∗

∗

•

•

MA THEMA

TICA AS A REWRITE LANGUA GE

1. The Ob jectiv e of this P ap er

2. What is Mathematica?

R ese ar ch Institute for Symb olic Computation, University of Linz

Linz, A 4040, Austria

The c ommunity of Mathematic a develop ers and users

The c ommunity of r ese ar chers in the field of r ewriting

BRUNO BUCHBERGER

E-mail: buchb erger@risc.uni-linz.ac.at

ABSTRACT

The kernel of the Mathematica language is a higher-order conditional rewrite

language with sequence v ariables. This fact is little known. W e derive some

conclusions from this for the use of Mathematica as a research to ol in the area

of rewriting and related areas.

Invited pap er at “The Second F uji International W orkshop on F unctional and Logic Program-

ming”, Novemb er 1-4, 1996, Shonan Village, Japan, Sp onsored by Japan So ciety for Software Science

and T echnology . T o app ear in the Pro ceedings (T. Ida ed.).

This pap er contains a simple message which is almost trivial but little known:

The innermost kernel of the Mathematica language is essentially noth-

ing else than a higher-order, conditional rewrite language, efficiently and

professionally implemented.

This message may b e interesting and useful for two comm unities which, at present,

are nearly disjoint but whose future interaction, in my view, is desirable:

: Knowing that what they

are basically doing is implemen ting and using conditional rewriting may moti-

v ate them to lo ok at the results of the field of rewriting, which over the past

twenty years has matured into a solid and rich science, see for example [2].

: Knowing that (a part

of ) Mathematica is an efficient implemen tation of conditional rewriting with

many practically useful extras in the front end may provide them with an easily

accessible and p owerful research to ol.

Mathematica is a “mathematical software system”. In fact, it is one of the most

adv anced and comprehensive systems in this category

. In addition, it is one of the

few mathematical software systems that are professionally pro duced and marketed by

a company

. This is a feature that may have disadv antages for a research comm unit y

•

•

•

•

•

• c onditional r ewriting

pr o c e dur al pr o gr amming

libr ary

fr ont-end b ecause the co de of the kernel of professional systems is normally not op en for the

user. On the other hand, it also provides some definite adv antages as, for example,

professional maintenance, high p erformance, professional software pro duction to ols,

and - in the case of Mathematica - a fantastic front end.

The present version of Mathematica was designed and implem ented ab out ten

years ago by Stephen W olfram with the essential idea of basing computing on “pattern

matching”. A new version, 3.0., is just to b e released, see [3]. Mathematica 3.0 has

a numb er of imp ortant new features some of which are also relev ant for the practical

part of this pap er. The innermost part of the language, however, has b een retained

and proved to b e quite stable over the years. I think that this fact can b e explained

by the very reason that W olfram’s pattern matching is essentially the natural concept

of conditional rewriting,

In a view that is motiv ated by the ob jectives of this pap er, the structure of

Mathematica can b e describ ed in the following layers:

An ev aluator for higher-order of terms mo dulo equalities

which forms the innermost part of the Mathematica language.

An interpreter for (a big arsenal of ) other language constructs in Mathematica

including all common constructs of languages.

A huge of numerical, algebraic, and symb olic “built-in” algorithms writ-

ten in C and implem enting the presently b est mathematical metho ds in the

v arious fields. This algorithms are called from within Mathematica programs

by appropriate function calls.

A that supp orts wordpro cessing, graphics, animation, sound, index-

ing, outlining, hyp er-links, interactive buttons, mathematical typ esetting, and

also extensible syntax.

Mathematica is comprehensive b oth as a mo dern programming language and as

a mathematical algorithms library and this is the reason for the ma jority of the

Mathematica users (engineers, physicists, applied mathematicians, math researchers,

math teachers) for working with this system. However, the distinguishing feature that

may make Mathematica interesting as a research to ol for p eople working in rewriting,

unification, narrowing, constraint solving and related areas is its design based on

(conditional) rewriting. In addition, the following features may b e attractive for

researchers in these areas:

The av ailability of an arsenal of built-in algorithms for manipulating symb olic

expressions and, in particular, rewrite rules, which makes it p ossible to write

one’s own ev aluators for rewrite rule systems and other logical systems.

The p ossibility for defining one’s own notation.

•

•

•

•

•

· · · x S in

I f And S in

3. The Rewrite Language Constructs of Mathematica

3.1. Overview

Mathematic a/R

3.2. Constants

3.3. Or dinary V ariables

The innermost language constructs of Mathematica, which constitute a universal

programming language based on the concept of conditional rewriting, are the follow-

ing:

constants,

ordinary v ariables,

sequence v ariables,

expressions,

conditional equalities (rewrite rules).

Let us call the version of Mathematica that is restricted to these language con-

structs “ ” (i.e. “Mathematica restricted to Rewriting”). W e give the

syntax and (op erational) semantics of these constructs informally

, mostly by exam-

ples, in the subsequent subsections.

The only one of the ab ove concepts that may b e uncommon is the concept of

“sequence v ariables”. In principle, the usage of these v ariables could b e avoided.

However, they constitute an elegant and natural programming facility to which Math-

ematica owes some of its attractiveness. W e think that they deserve to b e used and

studied in more depth by the rewrite research comm unity .

W e start from an infinite supply of constants. In the concrete syntax of Mathemat-

ica, identifiers (certain sequences of characters) as, for example, “ 23”, “ ”, etc.

are used as constants. (In Mathematica, certain constants as, for example, the nu-

merals “0”, “1”,“2”, , and many standard function names like “ ”,“ ”, “ ”,

etc. have built-in “meaning”. However, this is of no relev ance in the context of this

pap er, i.e. we can consider a “pure” version of Mathematica in which only constants

are used whose meaning is defined by the user by explicit conditional rewrite rules of

the form describ ed b elow.)

Identifiers (with the exception of certain sp ecial ones like the numerals) can also b e

_

1

1

1 n

n

,

n

· · ·

· · ·

· · ·

3.4. Se quenc e V ariables

3.5. Expr essions x

x obj ect

x

obj ect

F T T

F T , , T

S in P l us , x M ap f List a, b, obj ects

F n T

T

List List List a, b List , , , ,

P D P l us x, y used as v ariables. F or indicating that an identifier is used as a v ariable, an underscore

is written immediately after the identifier. F or example, “ ” and “ob ject3 ” are

v ariables. Note that Mathematica do es not “declare” the usage of an identifier as a

v ariable for some global scop e but declares this usage right at the place where the

v ariable app ears.

Identifiers can also b e used as “sequence v ariables”. F or indicating that an iden-

tifier is used as a seqeunce v ariable, three underscores are written immediately after

the identifier. F or example, “ ” and “ 3 ” are sequence v ariables.

W e prefer to declare sequence v ariables by decorating identifiers with an overbar

and one underscore b ecause this separates more clearly the declaration of using an

identifier for sequences (declared by the overbar) and as a v ariable (declared by the

underscore). In our notation, the ab ove sequence v ariables lo ok like this: “ ” and

“ 3 ”.

In fact, in the new version 3.0 of Mathematica, there is a wide range of p ossibilities

for intro ducing one’s own notation. Thus, if the reader is not happy with the ab ove

notation, he may cho ose a different way of distinguishing the usage of identifiers as

constants, v ariables, and sequence v ariables, resp ectively .

Anticipating the description of the ev aluation pro cess, sequence v ariables can b e

replaced by any finite sequence (including the empty sequence) of expressions whereas

ordinary v ariables can by replaced by only one expression.

Any constant and any ordinary v ariable is a Mathematica expression.

If is an expression that is not a v ariable and , , are expressions or

sequence v ariables then

[ ]

is also an expression. (Such an expression is called a “comp ound expression” or

“application expression”.)

F or example, “23”, “ [ [2 ]]” and “ [ [ ]]” are com-

p ound expressions.

Note that any expression can b e combined with any numb er of expressions ,

, for forming a comp ound expression. Thus, for example, all of the following are

syntactically correct expressions: “ []”,“ [3]”, “ [ ]”, “ [2 1 4 2 1]”.

(In fact, these expressions are used for representing lists of arbitrary length.)

Also “Currying” is p ossible. F or example, “ [ ][ ][ ]” is also a syntactically i

∩

· · ·

3.6. Sp e cial Notation

3.7. Conditional Equalities (R ewrite Rules)

S T x I nter section S, T

S ubscr ipt x, i

l hsE xpr ession r hsE xpr ession

l hsE xpr ession r hsE xpr ession / condition,

l hsE xpr ession

r hsE xpr ession condition

r hsE xpr ession condition

sum m , m

sum m , s n s sum m, n .

s s s correct comp ound expression.

In the new version 3.0 of Mathematica, there are many ways of defining and

using nice notation for expressions, e.g. sp ecial mathematical symb ols, Greek and

other sp ecial alphab ets, infix op erators, subscripts, sup erscripts, symb ol decorations,

v arious typ es of braces etc.

F or example, we may decide to use “ ” and “ ” instead of “ [ ]”

and “ [ ]”, resp ectively

. If we use such notation then, of course, the use of

parentheses may b ecome necessary .

Sp ecial notation is quite relev ant for enhancing readability

. Note, however, that

expressions containing sp ecial notation are considered just as abbreviations for the

corresp onding expressions in the ab ove standard notation, which in Mathematica

jargon is called the “full form” notation. Thus, the language is not really extended

by sp ecial notation. Rather, when an expression is entered and b efore it is pro cessed

by the ev aluation pro cedure to b e describ ed b elow, it is first translated into full form.

Rewrite rules and conditional rewrite rules (called “function definitions” in Math-

ematica) have the structure

:=

and

:= ;

resp ectively

. Here, is an arbitrary expression (but not a v ariable) and

and are arbitrary expressions. F or saving writing effort,

the underscores and overlines in the notation of ordinary and sequence v ariables can

b e (in fact, must b e) omitted in and .

Mathematica programs are just finite sequences of such (conditional) rewrite rules

separated by semicolons. Here is a first example of a Mathematica program consisting

of only two (unconditional) rewrite rules:

[ 0] := ;

[ [ ]] := [ [ ]]

It is clear that what these two rewrite rules define is addition over the natural numb ers

represented by the expressions “0”, “ [0]”, “ [ [0]]”, .

+ +

◇

◇ ◇

N

T

→

→ v ter m

v ter m

N

T

∧

⟨⟩ ⟨⟩

⟨ ⟩ · ⟨ ⟩

∈ V

∈ V ∧ ∈ V map f , List List

map f , List obj ect , obj ects pr epended f obj ect ,

map f , List obj ects .

f

pl us x , y pl us x, y

pl us x , y pl us x, y .

substituted v , v , ter m ter m / isS y mbol v

substituted w , v , ter m w / isS y mbol w isS y mbol v .

m m

m n m n .

f

f obj ect , obj ects f obj ect f obj ects .

x y pl us x, y

x y pl us x, y .

v ter m / v

w w / w v .

Here is an example of a Mathematica program containing a sequence v ariable:

[ []] := [];

[ [ ]] := [ [ ]

[ [ ]]]

Note that the overbars and underscores are omitted on the right-hand side of the

rewrite rules. Also, note that, semantically

, “ ” is a function v ariable here.

The following example demonstrates Currying:

[ ][ ] := 1[ ];

[ ][ ] := 2[ ]

The following example uses conditions:

[ ] := ; [ ];

[ ] := ; [ ] [ ]

Here are notational v ariants of all the definitions ab ove. Note that, after adding

appropriate notational definitions, these v ariants are executable co de in Mathematica

3.0:

+ 0 := ;

+ := ( + )

:= ;

:= [ ] ( )

+ := 1[ ];

+ := 2[ ]

:= ; ;

:= ;

∧

3.8. The Evaluator of Mathematic a

R

e e

R

R

R

R

f x g x / c x

f x g x / not c x d x

f x g x / c x

f x g x / d x .

f g x h x

After “entering” a finite sequence of conditional rewrite rules and an expression

, the runtime ev aluator of Mathematica starts to rewrite with resp ect to the rewrite

rules in , in the traditional sense of rewriting, until no more rewriting is p ossible.

The particular strategy of rewriting is describ ed informally on pp. 991 of [3]. An

imp ortant p eculiarity of this strategy is that rules in are taken in the order in

which they are given in . (However, automatic re-ordering may take place in such a

way that “more sp ecial” rules are arranged in front of “more general” rules. This is

most times quite reasonable. Sometimes, however, the user might want to have more

individual control over the arrangement of rules.) Knowledge ab out the sp ecific order

in which rewrite rules are arranged in may safe some programming effort b ecause,

for example,

[ ] := 1[ ] ; 1[ ];

[ ] := 2[ ] ; 1[ ] 2[ ]

has the same effect as

[ ] := 1[ ] ; 1[ ];

[ ] := 2[ ] ; 2[ ]

Also, it should b e mentioned that Mathematica do es provide a couple of p ossi-

bilities for the user to influence the basic ev aluation mec hanism in order to improv e

efficiency and the structuredness of programs. F or example, some of the arguments

in function definitions can b e sp ecified to by “held”, i.e. not ev aluated imm ediately

at call-time. This facility can b e used for defining quantifiers with b ound v ariables,

see b elow. As another example, the user may decide “at which identifier” a particular

rule is stored. F or example, one may decide whether a rule of the form

[ [ ]] := [ ]

is stored as a “rule for f ” or a “rule for g”. W e do not go into these technical details

here. However, it should b e clear that these mec hanisms are of utmost imp ortance

for making (conditional) rewriting a practically attractive programming paradigm.

F or example, the mec hanism for asso ciating rules with identifiers op ens an immediate

p ossibility for realizing “ob ject oriented programming” in Mathematica, see Section

2.4.13 of [3].

2

2

◇

◇

⟨ ⟩

⟨ ⟩

· ⟨ ⟩ not

3.9. L amb da Expr essions in Mathematic a

4. Manipulating Sym b olic Ob jects and Rewrite Rules in Mathematica

R

g , , ,

obj ect

obj ects

, ,

g g , , .

F unction x, expr ession λx.expr ession

F unction x, F unction y , x y f y

F unction y , f y y

y y

Repl aceAl l Repl aceRepeated

Repl aceAl l e, R e /. R

e R

Repl aceRepeatedl e, R e //. R

e R

The only p oint that needs some explanation here is the use of the sequence v ari-

ables in this ev aluation pro cess. F or example, if is the ab ove pair of rewrite rules

that defines “map”, the first step in rewriting the expression

2 1 3 2

matches the ordinary v ariable “ ” with the constant “2” and the sequence

v ariable “ ” with the finite sequence “1”,“3”,“2” (and with the tuple

“ 1 3 2 ”!). Thus, after the first rewriting step the expression b ecomes

[2] ( 1 3 2 )

Although, in practical programming, lamb da expressions are rarely used it may

b e interesting to note that Mathematica provides them also. In Mathematica full

form, “ [ ]” is the notation for “ ”. Again, the

user may define another notation for lamb da expressions according to his p ersonal

preference. The ev aluation pro cess for lamb da expressions works correctly (with the

necessary renaming of b ound v ariables) also in the subtle cases in which free v ariables

in expressions substituted for a lamb da-quantified v ariable happ en to get into the

scop e of another lamb da-quantifier. F or example,

[ [ + ]][ [ ]]

is correctly ev aluated to

[ $ [ ] + $]

with “ ” renamed to the new v ariable “ $”.

Thus, summarizing, Mathematica implemen ts - as part of its basic language in-

terpreter - an ev aluator for higher order conditional rewriting.

Mathematica, however, provides rewriting not only as its basic language ev alua-

tor but also on a “second level”. It makes the ev aluator av ailable to the user in the

form of the built-in functions “ ” and “ ”, resp ectively:

“ [ ]” (or, in the usual Mathematica syntax, “ ”) yields the ex-

pression that results from applying one rewrite step to using the rules in and

“ [ ]” (or, in the usual Mathematica syntax, “ ”) pro duces

the normal form of w.r.t. . Also, since rewrite rules themselv es are stored as

D

Z

⟨ ⟩

Z

Z △

Z

△

+ +

+++ ++

++++ +

R m > m, m n > m n

//. R

.

>

D

P l us,

,

P l us

o D o

.

5. A Programming Example in Mathematica/R: F unctors comp ound expressions, one can use all the (built-in) functions for decomp osing and

re-comp osing rewrite rules and similar ob jects. Thus, we can, for example, easily

write our own ev aluator or trace functions that show the essential information on

ev aluation pro cesses. (One particular trace function is also built in.)

F or example, after entering

:= + 0 : + : ( + )

and

0 + 0

one obtains

0

(Note that, here, “: ” instead of “:=” must b e used as the separator in rewrite rules.)

F unctors are an imp ortant means for building up towers of domains in a generic

way . However, functors are av ailable only in very few general programming languages

as, for example, in ML but not in any of the mathematical software systems. In

this section we illustrate how functors can b e implemented easily (and efficiently) in

Mathematica/R. F or this, Currying is essential.

W e adopt the common view that functors are functions that map domains into

domains. Hence, for implem enting functors, we must first agree on a representation

of domains. W e view a domain to b e a function that defines functions for certain

“op erators”. F or example, the following ob ject is a simple domain:

[ ] :=

[1] := 0

where “ ” and “0” are the “built-in” addition and the built-in integer zero of

Mathematica. W e intro duce the notation “ ” for “ [ ]” etc., which can also b e

implem ented by the syntax extension facilities in Mathematica. Thus, we can write,

for example,

2 3

which, with the ab ove definitions, ev aluates to

5

N D D

N D D

∈

∈ Z

Z

∈ Z

∈

∈

∀ ⟨ ⟩ ∈ ∈ ∧ ∈

∀ ⟨ ⟩ ⟨ ⟩ ⟨ ⟩

⟨ ⟩

⟨ ⟩ ∈ ∈ ∧ ∈

⟨ ⟩ ⟨ ⟩ ⟨ ⟩ x T r ue x

z I nteg er Q z

I nteg er Q

F

D F D F D

o F D

F D x F D

F D o

F D x x F D T r ue

F D o

F D the N such that

d , d d , d N d D d D

o, d , d , e , e d , d o e , e d o e , d o e .

N

F D M odul e N , o, d , d , e , e ,

d , d N d D d D

d , d o e , e d o e , d o e

N

o

o F D

Also we will extend the meaning of “ ”, with the common “abuse of notation”,

in such a way that “ ” yields “ ” for exactly those ob jects that we want

to b e in the “carrier” of . F or example, we could define

:= [ ]

where “ ” is the built-in decision algorithm for integers. W e may also wish

to add a sp ecial notation for the “signature” of a domain but we don’t do this here

in order not to overload this intro ductory presentation.

With this representation of domains, a functor is now an ob ject that takes any

domain as an argument and pro duces [ ] such that [ ] can then b e applied

to any op eration symb ol (in the signature of [ ]) yielding an op eration in the

domain [ ]. Also, “ [ ]” must b e appropriately defined. Normally

, one will

think of any op eration [ ][ ] to b e applied reasonably only to ob jects in the carrier

of [ ], i.e. ob jects for which “ [ ]” yields “ ”.

W e can only give a trivial example here which should, however, b e sufficient for

illustrating the functor programming style that is p ossible in Mathematica: W e define

a functor that, for any given domain with any op erations , defines the Cartesian

pro duct. Using Currying, this functor could b e defined as follows:

[ ] :=

1 2 1 2 := 1 2 ;

1 2 1 2 1 2 1 2 := 1 1 2 2

Now, the “such that” quantifier with exactly the ab ove semantics is av ailable in

Mathematica in the form of the “Mo dule” construct that binds and also the other

quantified v ariables that app ear in the ab ove definition so that the following definition

can b e seen as just an abbreviation of the ab ove definition:

[ ] := [ 1 2 1 2

1 2 := 1 2 ;

1 2 1 2 := 1 1 2 2 ;

]

Note that “ ” is a v ariable in this definition. Thus, the definition applies to any

op erator in the “signature” of [ ] (which reasonably should b e identical with the v ,v

v

C

⟨ ⟩

⟨ ⟩

+ ++

1 2

2

Z

C Z

⟨ ⟩ △ ⟨ ⟩

⟨ ⟩

· · ·

∀ ≡ ⟨ ⟩

⟨· · ·⟩

⟨ ⟩ ≡ ⟨ ⟩

∀ ≡ → ⟨ ⟩

6. A Programming Example in Mathematica/R: A Simple Inductiv e

Pro v er

D

F .

, ,

, .

S impl if icationP r oof

Rew r iteRul e

Ar bitr ar y B utF ixed

I nf or mation

I nductionP r oof l hs r hs , r ul es

B l ock ,

simpl if icationP r oof S impl if icationP r oof

Ar bitr ar y B utF ixed v , v , l hs r hs , r ul es

I f S uccessf ul l simpl if icationP r oof ,

Retur n I nf or mation simpl if icationP r oof

inductionB aseP r oof I nductionP r oof l hs r hs/.v , r ul es

I f notS uccessf ul l inductionB aseP r oof ,

Retur n I nf or mation simpl if icationP r oof , inductionB aseP r oof

inductionV ar iabl e Ar bitr ar y B utF ixed v signature of ). The ab ove definition is executable co de in Mathematica 3.0 and,

thus, the functor can now b e applied, for example, to :

:= [ ]

After having ev aluated this,

2 3 5 7

yields

7 10

W e now display the basic structure of a simple Mathematica/R program for au-

tomatically proving multiv ariate equalities over the natural numb ers in the represen-

tation “0”,“0 ”,“0 ”, , using a knowledge base of multiv ariate equalities in the

form of rewrite rules (for example, the inductive definition of addition given ab ove).

This example shows the p ossibility of manipulating rewrite rules and related symb olic

expressions from within Mathematica. The subroutine “ ” is ba-

sically a call to the ev aluator of Mathematica. “ ” turns a universally

quantified equality into a Mathematica rewrite rule. “ ” generates

new constants for universally quantified v ariables and “ ” is supp osed to

pretty-print information on a pro of. With these explanations, the meaning of the

program b elow should b e evident.

[ ] :=

[

= [

[ 1 2 ] ];

[ [ ]

[ [ ]]];

= [ 1 0 ];

[ [ ]

[ [ ]]];

= [ 1];

within

2

+

+1

1 10

2

⟨ ⟩

≤ ≤

≤ ≤

≤ ≤

⟨ ⟩ ≡ →

∀ ≡ →

⟨ ⟩

⟨ ⟩

∀

∧ ∀

⟨ ⟩

∀

∀ v

low er B ound boundV ar iable upper B ound

low er B ound boundV ar iable upper B ound

j

7. A Programming Example in Mathematica/R: Quan tifiers

8. Conclusion: Researc h T opics and the Theorema Pro ject inductionH y pothesis

Rew r iteRul e v , l hs r hs/.v inductionV ar iabl e

inductionS tepP r oof I nductionP r oof

l hs r hs/.v inductionV ar iabl e ,

Append r ul es , inductionH y pothesis

Retur n I nf or mation

simpl if icationP r oof , inductionB aseP r oof , inductionS tepP r oof

Attr ibutes F or Al l H ol dAl l

expr ession

I f l ow er B ound > upper B ound, T r ue,

λ boundV ar iabl e. expr ession l ow er B ound

expr ession

Attr ibutes F or Al l H ol dAl l F or Al l

hel d

< j < ,

T r ue

=

[ 2 1 ];

= [

1

[ ]];

[ [

]];

]

It is clear how expressions involving v arious quantifiers with b ounded ranges can

b e conceived as abbreviations for certain terms involving the lamb da quantifier. How-

ever, it is normally not p ossible to consider the definitions of these abbreviations as

rewrite rules in the rewrite rule language itself. Mathematica provides the p ossibility

to “hold” all or some of the arguments in a function definition, i.e. to prevent them

from b eing ev aluated at call-time. With this facility it is p ossible to define arbi-

trary quantifiers by rewrite rules Mathematica/R. T ogether with the facilities

for user-defined notation this gives a versatile and practically attractive p otential for

providing all the quantifiers one would want to see in a truely mathematical language.

In particular, one can also define quantifiers that range over the carrier sets of arbi-

trary (algorithmically enumerable) domains. W e illustrate quantifier intro duction in

the case of a simple v ariant of the universal quantifier over b ounded integer ranges:

[ ] = ;

:=

[

( )[ ]

]

“ [ ] = ” defines the arguments of “ ” (which is the

full form name of “ ”) to b e “ ” unev aluated at call-time. Here is an example of

an expression involving this quantifier:

0 101

which ev aluates to “ ”.

W e hop e that we were able to demonstrate in this pap er that Mathematica is

a theoretically and practically attractive implementation of the higher-order condi-

tional rewriting programming paradigm. Addressing the two research comm unities

•

•

9. Ac kno wledgemen ts and references

References

Pr o c e e dings of the Workshop on

Multip ar adigm L o gic Pr o gr amming

Handb o ok of The or etic al

Computer Scienc e

The Mathematic a Bo ok mentioned in the intro duction, we b elieve that the following two research lines should

b e pursued:

The ev aluation semantics and the denotational semantics of Mathematica should

b e defined and studied in more detail so that programming in Mathematica

and verifying prop erties of Mathematica programs can b e based on a more pro-

found basis. This will b e particularly imp ortant if Mathematica is extended to

incorp orate the unb ounded quantifiers of pure mathematics. So far, only the

ev aluation semantics of Mathematica is defined and, in fact, it is only defined

by the informal description given on pp. 991 of [3].

Mathematica should and can profitably b e used as a test environment for re-

search in conditional rewriting and related sub jects like narrowing, unification

in sp ecific theories, constraint solving, inductive proving etc.

These goals are also two of the goals in the author’s Theorema pro ject, see [1]. The

overall goal of the Theorema pro ject is the definition and implementation of a common

language environment (starting from and based on Mathematica) for b oth the non-

algorithmic and the algorithmic part of mathematics with the functor construct as

the main structuring concept and sp ecial provers and solvers asso ciated with each

functor.

This pap er was written while the author stayed as a visiting research fellow at

the University of Tsukuba, Chair of Professor T etsuo Ida, in the frame of the T ARA

(Tsukuba Adv anced Research Alliance) Pro ject. The work was also supp orted by the

Adv anced Information T echnology Program (AITP) of the Japanese Information-

T echnology Promotion Agency (IP

A) in the frame of the pro ject “Co ordination Pro-

gramming in Op en Computing Environments”.

[1] B. Buchb erger. Proving, Solving, Computing. In:

, GMD Bonn, Septemb er 5-6, 1996, (ed. T. Ida

and Y. Guo), to app ear.

[2] N. Dershowitz and J.-P

. Jouannaud. Rewrite Systems. In:

, V ol. B (ed.J. v an Leeuwen), (North Holland,1990), pp. 243-320.

[3] S. W olfram. (W olfram Media, Champaign, Illinois,

USA,1996), Preliminary edition for b eta testers.