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Abstract. In this paper,we give a brief overview on Grébner basestheory,
addressedo noviceswithout prior knowledgein the field. After explainingthe
generalstrategyfor solving problemsvia the Grébner approachwe developthe
concept of Grdbner bases by studying uniquenssof polynomial division
("reduction”). For explicitly constructingGrdbner bases,the crucial notion of
S-polynomialsis introduced,leadingto the completealgorithmic solution of the
constructionproblem. The algorithm is appliedto examplesfrom polynomial
equationsolving and algebraicrelations.After a shortdiscussionof complexity
issueswe concludethe papemwith somehistoricalremarksandreferences.

1 Motivation for Systems Theorists

Originally, the methodof Grdbner baseswasintroducedin [3, 4] for the algorithmic
solution of someof the fundamentalproblemsin commutativealgebra(polynomia
ideal theory, algebraicgeometry).In 1985, on the invitation of N. K. Bose,| wrote a
surveyon the Grdbnerbaseanethodfor his book on n-dimensionakystemgheory,set
[7]. Sincethenquite someapplicationsof the Grébner basesnethodhavebeenfounc
in systemstheory. Soon,a specialissueof the Journalof MultidimensionalSystem
and Signal Processingwill appearthat is entirely devotedto this topic, see[11]].
Reviewingthe recentliteratureon the subject,onedetectshatmoreandmoreproblem
in systemgheoryturnoutto be solvableby the Grdbnerbasesnethod:

o factorizationof multivariatepolynomialmatrices,

e solvability testand solutionconstructionof unilateraland bilateralpolynomia
matrix equationsBezoutidentity,

e designof FIR/ IIR multidimensionafilter banks,



In [11], | gavethe referencedo theseapplicationsand | also presentecan eas
introductionto the theory of Grdboner basesby giving a couple of worked-out exam
ples.In this paper,| will give anintroductionto Grdbnerbasesn the style of aflyer for
promotionthatjust answersa coupleof immediatequestionson the theoryfor newcom
ers. Thus, [1]] and the presentpaper are complementaryand, together,they may
provide a quick and easyintroductionto Grébner basestheory, while [7] providesa
quick guideto the applicationof the methodto fundamentaproblemsin commutativ

stabilizability/ detectabilitytestandsynthesiof feedbackstabilizing
compensatof asymptoticobserver,

synthesiof deadbeabr asymptotidrackingcontroller/ regulator,
constructivesolutionto thenD polynomialmatrix completionproblem,
computatiorof minimalleft annhilatord minimal right annhilators,
eliminationof variablesfor latentvariablerepresentationf a behaviour,
computatiorof controllablepart; controllability test,

observabilitytest,

computatiorof transfematrix and"minimal realization",

solutionof the Cauchyproblemfor discretesystems,

testingfor inclusion;additionof behaviors,

testzero/ weakzero/ minor primeness,

finite dimensionalitytest,

computatiorof setsof polesandzeros;polardecomposition,
achievabilityby regularinterconnection,

computatiorof structurendices.

2 Why is Grobner Bases Theory Attractive?

Grdobnerbasegheoryis attractivebecause

the mainproblem solvedby thetheorycanbe explainedin five minutes(if one

knowsthe operationf additionandmultiplicationon polynomials),

the algorithm that solvesthe problemcanbe learnedin fifteen minutes(if one

knowsthe operation®f additionandmultiplicationon polynomials),



the theorem on which the algorithmis basedis nontrivial to (invent and to)
prove,

many problems in seemingly quite different areasof mathematicscan be
reducedo the problemof computingGrébnerbases.

3 What is the Purpose of Grobner Bases Theory?

The method(theoryplus algorithms)of Grébner basesprovidesa uniform approacha
solving a wide rangeof problemsexpressedn termsof setsof multivariate polynomi
als. Areasin whichthe methodof Grébnerbasesasbeeappliedsuccessfullyare:

algebraicgeometrycommutativealgebrapolynomialidealtheory,
invarianttheory,
automatedyeometricatheoremproving,
codingtheory,

integerprogramming,

partial differentialequations,
hypergeometri¢unctions,
symbolicsummation,

statistics,

non-commutativealgebra,
numerics(e.g.waveletsconstruction)and

systemgheory.

The book[9] includessurveyson the applicationof the Grébner basesmethodfor
most of the above areas.In commutativealgebra,the list of problemsthat can be
attackedby the Grébnerbasesapproachincludesthefollowing:

solvability andsolving of algebraicsystemsf equations,
idealandradicalmembershiplecision,

effectivecomputatiorin residueclassringsmodulopolynomialideals,
lineardiophantineequationswith polynomialcoefficients("syzygies"),

Hilbert functions,



e algebraicrelationsamongpolynomials,
e implicitization,

e inversepolynomialmappings.

4 How Can Grdbner Bases Theory be Applied?

The generalstrategyof the Grdoner basesapproachis as follows: Given a setF of
polynomialsin K[xq, ..., X,] (thatdescribeghe problemat hand)

e we transform F into anothersetG of polynomials"with certainnice proper
ties' (calleda"Grdbnerbasis")suchthat

e F andG are"equivalent" (i.e.generatehesamedeal).
Fromthetheoryof GB we know:

e Becauseof the "nice propertiesof Grdbner bases",many problemsthat are
difficult for generalF are"easy"for Grébnerbase<G.

e There is an algorithm for transformingan arbitrary F into an equivaler
GrébnerbasisG.

e The solution of the problemfor G canoften be easilytranslatedbackinto s
solutionof the problemfor F.

Hence,by the propertiesof Grébnerbasesandthe possibility of transformingarbitrary
finite polynomialsetsinto Grébnerbasesa whole rangeof problemsdefinablein term:
of finite polynomialsetshecomeslgorithmicallysolvable.

5 What are Grobner Bases?

5.1 Division ("Reduction”) of Multivariate Polynomials

We first need the notion of division (or "reduction™) for multivariate polynomials
Consider,for example,the following bivariate polynomialsg, f;, and f,, and the
following polynomialsetF:

g = x2y3 +3xy% -5x, €))
fi=xy=-2y, f,=2y?-x? )
F = {f1, f2). 3



The monomialsin thesepolygonomialsare ordered. Thereare infinitely many order
ings that are "admissible"for Grdbner basestheory. The mostimportantonesare the
lexicographicorderingsand the orderingsthat, first, order power productshby thei
degreeand, then,lexicographically. In the exampleabove,the monomialsare ordere:
lexicographicallywith y ranking higherthanx and are presentedn descendingrde
from left to right. The highest (left-most) monomial in a polynomial is called the
"leading" monomialin the polynomial.

One possibledivision ("reduction") step that "reducesthe polymomial g modulc
f, " proceedssfollows:

h=g-@y)fi = -5x+6Yy? +x?y5, 4

i.e.in areductionstepof g modulo f1, by subtractinga suitablemonomialmultiple of
f, from g, one of the monomialsof g shouldcancelagainstthe leadingmonomial of
-(3y)f1. Wewrite

g —nq h (5)

for this situation(read:"g reduced¢o h modulof,").

5.2 In General, Many Reductions are Possible

Given a setF of polynomialsand a polynomial g, many different reductionsof g
modulopolynomialsin F may be possible For example for g andF asabove,we alsc
have

hy =g—-(xy?)fi  =-5x+3xy?+2xy>, (6)
_ 1.5 _ xty 2
hg_g—(zx y)fz = —5x+7+3xy, (7)
and,hence,
g —r hy €)
g —r hs. 9

5.3 Multivariate Polynomial Division Always Terminates But is Not Unique

We write

g —r h (10)



g —¢ h (11)
for somef € F, andwe write
g —' h (12
if g reducego h by finitely manyreductionstepsw.r.t. F. Also, we write
he (13

if h cannotbe reducedfurther (is "in reducedform") w.r.t. F. Here are a couple of
fundamentafactson the notionof reduction:

Fact (Termination): For anyg andF, thereare no infinite chainsof reductionstep:
moduloF startingfromg.

Fact (Reduction is Algorithmic): Thereis an algorithm RF that producesa reduce
formw.r.t. F for anygivenpolynomialg, i.e., for all g andF,

g —¢* RRF, Q). 14

An exampleof suchan algorithmis the iteration of the following operation:Giveng,
considerthe polynomials f € F until you find one whose leading power produc
dividesoneof the powerproductsin g. If you foundsuchan f andpowerproductin g
executethecorrespondingeductionstep.If not, stop.

Fact (Non-uniqueness): Giveng andF, theremayexisth andk, suchthat

he " g —r" ke (15

buth k.

5.4 Definition of Grébner Bases

Now we define Grdbnerbasedo be setsof polynomialswhosecorrespondingeductiol
is unique:

Definition:
Fisa Grobnerbasis: <= —¢ isunique,i.e.

g,\r{k( he ¢ g —F" kg = h=k).




5.5 The "Application Theory of Grobner Bases"

At first sight, onemay not seewhy the defining propertyof Grébnerbasesshouldplay
any fundamentalrole. The importanceof this property stemsfrom the the following
facts:

Fact: Grdbnerbaseshavemany"nice properties"andhence for Grobner basesmany
fundamentaproblemscanbe solvedby "easy"algorithms.

Example (The" Main Problem of Polynomial Ideal Theory"):

Let F beasetof polynomials:

If F isaGrdbnerbasisthen:

f eldealF) & f—*F 0.

Here,ldealF) is the ideal generatedby F, i.e. the setof all polynomialsof the form
it pi-fi with fi in F andarbitrary polynomialsp; . As a consequencef the above
property, the questionwhether or not f € IdealF), for Grdbner basesF, can be
decidedby just reducingf moduloF and checkingwhetheror not the result of the
reductionis 0. For generalF, this questionis very hardto decideand, in fact, in the
older literatureon polynomialideal theorywascalledthe "main problemof polynomia

idealtheory".
Example (The" Elimination Problem™):

Let F beasetof polynomialsin theindeterminatexg, ..., X, andleti < n:

If F is aGrébnerbasisthen:
IdealF) M K[Xq, ..., Xi] = ldeal(F " K[Xq, ..., Xi]) .

As aconsequence basisfor the"i -th eliminationideal"IdealF) N K[xq, ..., X/] of &
finite Grdbner basisF can be obtainedby just taking those polynomialsin F tha
dependonly on thefirst i indeterminatesAgain, this problemis very hardfor genere
F. Having basesfor all eliminationidealsof a the ideal generatecdy a givenF, one
cannow find all the solutionsof the systemof equationsdeterminecby F. One just
startsby finding all the solutionsof the univariatepolynomial that forms the basisof
the first elimination ideal and then proceedsby substitutingthesesolutionsinto the
bivariatebasispolynomialsof the seconckeliminationidealetc.



6 How Can GB be Constructed?

6.1 The Main Problem
The main problemnow is how, given an arbitraryfinite setF of (multivariate)polyno

mials, one canfind a setof polynomialsG suchthatldealF) = IdealG) andG is a
Grébnerbasis.

6.2 An Algorithm

This problemcanbe solvedby thefollowing algorithm:

StartwithG:=F .
For anypair of polynomialsfy, f, € G:

Computethe"S-polynomial” of f1, f,
andreduceit to areducedormh w.r.t. G.

If h =0, consideithenextpair.

If h+ 0, addh to G anditerate.

6.3 S-Polynomials

The abovealgorithmsneedsthe computationof "S-polynomials".Again, we give theit
definitionin anexample:

fli=xy—-2y, f,:=2y?-x?, (16)

3
S-polynomialf, f,] = yf; — % xfp = X? -2y (17)

Note that the computationof the S-polynomial of two polynomialsf; and f,, first,
involves multiplication of the two polynomials by such monomial factors that the
leading power productof both polynomialsbecomesqual,namelythe leastcommot
multiple of the leading power productsof the two polynomials.By the subseque
subtraction,this least common multiple power product then vanishes!The intuition
behindthis notion is the following: The leastcommonmultiple of the "leading powe
products"of f;and f, is "the first possiblepolynomial” that allows two essentiall
different reductionsmodulo{f;, f,}. The maintheoremof Grdbnerbasegheoryther



showsthat, givena finite F, if you "master“thefinitely manyS-polys,thenyou maste
theinfinitely manypolynomialsthatallow two or moreessentiallydifferentreductions.

The notion of S-polynomialsis the nucleusof algorithmic Grdbner basestheory.
Note, however,that the notion of Grébner basesis independenbf the notion of
S-polynomialsand gives many interestingresultsalso for nonalgorithmic polyno
mial idealtheory.

6.4 Specializations

It is interestingto notethatthe Grdbnerbasesalgorithm,

o for linearpolynomials specializeso Gauss'algorithm,and

e for univariatepolynomials specializeso Euclid’s algorithm.

7 Why Does This Work?

7.1 Termination of the Algorithm

Terminationof the algorithm is nontrivial: At the beginning,there are only finitely
many pairs of polynomialsin G for which the correspondings-polyonomialshaveta
be computed.However,the reductionof someof the S-polynomialsmay resultin &
polynomial unequalzero that hasto be adjoinedto G. Hence,G is growing and
consequentlythe numberof S-polynomialsthat haveto be considerednay alsogrow
However, by an applicationof "Dickson’s Lemma",[15], it can be shownthat, ulti-
mately,this processnustalwaysstop.

7.2 Correctness of the Algorithm

The correctnessf the algorithmis basedon thefollowing " Main Theoremof Grébnet
BasesTheory':

F isaGrébnerbasis< V . RHF, S-polynomia|f;, f2]] =0 .

fl,fze

The entire power of the Grébner basesmethodlies in this theoremand its proof
The proof of this theoremis nontrivial. It proceedsy induction over the orderingof
powerproductsandneedsa detailedanalysisof the caseghatmayoccurwhenpolyno
mials arereduced,n one step,to different polynomialsmodulotwo polynomials.The
proof wasfirst givenin the PhD thesisof the authorandthenpublishedin aequatione



mathematicaesee[3, 4]. An Englishtranslationof the 1970 paperis containedin the
appendixof [9]. A modernversionof theproofis spelledoutin [10].

8 Examples

8.1 A Simple Set of Equations

We now show how Grébner basescan be appliedto solving systemsof polynomia
equations.Let us,first, considetagaintheexample:

fi =xy-2y,
F = {f1, f2}.
The GrdbnerbasisG of F is
G:={-2x2 +x3, =2y + Xy, —x% + 2y?}. (19

(If you havea mathematicakoftwaresystemlike, for example Mathematicaavailabe
you may computeGrébnerbasedy just entering

GroebnerBasi|§]

into thesystem.)

By thefactthatF andG generatéhe sameideal,F andG havethe samesolutions
The eliminationpropertyof Grébner basesgguaranteeshat,in caseG hasonly finitely
many solutions,G containsa univariatepolynomialin x. (Note that, here,we usethe
lexicographicorderthatranksy higherthanx. If we usedthe lexicographicordertha
ranksx higherthany then,correspondinglythe Grdbnerbasiswould containa univark
atepolynomialin y.) In fact, the aboveGr&bnerbasisis "reduced",i.e. all polynomial:
in the basisarereducedmodulothe otherpolynomialin the basis.It canbe showntha
reducedGrdbner bases(with finitely many solutions)contain exactly one univariat
polynomialin the lowestindeterminateln our example the univariatepolynomialin x
containedn G is

-2x2 +x3. (20
We now cansolvethis polynomialfor x, which givesusthe possiblesolutions
{{x -0}, {x - 0}, {x - 2}},
thatis

X1 =0,%X0=0,x3=2. (21)



If we now plugin, say,x, in the secondandthird polynomialof G, we obtainthe
two polynomials

0 (22
and
—4+2y?, (23

i.e. two univariatepolynomialsin y. Theorytells usthat, whatevertheresultingpolyno
mialsin y will be,theywill alwayshavea nontrivial greatestommondivisor which,in
fact, is just the nonvanishing polynomial of lowest degree.In our case,this is the
polynomial

—4+2y2. (29)

Now we cansolvethis polynomialfor y, andwe obtainthe solutions

Y31 = ‘/E, Y32 = —\/E- (29

In thisway, we canobtainall the solutionsof G and,hencepf F.

8.2 A More Complicated Set of Equations

Hereis amorecomplicatedsetof equations:

fi=xy-2yz - z,
fo=y? %%z + xz,
fa3=22-y?x + X, (26)

F = {fy, T2, f3}.

The correspondingGrdoner basis,w.r.t. the lexicographicordering ranking x higher
thany higherandy higherthanz, is

G:={z+4Z2-172 +32°-457% +
60z’ — 2978 + 1247° — 487%° + 647 — 6427%,
—-22001z + 14361y z + 16681z> + 26380Z° +
2266577* + 110852° — 903462° — 4720187" -
52042478 — 1392967° — 15078470 + 4903681,
43083y? — 11821z + 2670257> — 5830852° + 6634607* — (27
228835(0° + 2466820° — 30082572 + 4611948&° —
25923047° + 26727040 — 1686848,



43083x — 118717z + 694847° + 4023342° + 4099397* +
1202033° - 2475608&° + 3547462 — 6049080 +
2269472° — 3106688&1° + 344281671} .

You may again observethat G containsa univariate polynomial in the lowes
indeterminatez. This time the degreeof this polynomial is 12. The roots of this
polynomial cannotbe expressedy radicals.In principle, one may representhe root:
as algebraicnumbers(seethe literature on computeralgebraand the implementatior
in the various mathematicalsoftware systems)and then proceedby substitutingthe
roots of the first polynomialinto the other polynomialsof the Grdbner basis.In this
introductorypaper we ratherswitchto a numericalapproximatiorof theroots:

z; = —0.33130430007894490.58693445386461 71 (28
Z; = —0.33130430007894400.586934453864617%1 (29
(30

If we now substitute say,z; into the otherpolynomialsof G we obtainthe three
polynomials

(—523.51947585523934967.646241304139 -

(4757.8610534337288428.965691949767 y, (39)
(-7846.89647617919 8372.055369776885 + 43083y?, (32
(-16311.7+ 16611.) + 43083x. (33

Theorytells us that the first polynomialis (an approximationto) the greatestommot
divisor of thefirst andthe secondpolynomial.Hence,its solutiongivesusthe commol
solutionof thefirst andthe secondpolynomial. Thus,we obtain

y11 = —0.47353463863533530.20518443210789426 39

Finally, we can substitutey; ; into the last polynomial (which, in this particularcas
doesnot changeit sincey doesnot occuras an indeterminateland we can obtain the
solution

X111 = 0.37861069277607400.38555811885017%7 (39

In thisway, we canaobtainall thefinitely manysolutionsof G and,hencepf F.

8.3 Algebraic Relations 7

The problemof algebraicrelationsin invarianttheoryis the problemof askingwhethel
for examplethe polynomial



pi=x1" X2 = X1 %' (36)
canbeexpressedsa polynomialin, for example,

i 1= X2 + X2
iz 1= X1 % %o 37
i3 = X13 X2 — X1 X23.

(Note that the polynomialsiy, i, i3 form a systemof fundamentainvariantsfor Z,,
i.e. asetof generatorgor thering

{f € Clx1, x2] | f (X1, %X2) = (=X2, X1)}, (39)

i.e. i1, iz, i3 arein this ring and, furthermore,all polynomialsin this ring can be
expressedspolynomialsin iy, iz, i3.

The theory of Grébnerbasegells us now that the abovequestioncanbe answere
by, first, computinga GrébnerbasisG of thefollowing polynomialset

{=i1 +X12 + X2, —i2 +X1% X22, =iz + %13 X2 — X1 %23} (39

w.r.t. alexicographicorderingthatranksx;, X, higherthaniy, i,, iz andby reducing
p moduloG andanalyzingtheresult.In our examplethe (reduced)Grdonerbasisis

G:= {—I% |2+4|§ +i%, —i2+i1 X%—Xi,
i§i3X1—2i2i3X1—i1i3Xi+i% i2X2—4i%X2,
I% X1 —2i2 X1 —i]_ X? +i3 X2, (40)
—ili3+2i3X§—i%X1X2+4i2X1X2, —i3X1 —2i2X2+i1X%X2,
—ig—i1 X1 X2 + 2X3 Xo, —i1 + X3 + X3},

andreductionof p moduloG yields
h:=ifiz —ipis. (41)

(Pleaseuse mathematicalsoftware systemlike Mathematicafor carrying out thes:
computations.)

The theory of Grébnerbasesow tells usthat p canbe expressedisa polynomia
in iy, i, I3 if andonly if h is a polynomialonly in the indeterminatei, i», i3, i.e.
doesnot containthe indeterminate:x;, X,. This is the casein our example.Thus,we
know that p is representablasa polynomialin the polynomialsiy, i, iz and,further
more,h givesustheactualrepresentatiomamely

2
P = (xa2 +x22)" (x23 X2 = x1 %2%) = (x12 %22) (%13 X2 — X1 X2%).. (42



9 How Difficult is it to Construct Grobner Bases?

Very Easy

The structureof the algorithm is easy. The operationsneededin the algorithm are
elementary'Every high-schoolstudentcanexecutehealgorithm."

Very Difficult

The intrinsic complexity of the problemsthat can be solved by the Grébner base
methodis provento be "exponential".Hence,the worstcasecomplexity of any algo
rithm that computesGrdbner basesn full generalitymust be high. Thus,examplesn
three or four variableswith polynomialsof degreethree or four may alreadyfail to
terminatein reasonabléime or exceedavailablememoryevenon very fastmachines.

For example trying to find a Grdbner basis,w.r.t. to a lexicographicordering,for
the set

(xy®-2yz - 7 +13,

y2-x?z + x2° +3, (43
2 2.2 3
ZEX =Y X+ Xy+y’+12

may alreadyexhaustyour computerresources.

Sometimes Easy

Mathematicallyinterestingexamplesoften have a lot of "structure”and, in concret
examples,Grdbner basescan be computedin reasonablyshort time. Thus, a lot of
interestingnew theoreticalinsightin variousareasof mathematichasbeenobtain by
using the Grébner basestechniquefor concrete,theoretically interesting,examples
Also, sometimesit is possibleto derive closedformulae for the Grébner basesof
certainidealsthat dependon variousparametersnd, then, variousconclusionscan be
drawn from the form of theseGrébner basesseefor example[8]. Hence,as a first
attempt,it is alwaysrecommendabléo try Grdbnerbasesf oneencounters problen
formulatedin termsof multivariatepolynomialsets.

Enormous Potential for Improvement

The positive aspectof an intrinsically complex problem as the one of constructin
Grdbner baseds that moremathematicaknowledgecanleadto a drasticspeedup. In
the literature thefollowing ideashaveled to drasticallyimprovedversionsof the above
Grobnerbasisalgorithm:



e The use of “criteria" for eliminating the consideration of certair
S-polynomials,se€[6].

Severap-adicandfloating pointapproachesee[21, 20].
e The"GrobnerWalk" approachsee[13].

e The'linearalgebra"approachsee[16].

All theseapproachegslo, however,not changethe main idea of the algorithmic
constructiongiven abovebasedon the fundamentalrole of the "S-polynomials". Fol
the practicalimplementatiorof the Grdbner basisalgorithm,tuning of the algorithmis
alsoimportant,for exampleby

e heuristicsand strategiesfor choosingfavorable orderingsof power product
andfor thesequencén which S-polynomialsshouldbe selectecktc,

e goodimplementatiortechniquesanddatastructures.

There is a huge literature on the complexity of Grébner basesalgorithmsand or
improvingtheefficiencyof thesealgorithms.

10 Why are Grobner Bases Called Grobner Bases?

ProfessotWolfgangGrébner was my PhD thesissupervisorin 1965. He gave me the
problem of finding a linearly independenbasisfor the residueclassring modulo ar
arbitrary polynomialideal given by finitely manygeneratorsOn the way of answerin
this question,l developedthe theory of what | later (1976, see[5]), in honor of my
former advisor,called"Grébnerbases"In moredetail,in my thesis(1965)andjourna
publication (1970),l introduceahefollowing notions,theoremsandmethods:

the concepibf GrébnerbasesandreducedGrdébnerbases,

the concepibf S-polynomial,

¢ themaintheoremwith proof,

e thealgorithmwith terminationandcorrectnesgroof,
e theuniquenessf reducedGrdbnerbases,

o first applications (algorithmic computing in residue class rings, Hilber
functioncomputationsolutionof algebraicsystems),

¢ thetechniqueof basechangew.r.t. to differentorderings,
e acompleterunningimplementatiorwith examples,

e first complexityconsiderations.



Later,| contributedmainly thefollowing two ideasto thetheoryof Grdbnerbases:

thetechniqueof criteriafor eliminatingunnecessargeductions,

an abstractcharacterizatiorof rings ("reductionrings”) in which a Grdbne!
basesapproachs possible.

In my view, the main additionalideasthat have beencontributedto the theory of
Grdébnerbasedy otherauthorsarethefollowing:

Grdbner basescan be constructedw.r.t. arbitrary "admissible"orderings(W.
Trinks 1978).

Grdbner basesw.r.t. to "lexical" orderingshavethe elimination property (W.
Trinks 1978).

Grdébner basescan be usedfor computingsyzygies,and the S-polys generat
the moduleof syzygiegG. Zachariasl978).

A given F, w.r.t. the infinitely many admissibleorderings,hasonly finitely
many Grdébner basesand, hence,one can constructa "universal" Grébnel
basedor F (L. RobbianoV. WeispfenningT. Schwarz1988).

Starting from a Grébner basesfor F for orderingO; one can "walk", by
changingthe basisonly slightly, to a basisfor a "nearby"orderingO, andsc
on ... until onearrivesat a Grébner basedor a desiredorderingOy (Kalkbr-
ener,Mall 1995).

Numerousapplicationsof Grébnerbasedor solving problemsin variousfields
of mathematicghat, sometimesneededingeniousideasfor establishingthe
reductionof the problemsconsideredo the computatiorof Grdbnerbases.

11 Where Can You Find Information on Grdébner Bases?

11.1 The Grobner Bases Conference 1998

The proceeding®f this conference[9], containtutorialson nearlyall currentlyknowr
applicationsof Grdbner basesin various fields of mathematics.Unfortunately, nc
tutorial on applicationsof Grdbner basesin systemstheory is containedin thesi
proceedings.

Theseproceedingsontainalso a coupleof original papersand an introductionta
Grobnerbasedncluding a completeformal proof of the maintheorem,see[10]. Also,
in theappendixanEnglishtranslationof the original paper{4] is included.



11.2 On Your Desk

Implementationsof the Grébner basis algorithms and many application algorithm:
basedon Grdbner basesare containedin any of the current mathematicalsoftware
systemslike Mathematica,Maple, Magma, Macsyma, Axiom, Derive, Reduce,etc
Also, thereexist specialsoftwaresystemshat are mainly basedon the Grdbner base
techniquefor example CoCoA[12], Macaulay[17], Singular[18].

11.3 In Your Palm

Grdbner basesare now availabeon the TI-92 (implementedin Derive) and othe
palmtop calculatorsso that literally every high-school student has accessto the
method.

11.4 Textbooks

By now, a couple of very good textbooksare available on Grdbner bases,seefor
example[19], [2], [1], [14]. Thetextbook[19], in theintroduction,containsa complet
list of all currenttextbooks.

11.5 In the Web

Searchingin the web, for examplestartingat http://citeseer.nj.nec.conwith the key
word "Grobner"will quickly leadyou to hundredsof paperson Grébnerbasesandtheil
applications.

11.6 Original Publications

By now, morethan500 papersappearedneanwhileon Grébner basesMany of then
are appearingn the Journalof SymbolicComputation(AcademicPressLondon)or at
the ISSAC Symposia (International Symposia on Symbolic and Algebraic
Computation).
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