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Abstract: Theoremas a mathematicakoftwaresystememphasizingcomputer-supportetheorem
proving. Theoremais implementedin Mathematica and, thus, can be usedon all platformson
which Mathematica is available.

In this paperand talk, we explain the new Theoremaanguagefeatureof logicographicsymbols.
This featureallowsto introducearbitrarynew symbolsfor mathematicafunctionsandpredicateso
thatthe useris not confinedto afixed vocabularyof symbols.Theimplementatiorof logicographic
symbolsin Theoreméheavilyinvolvestoolsof the front-endof Mathematica.

| ntroduction

In this paper,we report on the new conceptof logicographicsymbolsand its realizationin the frame of the
Theoremasystem [Buchbergeret. al. 1997], [Buchbergeret. al. 2000]. This work is joint work with Koji Naka
gawa: The conceptof logicographicsymbolsis dueto the authorandwasfirst introducedin [Buchberger2000].
All the implementationof the conceptin Theoremawas done by Koji Nakagawaand is the main part of the
forthcomingPhDthesis[Nakagawa2001].

The developmenbf formal mathematicss importantfor achievinga new level of rigor, reliability, manageabil
ity, automatiorandre-usabilityin mathematicanda smoothandcomputer-supportettansitionfrom mathemati
cal knowledgeto mathematicalalgorithms and, ultimately, to applications.Currently, formal mathematicss
basedon the usuallinear and/or two-dimensionalmathematicahotation of (someversionof) predicatelogic
starting from constantsfor functions and predicates.The vocabularyof constantsconsistsof infinitely many
textualidentifiersanda fixed arsenabf mathematicabymbolsas,for example,'+", "/" etc.

Often, however,in orderto understandhe intuitive ideabehindmathematicatonceptspneusesgraphics.These
graphicalillustrationsof conceptsandthe constantgidentifiersand/orsymbols)usedfor denotingthe conceptsn

formal texts,logically, arenot connectedThe constantdive in the world of rigorousformal derivationswhereas
the graphicalillustrations live in the world of informal heuristics.The graphicalillustrations are helpful for

understandindhe conceptsnvolved and their propertiesbut do not haveany logical bearing.The constantsare
the basic ingredientsof the rigorous mathematicalderivationsbut often do not convey well the underlying
intuition.



In Theoremaa systemfor formal mathematicsmplementedn Mathematica, we now introducedthe new lan
guagefeatureof "logicographicsymbols".Thesearetwo-dimensionafgraphicsthat canbe composedy the user
of the Theoremdanguaggusingvariousdesigntools for generatinggraphics)in orderto conveythe meaningof
a conceptin anintuitively easyand appealingway. Formally, however,thesegraphicsare then treatedas new
function or predicateconstantsof TheoremaFor this, logicographicsymbolshave "slots" for the function or
predicateargumentsConsequentlylogicographicsymbolscan also be nestedand can be combinedarbitrarily
with ordinaryfunction and predicateconstantsFormaltexts usinglogicographicsymbolsarethenboth formally
rigorousand intuitively appealingln otherwords,logicographicsymbolsaim at bridging the gapbetweerformal
rigor and intuition in mathematicsAlternatively, one can view logicographicsymbolssimply as a meansfor
providing the userwith aninfinite sourceof mathematicabymbolsof arbitrary graphicalcomplexityto be used
asfunction and predicatesymbols.In this paperandthe talk, we will explainhow the Theoremausercanintro-
duce,interactively,any desiredliogicographicsymbolandhow thesesymbolscanthenbe usedfor improving the
readability and self-explanatorypower of mathematicakexts without reducingformal rigor. In this paper,we
cannotgo into any detail aboutthe implementatiorof logicographicsymbols,which s fully explainedin [Naka
gawa2001]and,partly,alsoin [NakagawaandBuchberge2001].

Note thatthe conceptof logicographicsymbolsgoesfar beyondwhatis possibleevenin advancednathematical
text processingystemdike TEX, [Knuth 1986a]: Althoughit is possiblein TEX to createarbitrarynew symbols
by the METAFONT tool, [Knuth 1986b],thesesymbolshaveno logical functionality, i.e. their syntaxdoesnot
follow therulesof predicatdogic andneithercanwe attachany (computationabr logical) semanticgo suchnew
symbols. In contrast,in the Theoremasystem formulaecontaininglogicographicsymbolscanbe executedand,
moreimportantly,canalsobe processedby automatedprovers,solvers,andsimplifiers. With the new featureof
logicographicsymbols,we now provide a meandor the userto inventarbitrarynew symbolsthat are part of the
formal languageof Theoremaa versionof higherorderpredicatelogic) and,at the sametime, alsoconveythe
intuitive meaningof the functionsandpredicatesienotedby thesesymbols.In this paperwe describethe essence
of theconcepf logicographicsymbolsandtheir usageby giving justtwo typical examples.

As acreditto early forerunnerswe would like to mentionthe work of JasorHarris, [Harris 1996], who, without
havingthe generalconceptof logicographicsymbols,designeda Mathematica packagehatallowsto createslots
for argumentsat basically arbitrary positions when using symbols of the existing Mathematica vocabulary.
However, for the implementationof our generalconceptof logicographicsymbols,we neededmplementation
techniqueghat give more control on the design,shape arity, and slot positions.The box structureof Mathemat-
ica expressiongwith the two basicoperationsMakeExpressiorand MakeBoxes)turns out to be a very useful
andsufficiently flexible platformon top of which ourimplementatiorcanbe built.

Example: Merge Sort

Theorema Formal Text

Here are a couple of formulae, in the "Theorema formal text language”, that form part of the theory that describes
the correctness of the merge-sort algorithm.
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Al gorithm["stng", any[X],

X e X} <1

ny [ « otherwi se )
stmg[l spX11, I
stng[rsp[X]1]

Definition["istv", any[X, Y],
istv[X, Y]l (i st [X]IAipmX Y1)I;
stng[X]: =
Lenrma["ng" , any[A, B],

(i st [A] Aist [B])=ist[ng[A, Blll;
Algorithm["mg", any[X Y, a, b, %, §1,

mgrd, Y1:=Y Lenma["ng2", any[A, B],
mgLX, O]:=X i pmmg[A, B], A=B]];
my[<a, X), <b, y)1] ];

._ra-ng{x), (b, 31 « azb

" lb-ny[<a, %), (y>1 « otherwise
Wordslike ‘Al gor i t hni etc. arekeywords.Textsin quotationarelabels.For exampleby Al gori t hni " ng"]
one canreferto the definition of the functionng. The'any[ X, Y, a, b, X, y]' indicatesthat'X', 'Y’, ‘a', 'b',
‘%', 'y arefreevariablesn the subsequergtatementFormuladike

myLXx $l:=X
etc. form the actualmathematicabtatementgin the "Theoremaexpressiorlanguage”a variantof higher-order
predicatelogic). The three statementsn Al gorithni " ng"] form the definition of the function ng. In the
Theoremaexpressionlanguage,’()', '(x, X)', x - X, X = Y' standfor 'empty tuple’, 'a tuple with the first
elementx and a finite sequence& of elements';tuple X with elementx prepended"concatenatiorof X andY',
respectively.

With this explanatiorandthe additionalexplanatiorthat'st ng', 'ng’, 'i st v', i pmi, I sp', rsp' standfor 'sorted
by merging','merged',is sortedversionof', 'is permutedversionof’, 'left split', and'right split', respectivelythe
meaningof the above Theoremaformal text should be self-explanatoryFor example,the definition of st ng

describeghe algorithmof merge-sortif the lengthof the argumentuple ‘X is lessthanor equalto '1', thenthe
resultis 'X'. Otherwise,’X splitsinto 'l sp[ X] ' and'r sp[ X] ', theneachof thesetuplesis sortedby a recursive
call of 'st ng' and,finally, thetwo sortedpartsaremergedby 'ng'.

With thedefinitionsabove the correctnessf merge-sortannow beformalizedasfollows:

Proposition["Correctness of Merge Sort", any[A], istv[stmy[A], A]]

This propositionstatesthat for any tuple ‘A, after applicationof the algorithm'sortedby merging',the resulting
tuple'st ng[ A] ' is a sortedversionof 'A’. It will be possibleto prove this theoremautomaticallyby one of the
Theoremagproversusingthe knowledgeformalizedaboveplus someadditionallemmataon theingredientnotions
which, in the proof below,will bereferredto as(Lemma:extra).
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Of course, one could be happy with the above formal text from a strictly formal point of view. However, it is
difficult to grasp the intuition behind the formulae when presented in this "textual” form, i.e. with al constants
just being identifiers and with the ordinary linear notation. We now introduce logicographic symbols for some of
the constants occurring above. The user has complete freedom in designing new symbols for the various notions.
The following may be a possible choice:

X

] 1sp[X] left split of X

>|<_ rsp[X] right split of X

B% mg[X, Y] the result of merging two tuples X and Y
BeX stmg[X] the result of sorting X by merging
X
K ipm[X, Y] Xis a permuted version of ¥

Y

X . .
N ist[X] X is sorted

X

Bx istv[X, Y] Xis a sorted version of Y

¥

With these logicographic symbols, the above knowledge base can be now be written in the way shown below.
The expressions are represented in a nested 2-dimensional syntax with dark gray and light gray coloring for

indicating the syntactical structure. (The users can change the coloring by writing an appropriate Mathematica
function).

Algorithm[” stmg" , any[X],
Definition[”istv” , any[X, Y],
X < X} =1

Xl
X s
- = I Eﬁ[HAJ]'
< otherwise !

Lemma["mg” , any[A, B],

EAE-ER

Lemma[”mg2” , any[A, B],

IE;

We believe that, with a good choice of logicographic symbols, the above mathematical formulae should be
basically self-explanatory. At the same time, and this is the essence of the concept of logicographic symbals, the
above text with logicographic symbols, is a completely formal text within Theorema, i.e. the above expressions
an be evaluated (and used in proofs) exactly like the expressionsin the conventional notation.
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m Declaring, Typing, and Creating L ogicographic Symbols

In orderto inform the systemaboutnew logicographicsymbols,the 'Logi cogr aphi cNot at i on' declarations
used.In theexampleof the'ng' symbol,this declaratiodookslike this:

Logicographicﬂotation[" merge”, any[X, ¥], mg[X, ¥] (X{"and" ¥ "merged")} = E%] ;

The entire drawing with two "slots" for the two possibleargumentsX, 'Y' constitutesthe new symbolfor 'ng'.
The Ilabel "nmerge" can be used to refer to this logicographic definition afterwards by
Logi cogr aphi cNot ati on[ " nmer ge"] . The expressionany[ X, Y]' meansthat'X, 'Y' are treatedas free
variablesin the declaration.The annotation( X "and" Y "nerged") ' indicatesa suggestiorfor readingthe
formula. This annotationcan be consideredas a suggestionfor humanreaders, how to "read" texts containing
thesesymbols.(In a later version,this annotatiorwill alsobe processablén the sensethatit will automatically
produce'spoken“versionsof theformal text, see[Nakagawa2001].)

Of course,for the practical usageof logicographicsymbols,it is very important that typing such symbols
becomesasyfor the user.In Mathematica, symbolsthatarenot availableon the keyboardcaneitherbe input by
usinginput aliasesor palettes We extendedhesefacilities by makingit possibleto input arbitrarylogicographic
symbols(declaredby the useras explainedabove)by eitherinput aliasesor palettes.For example,typed text
'ESCmg ESC'changesnto the correspondindpgicographicsymbol.(HereESCindicateshe escapeey.)

In orderto give the usersthe possibility to invent arbitrary new symbols,a facility to createnew characterss
needed One way for doing this is to usea Mathematica inline cell with GraphicsDataf imagesor postscript.
Note that,in this way, we canevenusepictureimagesfor creatingnew mathematicakymbols.We are currently
alsoexperimentingwith usingtouchscreensr digital notepadstc. for drawingnew symbolsandimportingthem
into Mathematica. The slots of logicographicsymbolsfor the argumentscan be createdby just including the
corresponding/ariablenamesoccurringin the logicographicdeclarationas a text into the logicographicsymbol
created.

m Proof of the Correctness of Merge-Sort

Now we presentpart of the proof of the correctnes®f the merge-sortalgorithm,which in fact canbe generated
automaticallyby Theorema.lf the appropriateoption is setin the prover call, the proof generatedusesthe
logicographicsymbolsdeclaredcabove:

Prove:

We usecourseof valueinductionon A. Let Ag bearbitrarybutfixed andassume



(ind-hyp) b

A
1at<lagt

and show

(@

We prove (G) by case distinction using (Algorithm; stmg).

Case|Agl<1: ... (thiseasy part of the proof is omitted in this paper) ...

Case |Agl¢1: Inthis case we haveto prove

"B

By (Definition: istv), we have to prove

By (ind-hyp), we know
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And hencepy (Definition: istv) we alsoknow

We prove(G1): ... (thiseasy part of the proof is omitted in this paper) ...

We prove(G2): We know (C1) by (Lemma:mg2),(C2) by (Lemma:extra),(C3) by (Lemma:extra):

EE
(c1) .ﬂ , (c2)

Hence by (C1),(C2),(C3),and(Lemma:extra), (G2)is proved.

We believethat the use of logicographicsymbolsin sucha formal proof significantly supportsreadability.In
fact, a proof becomes little gamewith pictureswhich, however,is completelyformalandgeneral.

Example: Relations and Functionsin Set Theory

m Composition of L ogicographic Symbols

With the exampleof logicographicnotationfor relationsand functionsin settheory we want to illustrate an
advancedeatureof thelogicographicconcepthamelythe compositionof newlogicographicsymbolsfrom given
onesin suchaway thatthe meaningof a composedsymbolis just the conjunctionof its constituentsAs a well

known example considerthe logical connectiveé<" which, of course shouldbe understoodasthe composition
of '=' and'<" and,correspondinghhasthe combinedmeaningof thetwo constituentarrows.In the conceptof

logicographicsymbols,we implementthis naturaltechniquein its full generality.In fact, this technique(in a not
completelysystematiowvay) is frequentlyusedin pictorial writing systemdike the Chineseand Japanes&anii

system.



For implementingthis generaltechniqueof symbol compositionwe, first, introducea new constructinto the
Theoremaexpressionanguagenamely 'a'. The constructa' is different from the symbol'A’, which is ordinary
conjunction.Namely,for examplethe expression

(rel atot)[A r, BI,

by anappropriaténferencerule, canbetransformednto

rel [A, r, B] Atot [A, r, B],

i.e.'a"is aconstructhatcombinegredicateconstantgwhereasA' combineformulae).

Now, in the frame of our logicographicnotation,when the systemencountersa formulaethat contains'a’ and
logicographicsymbolsare declaredfor the individual constantscombinedby ‘', the compositionof the corre
spondinglogicographicsymbolsis producedat the appropriatepositionin the formula. Converselyjf the system
encountersnput with a logicographicsymbolthatis the compositionof elementaryjogicographicsymbols,then
the systemjnternally, produceghe correspondingormulausingthe'a’.

m Example of Elementary Predicates Expressed by L ogicographic Symbols

Let usconsiderasanexamplethefollowing five definitionsof elementarynotionsin settheory:

Definitions["rel ations", any[A, r, B],

isrel [A, r, Ble (r ¢ AxB)
isltot[A r, Ble Vv 3 (a, b)er
aeA beB

isrtot [A 1, B]:b‘gBaEA (a, ber

islfun[A, r, B] ‘:bles‘,dbzes A ({a, bl)y er A(a, b2) er = bl == b2)
isrfun[A, r, B] ‘:aleAYazeA bZB ({al, by er A(a2, by er = al == a2)

Let us now declare logicographic symbols for these notions:

LogicographicNotation["relations" ,any[A, r, B],
isrel[A, r, B] (r "is a relation between " A "and" B) = , £
isltot[A, r, B] (r "is left total on " A "and" B) S r B

isrtot[A, r, B] (r "is right total on "A "and" B) 5 , = B ]

B

islfun[A, r, B] (r "is left functicnal on " A "and" B) =A<r B

isrfun[A, r, B] (r "is right functional on " A "and" B) =a r>B

m Example of Composing Predicates
What we now want is that, after this definition and this declaration, the user can write aformulalike
Proposition [" transitivity",

X s res
(A-&BAB-&C)=’A-&C]
and that thiswill be understood internally by the system as
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Proposition["transitivity",
((isrel [A, r, BlAislfun[A, r, B]) A
(isrel [B, s, ClAislfun[B, s, C])) =
(isrel [A ros, ClAislfun[A res, C])]

With our extendedogicographicsymbolstool this is achievedautomaticallyby, first, decomposinghe above
logicographicsymbolsgenerating

Proposition["transitivity",
((isrel aislfun)[A r, BlA (isrel aislfun)[B, s, C]) =
(isrel aislfun)[A, res, C]]

andthenusingthegenerainferencerule for 'a".

In otherwords, by giving thefive declarationsanddefinitionsabove the userhasnow actually 2°, i.e. 32 differ-
entnotionsavailable!

For makingthis work, oneactuallyhasto enterthe abovedeclaratiorwith the keyword'ComposibleLogicograph
icDeclaration'so that the systemcan makesurethat all the symbolsthat shouldbe composabléavea standard
sizesothatjust overlappinghemgenerates reasonablcomposedgymbol.

m Existentialization of Formulae

Togetherwith the logicographicmechanismyve alsoallow in Theoremahe mechanisnthat certainargumentsn

an n-ary predicatecan be left out with the implicit meaningthat the correspondingvariable is existentially
quantified. For example,again after having introducedthe declarationsn the previoussection,the following

formula

Propositieon ["transitivity",
(A<—pAp<—(l=p<— ¢l
will generatehefollowing internalformula

Proposition["transitivity",
( 3 (isrel aislfun)[A, rl, B]/\r:-l2 (isrel aislfun)[B, r2, C]) =
3 (isrel aislfun)[A r3, C]]
With this additional mechanism, by a few declarations and definitions, one can now generate huge classes of

logicographic symbols with varying arity and corresponding predicates with both exact forma and intuitive
meaning at the same time. For example, the meaning all of the following should now be clear:

r
Al—>ip
r
A<—>p
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Conclusion

A picture canonly illustrate a predicateor function for concreteargumentvalues.A textualidentifier usedasa
predicateor function constanttogetherwith argumentermscontainingvariables,can describea generalsitua

tion - for exampleas part of a proof. A picture togetherwith slots for argumentterms,i.e. a logicographic
symbol, canillustrate the intuition behinda conceptand can describegeneralsituations.We believe that this
combinedexpressivepower of logicographicsymbolsopensnew levels of both intelligibility and formality in

the representationf mathematicsThis may havesignificantconsequence®r future mathresearctandteaching
and,maybemoreimportantly,for thecomputer-supporteshanagemendf mathematicaknowledge.

Tracing backthe history of humanlanguageone seesthat, in very ancienttimes, form ("syntax") and meaning
("semantics")of languagenvasasclosetogetherascanbe. Gesturearewhatthey mean,exclamationgust reflect
the statusof the body, picturesare homomorphidmagesof reality. In ancientVedic literature,for example the
vibration of soundg("'syntax") andthe reality ("vibration of matter")they describewere consideredo beidenti
cal. Over the centuries,by the expansionof rational thinking, the distinction betweensyntax and semantics
becamepronouncedand, in fact, was the major tool for the purification of scientific language.This had the
positive effect of, ultimately, makinglanguageprocessabledowever,thereis alsoa negativesideto this separa
tion of syntacticalform and meaning:What is formally processabldi.e. processabléy consideringonly the
syntacticalform), is sometimesardto "see"(i.e. to understanan the level of meaning)andvice versa.Seenin
this broadercontext,our techniqueof logicographicsymbolsis meantto be a naturalapproacHor the reconcilia
tion betweersyntaxandsemantics.
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