬂ1, e G

;: [ % I,n: {ETth ok MLLERE

2, glvon any decomposition 121 of ¥il.nd, the step counting funciicns ¥

" doflnse by {5) have the propertive (C1) and (52}, 1. =, the @ zre slgnal

_-;:_ functiors relative To ¥01,n0).
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WNole, that v, ¥, k, p are fotal fof, Davis [3], 4-2.5),

s
L .
T Lal us [1rst assume *hat ¥ii,r) [s defined for same " ,n. Thon, by (G130,

Jnigi-:n] is dafined, say

]

i 'I'I{T'IJ =T,

: Thu5, MUT,,F)0 = for + T and M{i,n, T = 1. Fuorther, it is casy to

e that B0 LpC1LMI) = 0 01,0, 1) for 24 1, and
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iQZan,
b6 ot LB evti,rany 5 otTT Gtl,n) m plogdin, T =

- B1,n,T1 = ¥{i,nl, because af (41,

= On the otner hand, 1 #0i,r3 Te net defined for soms |,n, thon BLT,n,td = o
 fo- @il 1 and

- IR 8 T i, 033 = 1 for Al . Lo
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Ftn) = ) (e iy im0 = ed = T
f TN %" &Iiﬂ? roTr defiped, Then, by (373 Er[nl Is ot dafined sithar,
Thuas, .
fho) p.lnt = Ei{ni far all |,n, g.e.d, e
Cad 2

Let ¥i1,n) bo dofined, Ercouse ot (2} thers must be a T such that

e8P0 li,ndds = o, Thus B {n) is deflined, fao. 1f 01,0} 15 aot

!

dafinad then there cennot exist any ¥ sach that <(¥ T!{Y[F*n}}} =

sincey, ¥, ¥, p arc supposed o he total, |.a, Er[n] |5 alse undeffned.

Thus, [El{n}} satbsfy 1),

fhe for (021, we note that

1, 1% x[;r+]{y[i,n1}! i o fortem
MOP,m,m) = AL = 0,
o other s,

With ¥, ¥, el n,md |5 rocursiva, too.
gl 12 Sinca we khow that there =xlst decompos|tinns ot the fom (2] for overy
| Gadal numbering #18,nY  (sesf2d), and thet tho functlens v, ¥,< of such A
_ h f;%;; a deccmposition deflnc 2 set ot =lgnal tunctlons {ilinJ} By €31 Wl have : iﬁéﬁlﬁ

an e@asy proof of tha fobliowing
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s 1% Thoorom 7: For every Giida| nwmbering {H\? of the partlal recursive fuac= '__

tiens thore cxists o sat {?l} ot slgnal functions,
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