Someremarkson the usage of this notebook:

- The package HolonomicFunctions can be downloaded from the website
http://www.risc.uni-linz.ac.at/research/combinat/software/Holonomi cFunctions/

- Throughout this notebook, the variable gn isidentified with the expression g*n (and analogously for gi and q).

- The g-shift which sends gn to g*gn and g*n to g*(n+1) is denoted by QS[gn,g"*n].

The objective of this notebook is to give a fully rigorous computer proof of the long-standing g-TSPP conjecture, which has
been reduced to a determinant evaluation by Soichi Okada, which can been further reduced by the holonomic ansatz to proving
three g-holonomic identities:

Normalization: c(n, n)=1 (n=1
Soichi: z‘;:la(i, pemn, p=0 (I=i<n)
Okada: ZTzla(n, e, j) = % (n=1

where a(i, j) = (q + 1) 6ij — 6,1 + 9 (iﬂ_z) +q(i+j__1) ,
' i—-1 q i q

1kl 2
and b(n) =TT, ITi T (#) :
and c(n, j) is another discrete function to be defined below.

<< "Hol ononi cFuncti ons. ni'

HolonomicFunctions package by Christoph Koutschan, RISC-Linz, Version 1.3 (25.01.2010)
— Type ?HolonomicFunctions for help

(» define the entries of the matrix =)

Cd ear [a];
al[i _Integer, j_Integer]:=afli, j] =
Expand[

FunctionExpand[g”™ (i +] -1) » (Binomal [i +] -2, i -1, ql] +g+«Q@inomal [i +j -1, i, q]) +
(1+9”i) »KroneckerDeltali, j]-KroneckerDeltali, j +1]11;

For convenience, we define a simple function that gives all non-negative integer roots of a "univariate" g-polynomial. By that
we mean a polynomial in g and some other variable that represents a power of g, e.g., ¢*n. The output then isalist of valuesn >
0 such that the given polynomial is zero.

in22):= MyQRoots[poly_, var_] : =
Wth[{factors = First /eFactorList [poly]},
| f [Menber Q[f actors, 0],
"Polynomi al is identically zero.",
Sort [Exponent [#, ] &/@
Sel ect [factors, MatchQ[#, (var -g”~_.) | (q”_. -var) | (1-var) | (var -1)] &]111

Our definition of c(n,j)
We pull out of the hat the following annihilating ideal, and use it to define a bivariate sequence uniquely.
annc = << "ann-qTSPP-deg. ni';

The question which initial values have to be given in order to define the sequence uniquely, is considered in the following. In
particular we do a detailed analysis of the singularities. For this purpose we extract the leading coefficients of the Grobner basis
annc and shift them according to the leading power products (such that if one of these polynomials is zero for some specific

(ng, jo) then the value of c(ng, jo) cannot be computed by means of the corresponding recurrence).

| cfs = (Leadi ngCoefficient [#] /. Thread[{gn, qj } » {gn, qj } / g" Leadi ngExponent [#]]) &/@annc;
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We want to define c(n, j) for n= 1 andj = 0. The latter is just for convenience: when we are going to prove (Soichi) it will
simplify things if we know that our definition impliesc(n, 0) =0 for @l n. (to be shown later).

With these restrictionsiit is clear that in the area (4, 5) + N? (i.e., al pointswith j = 4 and n = 5) all recurrences may be used to

compute values of ¢(n, j) without involving values from outside our definition range. The remaining points, two strips of width 4
aong the coordinate axes, are investigated separately.

m Thestripl=n=<4

Leadi ngPower Pr oduct /@annc

4 3 2 2 3
{sqi,q' San,a Saj, q» San, a SGj, a0 San, q Sai o Sgn,q}

It is clear that in the case n=1, we can only use the first recurrence, for n=2 either the first or the second one, and so on.

n=1:

M/QRoots[# /. qn » q, qj ] &/@Take[lcfs, 1]

{{0, 1, 2, 3, 4, 5, 6}}

singn = {1, #} &/@First [%]

{{1, 0}, {1, 1}, {1, 23}, {1, 3}, (1, 4}, {1, 5}, {1, 6}}
n=2:

M/QRoots[# /. qn » "2, qj ] &/@Take[l cfs, 2]

({2, 3, 4}, {1, 2, 3, 4, 5, 7}}

singn = Join[singn, {{2, 0}, {2, 1}, {2, 2}, {2, 3}, {2, 4}}1;
n=3:

M/QRoot s [# /. qn > "3, qj ] &/eTake[lcfs, 3]

({3, 4}, {2, 3, 8}, {0, 1, 2, 3, 4})

singn =Join[singn, {{3, 0}, {3, 1}, {3, 2}, {3, 3}}1;
n=4:

MyQRoots[# /. qn - g™4, qj ] &/@Take[lcfs, 4]

{{3, 4, 5}, {2, 3, 4, 9}, {1, 2}, {0, 1, 2, 3, 5}}

singn = Join[singn, {{4, 0}, {4, 1}, {4, 2}}1;

m Thestrip0=<j=<3
j=0:
M/QRoots[# /. qj » 1, gn] &/@Take[lcfs, -1]

{{0, 1, 2, 3, 4})
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singj = {#, 0} &/@Rest [First [%]]

{{1, 0}, {2, 0}, {3, 03}, {4, 0}}

j=1
MyQRoots[# /. qj » g, qn] &/@Take[lcfs, -2]
{Polynom al is identically zero., {0, 1, 2, 3, 4, 5}}
singj =Join[singj, {{1, 1}, {2, 1}, {3, 1}, {4, 1}, {5, 1}}1;
j=2
M/QRoots[# /. qj » 9”2, gn] &/@Take[l cfs, -3]
{Polynomi al is identically zero., {1, 2, 3, 4}, {1, 2, 3, 4, 5}}
singj =Join[singj, {{1, 2}, {2, 2}, {3, 2}, {4, 2}}1;
j=3

MyQRoots[# /. qj »q”*3, qn] &/@Take[l cfs, -4]

{(Polynom al is identically zero., {2, 3}, {1, 2, 3, 4}, {1, 2, 3, 4, 5}}

singj =Join[singj, {{1, 3}, {2, 3}, {3, 3}}1;

= the area (4, 5) + N?

We show that the leading coefficient of the third recurrence does not have any integer zeros in the area under consideration. A
fortiori there cannot be any common zeros.

lcf =1cfs[[3]];

A numerical test before we start to be rigorous:

test =1lcf /. q- 2;
Position[Tabl e[test /. qn »2”n /. qj »2"j, {j, 4, 20}, {n, 5, 20}1, 0, {2}]

{3

First we are extracting al the exponents that appear in the expanded leading coefficient. For each choice of nand j, we pick only
the one with the highest power in q.

exps = Del et eCases [Fl att en[Mapl ndexed [
(Exponent [#1, q] +{n, j}. (#2-1)) & CoefficientList[fac, {gn, qj }1, {2}1]1, -Infinity];

In this picture we see all exponents of g*n (horizontally) and "} (vertically).
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Li st Pl ot [Coefficient [# {n, j}] &/@exps]
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Now we sort out all exponents that are always smaller than some other (again, inside the area under consideration). What we get
is the upper right border of the above figure (this was somehow to be expected).

While[il < Length[exps],

Wil e[i2 <Length[exps] & Sinmplify[exps[[i1l]] <exps[[i2]], n25&&] 24] =1=True, i2++];
If[i2>Length[exps], i l++, exps = Drop[exps, {i1}11;

]

exps

{31 +16j +12n, 33 +15j +13n, 32+14j +18n, 34+13j +19n,
34+12j +22n, 32+11j +23n, 36+10j +24n, 34+9j +25n, 31+8j +26n}

Now we compute conditions on n and j, under which each of the above exponents becomes the maximal one.

Tabl e
{k, [" ", Sinplify[Reduce[Sinplify[n 25&&) 2 4&%Andee (exps[[k]] ># &/@Drop[exps, {k}1)11,
El ement [{n, j}, Integers]]}, {k, Length[exps]}] // Tabl eForm
1 Nn=5&%j =21+3n
2 Fal se
3 n=5&%j =2+2n&&j <3n
4 Fal se
5 n=5&%j >2+n&&j <2n
6 Fal se
7 j <=nN& & ((N=58&%) =4) || (n=26& &N <1+j))
8 Fal se
9 n>7&%j >48&%&3+j <n

The entry at position 7 simplifieston=5&& n-1 <j <n.
So we see that al points are covered, except thelinesj = 2n+1, j =n+1,j =n-2, andj = n-3, asit can also be seen in the follow-
ing picture:
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ArrayPl ot [Tabl e[Wth[{pos = Position[exps, Max[exps]]}, |f [Length[pos] ===1, pos[[1, 1]], O]],
{n, 100, 5, -1}, {j, 4, 100}],
ColorRules - {0 » Wiite, 1 > Yellow, 3> Red, 5- Geen, 7-Blue, 9-Black}]

For these exceptional lines, we test separately whether the leading coefficient becomes zero (and find that none of the zeros lies
in the area under consideration).

M/QRoots[lcf /. qj - gqn”*2xq, gn]
{0}

M/QRoots[lcf /. g - gqn=q, gn]
{0, 1, 2, 3}

MyQRoots[lcf /. qn>qj *q*2, qj ]
{0, 1, 2}

M/QRoots[lcf /. qn>qj *q”3, qj 1]
{0, 1, 2}

m Conclusion

We have seen that there are no singularitiesforn = 5andj = 4.
Therefore the only singularities are the ones that we have found inthe stripsl <= n<=4and0<j < 3.

sing = Uni on[si ngn, singj]

{{1, 0}, {1, 1}, {1, 23, {1, 3}, (1, 4}, {1, 5}, {1, 6}, {2, O}, {2, 1}, {2, 23},
{2, 3}, {2, 4}, {3, 0}, {3, 1}, {3, 2}, {3, 3}, {4, 03}, {4, 1}, {4, 2}, {5 1}}

We can hence write down a procedure that computes the value of c(n, j) for given integers n and j, using our annihilating ideal
plus the above initial values (although thisis not the most efficient way).
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Cl ear [c];
| ocal Annc = OrePol ynom al Substitute[annc, {gn -»>q”n, g - q*j}] /. {n>1In,j >1j};
c[nn_Integer /; nnx>1, jj_Integer /; jj 201 :=c[nn, jj] =
Whi ch[
(» special initial value (j=n=1) x)
jj === NN === 1, 1,
(» special initial values (j=0) =)
jj ===0&&1 < nn <4, 0,

(» special initial values (j>n) =x)
Member Q[ {{1, 2}, {1, 3}, (1, 4}, {1, 5}, {1, 6}, {2, 3}, {2, 4}}, {nn, jj}1, O,
(» initial values that need to be conputed x)
Menber QL{{2, 1}, {2, 2}, {3, 1}, {3, 2}, {3, 3}, {4, 1}, {4, 2}, {5, 1}}, {nn, jj}I,
Together [(-1)*(nn+jj) »Det [Tabl e[Drop[Table[a[il, j1], {j1, nn}1, {jj3}1, {il, nn-1}]1]1/
Det [Tabl e[a[i 1, j1], {id1, nn-1}, {j1, nn-1}111,
(* use recurrences of annc =)
True,
Toget her [Sol ve [
Toget her [ (0O == Appl yOreQperator [#, cl[In, 1j1] /.
Thread[{In, |} > ({nn, jj} -Leadi ngExponent [#])]) &/@
Sel ect [l ocal Annc, Function[op, Wth[{l ex = Leadi ngExponent [op]},
FreeQ[ (Leadi ngExponent [#] -1 ex + {nn, jj }) &/@Support [op], {nl_, j1_} /;
(N1<111j1<0)1111 7. cl[nn, jjl1-»x/.cl-c], x1[[1, 1, 2111
1

table = Table[c[n, j], {n, 9}, {j, 0, 9}1;
Map [l f [#===0, O, "%"] & table, {2}] // Tabl eForm

00
+ x 0

O OO OO OO OoOOo
* *
*
*
* *x O O O
* O O OO
* O O O OO
* O OO O OO
* O OO OO oo
* O OO0 O OO OoOOo

*
*
*
*
*
*
*
*

Proof of (Normalization)

In order to get arecurrence that is valid on the diagonal j=n, we find an operator whose support consists of power products with
Q9[dj,q"j] and QY[ gn,g*n] having the same power.

(* requires 3GB of nenory =x)
Tim ng[recDi ag = Fi rst [Fi ndRel ati on[annc, O ePol ynoni al Substitute » {gj -» gn},

Support - Tabl e[QS[qj, q*j 1" *QS[gn, g*n]”i, {i, 0, 7}111;1
{32728.1, Null}
recDi ag = Nornal i zeCoef ficients[recD ag];

Omitting the shiftsin j now gives a univariate recurrence of order 7 that is valid on the diagonal j=n.

recDi ag =
O ePol ynom al Substitute([recDi ag, {QS[dj, q~j]1 » 1}, Algebra -» O eAl gebra[QS[gn, g*nl11;

Exponent [Or ePol ynomi al Li st Coefficients[recD ag], gn]

{84, 84, 88, 88, 92, 92, 92, 92}
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Exponent [Or ePol ynomi al Li st Coefficients[recDi ag], q]

{301, 308, 325, 328, 339, 338, 339, 338}

Byt eCount [recDi ag]
13451904

We find that the diagonal recurrence is a multiple of the recurrence of the constant sequence 1.

O eReduce[recDi ag, Anni hilator [1, @S[qn, q*n]]]
0
We check whether c(n,n) = 1 for 1 < n < 7 using our definition of c(n,j):
Tabl e[c[n, n], {n, 7}]
{1, 1, 1, 1, 1, 1, 1}
Sel ect [First /eFactorLi st [Leadi ngCoefficient [First [recDi ag]]], Exponent [#, gn] === 1 &]
{1+9®gn, 1+qg*gn, 1+9°qgn, 1+9°qgn, 1+q’ gn}

Together with the fact that the leading coefficient does not have any integer zeros, we have proven that c(n,n)=1 for all n > 1.

Show that we have natural boundaries

We show that our definition of c(n, j) implies ¢(n, 0) =0 and c(n, j) = 0 for j > n. These facts will be necessary for the subse-
guent reasoning, in particular for treating the sums.

The initial values that are required for the following arguments have already been computed (and shown to be 0) when the
procedure ¢[n,j] was defined.

Consider the casej > n. Having alook at the support of the first element in annc

Support [annc[[1]1]1]

{53 Sén,q Sqi . a» s Sgn,q'

2
ai L g S ar Saiar 1}

i qr
reveals that we need to prove c(n, j) =0 for the 6 diagonalsj = n+1, ..., j = n+6. It then follows thate c(n, j) =0 for al j > n by
applying this recurrence.

The diagonals are treated in the same way as in the proof of (Normalization).

(» alittle procedure to plot the nonomals in the support of an operator. =x)
Pl ot Support [p_OrePolynom al ] : =
Modul e[ {poi nts, nml, nR},
poi nts = Rever se[Leadi ngExponent [#]] & /@ Support [p];
{mL, nR} = (Max /@ Transpose[poi nts]) +1;
Ret ur n[Li st Pl ot [poi nts,
| mageSi ze -» Round [l % 507,
Aspect Rati o » n2 / ni,
AxesLabel - ToOrePol ynom al [Reverse[Or eAl gebraGenerators[OreAl gebra[p]]ll,
Pl ot Markers -» Styl e[" x", Bold, 157,
Pl ot Range » {{-1/2, mL}, {-1/2, nR}},
Ti cks » {Range[ml] -1, Range[nR] -1}17;
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The special casec(n,0)=0

We first verify that applying the appropriate recurrence from our annihilating ideal impliesc(n, 0) = 0.
Leadi ngPower Pr oduct /@ annc
{Sgi,q' Sqnvqsgi,q' szln,qsczai,q' Sgn,qsqqu' Sén,q}
rec = O ePol ynom al Substitute[annc[[5]], {g] - 1}1;
Support [rec]
{Sin.q» Sinar 1}
MyQRoot s [Leadi ngCoefficient [rec], gn]
{0}

m The diagonal j = n+1

Tim ng[rec = Normal i zeCoef fi ci ents[First [Fi ndRel ati on[annc,
O ePol ynom al Substitute » {gj -» gn*qQq},

Support - Tabl e[QS[qgj, "] 1"k *»QS[gn, g*n]1”k, {k, O, 7}1,
Modul us - 0111; 1

(24336.9, Null )
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Pl ot Support [rec]

S:}n,q

My QRoot s [Leadi ngCoef fici ent [rec], gn]
{}

m The diagonal j =n+2

For the diagonal j = n+2, we can aready make use of the zeros on j = n+1. This means that we do not necessarily need an
operator whose support lies on one diagonal, but on two diagonals. Therefore the total degree becomes smaller and the computa-
tion much easier.

Tim ng[rec = Nornmal i zeCoef fi ci ents[First [Fi ndRel ati on[annc,
O ePol ynom al Substitute » {gj -» gn=*q}, Support -
Flatten[Tabl e[{Q5[qj, 9"j1"jj »QS[gn, g*n1”nn}, {jj, nn, nn+1}, {nn, 0, 3}11,
Modul us » 0]11; 1

{432. 851, Null}
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Pl ot Support [rec]

Sl"vq

3+ X X

2t X X

1t X X
AV 4 L L L i
T 2 3 4 S

MyQRoot s [Leadi ngCoeffi cient [rec], gn]
{}

s The diagonal j = n+3
For j = n+3, the support of the operator may lie on 3 diagonals, analogously as before.

Tim ng[rec = Nornal i zeCoef fi ci ents[First [FindRel ati on[annc,
OrePol ynomi al Substitute » {gqj » gn*q},
Support - (QS[dj, q™j 1 #[[1]1] »QS[gn, g n]1 #[[2]] &/e
{{0, 0}, {1, 0}, {2, O}, {3, 2}, {4, 2}}),
Modul us » 0]11; 1

(126. 048, Null }

Pl ot Support [rec]

Sina
2 X X
1 L
%r X X% : . Siq
1 2 3 4

MyQRoot s [Leadi ngCoeffi ci ent [rec], gn]
{}
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m The diagonal j =n+4

Tim ng[rec = Nornal i zeCoef fi ci ents[First [FindRel ati on[annc,
O ePol ynom al Substitute » {gj -» gn=*q}, Support -
Flatten[Tabl e[{Q5[dj, 9"j1"]j »QS[agn, g”n1”nn}, {jj, nn, nn+3}, {nn, 0, 1}1],
Modul us -» 0]11; 1

(118.591, Nul | }

Pl ot Support [rec]

S1"'~CI

S

PX
X
wX

My QRoot s [Leadi ngCoef fi ci ent [rec], gn]
{}

m The diagonal j =n+5

Tim ng[rec = Nornal i zeCoef fici ents[First [FindRel ati on[annc,
O ePol ynomi al Substitute » {gj -» qn *q},
Support - Tabl e[QS[qgj, q”~j 17k, {k, 0, 4}1,
Modul us -» 0]11; 1]

(23.1534, Nul | }

Pl ot Support [rec]

San,q

Sia

=X

(V2
X
2

wX
»X

My QRoot s [Leadi ngCoeffi ci ent [rec], gn]
{}

m The diagonal j =n+6

Tim ng[rec = Nornal i zeCoef fi ci ents[Last [Fi ndRel ati on[annc,
O ePol ynom al Substitute » {gj -» gn=*q},
Support - Tabl e[QS[qgj, g”j 1"k, {k, O, 5}1,
Modul us - 0111; 1

(56. 9956, Null}
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Pl ot Support [rec]

Sqn,q

AV4 AV4
X X
1 2

wX

: X Sia
4 5

My QRoot s [Leadi ngCoef fi ci ent [rec], gn]

{}

Proof of (Soichi)

We have computed two creative telescoping relations for
. S af(i+i-2 (i+j—1 .
¢ (i, =g (( i1 )q+q : )q cn, j)
whose sizes are 1.5GB and 7GB, respectively.

We can verify that these creative telescoping relations lie in the annihilating ideal of the above function (i.e., the summand in the
(Soichi)-sum). So let's first compute thisideal:

(* these conputations take about 90 m nutes. =x)

ann = ChangeOr eAl gebraf[Joi n[annc, Anni hilator [1, QS[qi, gq™i 111,

O eAl gebra[QS[gi, g~il, QS[qj, q*j1, QS[an, g*n]1l;
ann = DFi ni t eTi mes [ann, Anni hilator [

@™ (@i +j -1y * (-1-q+q”i +g™( +j))*@Binomal [i +j -2, i -1, q]) /7 (9"i -1),
{S[gi, g™i 1, S[aj, 9*j1, &Blgn, g*n1}11;

m Singularity analysis of the annihilating ideal for the summand

We show that there are only finitely many singular points, which are additionally located close to the origin.
in4s):= OreAl gebrafann]

ous= K(Qi, dj, qn) [Sqi,q; Sgi,q» O] [Sqj,q: Sqi.q» 0] [San,q; Sgn,q» O]

6= | cfs = Nuner at or [Toget her [

(Leadi ngCoef ficient [#] /. Thread[{qi, gj, qn} -» {qgi, gj, qn} / g”Leadi ngExponent [#]]) &/@
ann]l;

in471:= Leadi ngPower Product /@ann

outar= {Sai qv Sin g Sui.a Sinar Sii.q Sin.ar S4.q Sanar Sgj.q)

Whenever i>1, we can apply the first recurrence since their only singular points arei=0 and i=j=1:
ns1:= Factor [l efs[[1]1]1]

ousi= (-1+qi) (q+9*-qi -qi qj)

From now on we consider only the case i=1.

Onthelines n=1, 2, 3, 4 we can apply the last recurrence (except finitely many points near the origin):

3= MyQRoots[lcfs[[6]] /. i »qg /. an>q, qj]
oufs3= {0, 1, 2, 3, 4, 5, 6}
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M/QRoots [ cfs[[61] /. gi »q /. an>q"2, gj]
outzal= {1, 2, 3, 4}

4= MyQRoots [l cfs[[6]1] /. gi »q /. gn->q”"3, qj]
ousa= {0, 1, 2, 3, 4}

nss)= MyQRoots [l cfs[[6]] /. gi »q /. an>q"4, qj]
oussl= {0, 1, 2, 3, 4, 5}

Onthelines j =1, 2, 3, 4 we can apply the second recurrence (except finitely many points near the origin):

ins6l:= MyQRoots[lcfs[[2]]1 /. qi »q /. qf »Q, qn]
ousel= {0, 1, 2, 3, 4, 5}
in571:= MyQRoots[lcfs[[2]1]1 /. qi »q /. q »qg"2, gn]

ous7= {1, 2, 3, 4, 5}

inss:= MyQRoots [l cfs[[2]] /. i »q /. df » 9”3, gn]
oussl= {1, 2, 3, 4, 5}

insol= MyQRoots[lcfs[[21] /. qi »q /. g »q”"4, gn]
ousel= {1, 2, 3, 4, 5, 6}

Intheareai =1andj >4 and n > 4, we can safely apply recurrence no. 4 (no singularities here):

in[e4]:= exps = Del et eCases [Fl att en[Mapl ndexed [ (Exponent [#1, q] +{n, j }. (#2-1)) &,
CoefficientList[lcfs[[4]] /. Qi »qd, {gn, qj }], {2}1]1, -Infinityl;

nesy= 11 =1;
While[il <Length[exps],
Wil e[i2 <Length[exps] & Sinplify[exps[[i1l]] <exps[[i2]], n25&&] 25] =1=True, i2++];
If[i2>Length[exps], il++, exps = Drop[exps, {i1}11;
1
In[67]:= €XPs

oute7)= {18 +22j +18n, 20+21j +19n, 11 +20j +24n,
9+19j) +25n, 13 +18j +26n, 11 +17) +27n, 8+16j +28n}

ines= Tabl e[

{k, " ", Sinplify[Reduce[Sinplify[n>5&&] >5&%Andee (exps[[k]] ># &/@Drop[exps, {k}1)11,

El ement [{n, j}, Integers]]}, {k, Length[exps]}] // Tabl eForm

Out[68]//TableForm=
1 n=5&%3+j >3n

2 Fal se

3 n=>5&%j >2+n&&4+j <3n

4 Fal se

5 j <nN& & ((j >5&&N<78&8&N=>5) || (n=>278&&Nn<1+j))
6 Fal se

7 n>8&&j >5& %3+ <n

The cases j=n+1, j+2=n, j+3=n are not contained in the above regions and have to be checked separately:

|13



14 | qTSPP.nb

ine9l= MyQRoots[lcfs[[4]1] /. gi »q /. df »g=*qn, gn]

outegl= {0, 1, 2, 3}

o= MyQRoots[lcfs[[4]]1 /. i »q/. qn>9"2%qj, qj]

Out[70]= {O, 1, 2}

in71:= MyQRoots[lcfs[[4]]1 /. qi »q/. qn>q9”3*qj, qj ]

ouf7i= {0, 1, 2}

m Prove correctness of the certificates

Now we load and assemble the first creative telescoping relation.

ansatz = << "ansatzl1. ni;
denom= << "denont. ni';

solution = << "sol utionl. nt;
ctrel =ansatz /. nyDen[al__][a2_] = (denom[[al]] /. ] - a2) /. solution;

Byt eCount [ctrel ]
1479304632

reduce = OreReduce[ctrel, annj;

We find that reduce is zero, proving that the first creative telescoping relation is correct. The reduction takes 12h and needs

14GB of memory.

A strong indication for the correctness is obtained in much less time by performing the reduction in a modular way. We give

some examplesin the following

Ti m ng[OreReduce[ctrel, ann, OrePol ynom al Substitute » {q - 37, gi »98, qj » -113, gn -» -5}]]

(885. 555, 0}

Ti m ng[Or eReduce([ctrel,

(1115. 25, 0}

Ti m ng[Or eReduce [ctrel,

(1109. 39, 0}

Ti m ng[Or eReduce[ctrel,

(1215. 54, 0}

Ti m ng[Or eReduce[ctrel,

(1439.91, 0}

Ti m ng[Or eReduce [ctrel,

(1835. 44, 0}

ann,

ann,

ann,

ann,

ann,

O ePol ynom al Substitute » {g » -58, qi » 20, gj » 31}]1]

Or ePol ynomi al Substitute -» {gi -» 1089, gqj -» 81, qn -» 6}1]

O ePol ynom al Substitute » {q » 67, gn -» 133}]1

O ePol ynomi al Substitute » {g -» 13}1]

Or ePol ynomi al Substitute -» {gn -» 27}1]

We now assemble and reduce the second creative telescoping relation.
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ansatz = << "ansatz2. nt';

denom= << "denon?. ni';

solution = << "sol ution2. n';

ctrel =ansatz /. nyDen[al__][a2_] =» (denom[[al]] /. gj -» a2) /. solution;
Byt eCount [ctrel ]

7227816800

reduce = OreReduce[ctrel, annj;

The reduction takes 65h, needs 37GB of memory, and finally yields reduce = 0.
Again, some modular computations that can be carried out more easily and that are nearly equally convincing.

Ti m ng[Or eReduce[ctrel, ann, OrePol ynom al Substitute - {q-»3, gi » 13, qj » -18, qn -» 47}]]
(2372.38, 0}

Ti m ng[OreReduce[ctrel, ann, OrePol ynom al Substitute » {q » -17, qi -» 229, gqn » 42}1]
{2644. 46, 0}

= Problem statement
After simple rewriting, (Soichi) looks asfollows: For 2<=i<n

Tradi ti onal For m[
Hol dFor m[Sum[g” (i +] -1) » (Binomal [i +]j -2, i -1, ql+g+«@inomal [i +j -1, i, q]) *c[n, j1,
i, L, n}l=c[n i-11-(1+qgri)cn, i]]]

n .. ..

i -2 i+j-1 . . i .

g+l 1( ' +q . )c(n, D=cni-1-(1+d)cn, i)

(1157 1) ot
andfori=1

Tradi tional For m[
Hol dFor m[Sum[g” (i +] -1) » (Binomal [i +]j -2, i -1, q] +g+«@Binomal [i +j -1, i, q]) *c[n, j1,
{,1,n¥17/7.i »1=-(1+q)c[n, 1111

Zn:qurjl((iTiIz) +q(i+ji_1) )c(n, D/i->1=-1+0qch 1)
q q

j=1

Obviously, we can view the case i=1 as a special case of the first formula since c(n,0)=0 holds (this has been proven before). And
thisisthe reason why we have extended our definition of c(n,j) to j=0.

Next, observe that the sum runs over natural boundaries: we have that c'(n,i,j)=0 for j < O (because of the binomial coefficients)
and that c'(n,i,j}=0 for j>n (because c(n,j)=0 for j>n). This information is sufficient to deduce that when we sum over the
creative telescoping relation, the delta part vanishes completely. Hence the above sum is annihilated by either of the two princi-
pal parts. We extract them now from the creative telescoping relation.

ansatz = << "ansatzl.nm'; solution = << "solutionl. ni;
ppl = OrePol ynom al Substitute[ansatz, {q[__] - 0}] /. solution;

Byt eCount [ppl]
8173952
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Support [ppl]
{Sﬁi,q, Sai.q San.ar Sii.qv Shnq Saiiqr 1}

ansatz = << "ansatz2.nm'; solution = << "solution2.nl;
pp2 = OrePol ynom al Substitute[ansatz, {q[__] - 0}] /. solution;

Byt eCount [pp2]
38683336
Support [pp2]

{Sén,q' Sqivqssn,q' Stzli,q’ Sén,q’ Sqi , a» 1}

m Determine singularities

In this section we want to show that the two recurrences ppl and pp2 uniquely define a bivariate sequence, provided that some
finite set of initial valuesis given. In particular we show that they do not have relevant singularities.

| cfs = Leadi ngCoefficient /@ {ppl, pp2};

Leadi ngPower Pr oduct /e {ppl, pp2}

{Sgi,q’ Sén,q}
lcfs[[1]1] = Nunerator [Factor [l cfs[[1]] /. qi »qi /g"3]1];
lcfs[[2]] = Nunerator [Factor [l cfs[[2]] /. gn-»>qgn /g 4]];

The leading coefficients consist of some small factors and one big factor each. We have alook at the small factors and treat the
big ones separately.

Tabl e[Byt eCount /e (List eel cfs[[k]]), {k, 2}]

{{16, 96, 152, 56, 96, 136, 248, 152, 208, 1251352}, {56, 96, 152, 96, 152, 152,
96, 136, 40, 96, 96, 96, 136, 96, 96, 152, 208, 208, 208, 248, 208, 208, 1251920}}

Most [l cfs[[1]1]]

-(q-qi) (g°-qi ) (-1+qi) (qi -qgn) (-qi +qqn) (L+qgn+qg®*qn®) (-1+qqn®) (-1+q°qn?)
—iszerofori=0,1,2, andi=n, and i=n+1.

Most [l cfs[[2]1]]

gi®(-1+q9qi) (-1+9°qi ) (g-an) (g*>-qn) (g*-gan) (gi -qn)
+

(@gi -gn) (q+qn) (g®>+an) (q®+qgn) (g*+an) (-gi +qan) (q-qi gn) (-1+gi gn)
(a-an?) (q®-qgn?) (g°-qn?) (9’ -an?) (g* +g®qgn+an?) (g*-qn®) (q®-qgn?)
— iszerofor n=1,2,3, and i=n, and i=n-1, and i=n+1, and (i,n)=(1,0),(0,1),(0,0).

fl=Last[lcfs[[1]]]; f2 =Last[lcfs[[2]]];

= f1hasno zeros

We first test numerically that there are no zerosfor 1 <=i <n <= 20:
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test =f1/. q- 2;
Position[Tabl e[test /. gi »2”i /. gn > 2”n, {n, 20}, {i, n-1}], 0, {2}]

{3

Exponent [f1, {qgi, gqn}]
{15, 22}

In the following we will argue by case distinction that for any choice of integersi and n (1 <=i < n), thereis one single term that
yields the highest power of g which therefore cannot cancel away. This proves that f1 cannot be zero for those choices of i and n.

These are the exponents of g"i and g™n that occur in f1:

Li st Pl ot [Position[CoefficientList[fl, {gi, qn}], Except [0], {2}, Heads - Fal se] -1]

20

15

10

e 0000000000000 0000 00
feeeeeeoeeceoeceoeocococoocococococoe
P oo eoeceooooccooocooooo o0
P oo o000 o0o0o000000000000 00
P oo oeooooo0o0o0o0o000000000 00
0000000000000 000000 00
b o0 0000000000000 0000o0
o0 0000000000000 00

2

C)YS © 0000000606060 00000000 0 00
0¢eeoeeecceccccosccosccocsocoocoe

Noeoooeooeooccccocoocsoocoococococococoe

=
o
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N
=
Sy

Since we are interested in the highest g-powers only, we take for each power product of g*i and g*n only the term with the
highest power of g. In the following list we store the corresponding exponents. If we can prove that for any integersi and n there
isasingle maximal element in thislist, we are done.



18 | qTSPP.nb

exps = Del eteCases[Flatten[
Mapl ndexed [ (#1 + Total [{i, n} = (#2-1)]) &,
Map [Exponent [#, q] & CoefficientList[fl, {qi, qn}], {2}]1, {2}1], -Infinity]

(43 +4n, 49+5n, 51+6n, 52+7n, 51+8n, 55+9n, 57+10n, 57+11n, 59+12n, 59 +13n, 60+ 14n,
60 +15n, 60+16n, 60+17n, 59+18n, 57+19n, 53+20n, 39+i +3n, 46+i +4n, 46+i +5n,
50+i +6n, 51+i +7n, 53+i +8n, 54+i +9n, 55+i +10n, 55+i +11n, 56 +i +12n,

55+i +13n, 57+i +14n, 57+i +15n, 57 +i +16n, 58 +i +17n, 58 +i +18n, 57 +i +19n,

57 +i +20n, 53+i +21n, 35+2i +2n, 42+2i +3n, 43+2i +4n, 44+2i +5n, 47+2i +6n,
49 +2i +7n, 49+2i +8n, 52+2i +9n, 53+2i +10n, 52+2i +11n, 54+2i +12n, 54+2i +13n,
55+2i +14n, 55+2i +15n, 56 +2i +16n, 56 +2i +17n, 56 +2i +18n, 56 +2i +19n,

55+2i +20n, 55+2i +21n, 50+2i +22n, 32+3i +n, 38+3i +2n, 39+3i +3n, 42+3i +4n,
43 +3i +5n, 45+3i +6n, 47+3i +7n, 47 +3i +8n, 49+3i +9n, 51 +3i +10n, 51 +3i +11n,
52+3i +12n, 53+3i +13n, 53+3i +14n, 53+3i +15n, 53+3i +16n, 54+3i +17n,

54 +3i +18n, 54+3i +19n, 54+3i +20n, 52+3i +21n, 52+3i +22n, 27+4i, 34+4i +n,
35+4i +2n, 38+4i +3n, 39+4i +4n, 41+4i +5n, 43+4i +6n, 44+4i +7n, 45+4i +8n,
47 +4i +9n, 48+4i +10n, 49+4i +11n, 48+4i +12n, 50+4i +13n, 51+4i +14n,

50+4i +15n, 50+4i +16n, 51 +4i +17n, 51 +4i +18n, 50+4i +19n, 50+4i +20n,

51+4i +21n, 49+4i +22n, 29+5i, 31+5i +n, 33+5i +2n, 33+5i +3n, 36+5i +4n,
38+5i +5n, 40+5i +6n, 39+5i +7n, 42+5i +8n, 44+5i +9n, 45+5i +10n, 46+5i +11n,
46 +5i +12n, 46 +5i +13n, 48+5i +14n, 48+5i +15n, 47 +5i +16n, 48+5i +17n,

48 +5i +18n, 48+5i +19n, 48+5i +20n, 48+5i +21n, 45+5i +22n, 26 +61i, 28+61i +n,
29+6i +2n, 31+6i +3n, 33+6i +4n, 35+6i +5n, 36 +6i +6n, 38+6i +7n, 39+6i +8n,
41 +6i +9n, 42+6i +10n, 43+6i +11n, 43+6i +12n, 43+6i +13n, 44+6i +14n,

45 +6i +15n, 45+61i +16n, 45+6i +17n, 45+6i +18n, 45+61i +19n, 45+6i +20n,

44 + 60 +21n, 42+61i0 +22n, 22+7i, 24+7i +n, 26+7i +2n, 28+7i +3n, 30+7i +4n,
32+7i +5n, 34+7i +6n, 35+7i +7n, 37+7i +8n, 38+7i +9n, 39+7i +10n, 40+7i +11n,
41 +710 +12n, 41 +7i0 +13n, 42+7i +14n, 42+7i +15n, 42+71i +16n, 41 +7i +17n,

42 +7i +18n, 41 +7i +19n, 41 +7i +20n, 41 +7i +21n, 39+7i +22n, 19+8i, 21+8i +n,
23+8i +2n, 25+8i +3n, 27+8i +4n, 29+8i +5n, 30+8i +6n, 31+8i +7n, 33+8i +8n,
35+8i +9n, 36 +8i +10n, 37+8i +11n, 37+8i +12n, 37+8i +13n, 38+8i +14n,

39+8i +15n, 39+8i +16n, 39+8i +17n, 39+8i +18n, 38+8i +19n, 37+8i +20n,

38+8i +21n, 35+8i +22n, 16 +9i, 18+9i +n, 19+9i +2n, 21 +9i +3n, 23+9i +4n,

24 +91 +5n, 27 +9i +6n, 28+9i +7n, 30+9i +8n, 31+9i +9n, 32+9i +10n, 33+9i +11n,
34+9i +12n, 34+9i +13n, 35+9i +14n, 33+9i +15n, 35+9i +16n, 35+9i +17n,

35+9i +18n, 32+9i +19n, 34+9i +20n, 34+9i +21n, 31+9i +22n, 12+10i, 14+10i +n,
16 +10i +2n, 18+10i +3n, 20+10i +4n, 21 +10i +5n, 22+10i +6n, 24+10i +7n,

26 +10i +8n, 27 +10i +9n, 27+10i +10n, 29+10i +11n, 30+10i +12n, 30+10i +13n,
30+10i +14n, 31 +10i +15n, 32+10i +16n, 32+10i +17n, 30+10i +18n, 30 +10i +19n,
29 +10i +20n, 30+10i +21n, 8+11i, 10+11i +n, 12+11i +2n, 14+11i +3n, 16 +11i +4n,
18 +11i +5n, 19+11i +6n, 21 +11i +7n, 22+11i +8n, 23+11i +9n, 24+11i +10n,
25+11i +11n, 26+11i +12n, 27 +11i +13n, 27 +11i +14n, 28+11i +15n, 28 +11i +16n,
28 +11i +17n, 28 +11i +18n, 24 +11i +19n, 25+11i +20n, 5+12i +n, 7+12i +2n,
10+12i +3n, 12+12i +4n, 13+12i +5n, 15+12i +6n, 15+12i +7n, 18 +12i +8n,

19+12i +9n, 20+12i +10n, 21 +12i +11n, 22+12i +12n, 21 +12i +13n, 23+12i +14n,
23+12i +15n, 24+12i +16n, 24 +12i +17n, 7+13i +4n, 9+13i +5n, 10+13i +6n,

12 +13i +7n, 13+13i +8n, 15+13i +9n, 16 +13i +10n, 17 +13i +11n, 17 +13i +12n,

18 +13i +13n, 18 +13i +14n, 19+13i +15n, 19+13i +16n, 4+14i +5n, 6 +14i +6n,
7+14i +7n, 9+14i +8n, 10+14i +9n, 11+14i +10n, 12+14i +11n, 13+14i +12n,
13+14i +13n, 14+14i +14n, 14 +14i +15n, 15i +6n, 2+15i +7n, 3+15i +8n,

5+15i +9n, 6 +15i +10n, 7+15i +11n, 7+15i +12n, 8 +15i +13n, 8+15i +14n}

We sort out all elements that are obviously smaller than some other for all i>0 and n>0.

extremal = exps;
Function[expl,
cl = Fl atten[PadRi ght [Coef fi ci entList [expl, {i, n}], {2, 2}1]; extremal = Del eteCases|[
extremal , exp2_/; Wth[{c2 = Fl atten[PadRi ght [Coeffi cientList [exp2, {i, n}], {2, 2}11},
(And @@ Thread[c2 < cl]) & Total [c2] < Total [c1]]];] /@exps;

extremal

(60 +17n, 59+18n, 58+i +18n, 57 +i +20n, 56 +2i +19n, 55+2i +21n, 54+3i +20n,

52 +3i +22n, 51 +4i +21n, 49+4i +22n, 48+5i +21n, 45+5i +22n, 45+6i +20n, 44+6i +21n,
42 + 610 +22n, 42+7i +18n, 41 +7i +21n, 39+7i +22n, 39+8i +18n, 38+8i +21n,

35+8i +22n, 35+9i +18n, 34+9i +21n, 31+9i +22n, 32+10i +17n, 30+10i +21n,

28 +11i +18n, 25+11i +20n, 24+12i +17n, 19+13i +16n, 14 +14i +15n, 8+ 15i +14n}
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We compare all terms with the same n-coefficient and figure out the minimal i0 such that the right-most term (i.e., the one with

the largest i-coefficient) always takes the biggest value among these termsfor al i > i0.

nn

nn

nn

nn

nn

nn

nn

nn

nn

Provided that i>4 we can restrict our investigation to the following set of exponents:

Wth[{row= Sel ect [extrenal, Coefficient[# n]
i > ", Max[Sol ve[# == Last [row], i ][[1, 1, 2]] &/@Most [row]]]; ]

Do[
Print ["nn
(nn,
14,
22}]
14, i > -
15, | > -0
16, i > -
17, i > 4
o1
18, i > —
3
19, i > -
20, i > 4
21, i > 4
22, i > 4

extremal = Tabl e[Last [Sel ect [extremal, Coefficient [#, n]

{(8+15i +14n, 14 +14i +15n, 19+13i +16n, 24 +12i +17n,
28 +11i +18n, 56 +2i +19n, 25+11i +20n, 30+10i +21n, 31+9i +22n}

nn&l] /. n-»0},

{nn, 14, 22}]
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Tabl eFor m[Tabl e[Posi ti on[extremal , Max[extremal 1], {i, 0, 15}, {n, 0, 15}]]

6 6 6 6 6 6 6 6 6 9 9 9 9 9 9 9
6 6 6 6 6 6 o 9 9 9 9 9 9 9 9 9
6 6 6 6 9 9 9 9 9 9 9 9 9 9 9 9
6 g g 9 9 9 9 9 9 9 9 9 9 9 9 9
4 g g8 8 9 9 9 9 9 9 9 9 9 9 9 9
5 9
2 4 o
3 5 8 8 S 9 9 9 9 9 9 9 9 9 9 9
2 8
1 2 8
3 8 8 8 9 9 9 9 9 9 9 9 9 9

2 3 9

2

1 3 8

1 3 a4 8 8 8 8 9 9 9 9 9 9 9 9 o9

7

8

107 8
1 1 3 4F 8 8 8 5 9 9 9 9 9 9 9 9

107 8
1 1 1 3 2 8 8 8 5 9 9 9 9 9 9 o9
7 8
1 1 1 1 7 L 8 8 8 8 9 9 9o 9 9 o
7 8
1 1 1 1 1 7 L 8 8 8 8 9o 9o 9 9 o
7 8
1 1 1 1 1 1 7 [ 8 8 8 & 9o 9 9 o
1 1 1 1 1 1 7 7 § 8 8 8 S 9 9 9
1 1 1 1 1 1 1 7 7 ! g 8 8 8 g9 g
8 9

1 1 1 1 1 1 1 1 7 7 g 8 8 8 g 9

It is now easy to show that for n big enough the term g*31* (g"i)"9* (g"n)"22 will be the highest power of qinf1, for4<i<n.

Ful I Simplify[And ee ((Last [extremal ] > #) &/@Most [extremal 1), 4 <i <n&&n 2 9]

True

For n < 9 there is nothing to do, since these (finitely many; note that n < 9 impliesi < 8) cases have been checked (numerically)
at the beginning of this section.

We check the cases i=1,2,3,4 separately. After plugging in the corresponding g-power for ghi, we are left with a bivariate
polynomial in g and g™n.

M/QRoots[f1l /. gi »q, gn]
{0}

M/ QRoots[fl /. gi -»qg”2, gn]
{0, 1}

M/QRoots[f1l /. gi »qg”3, gn]
{0, 13
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M/QRoots[f1l /. gi -»q”4, gn]
{0}
= f2haszerosat (i,n)=(1,2),(1,3),(1,4),(2,4),(3.4),(3,5)
We do amodular check and find all candidates for zerosintheareal <=i < n <= 20:

test =f2 /. q- 2;
Reverse /ePosition[Tabl e[test /. gqi »2"i /. gn-»2"n, {n, 20}, {i, n-1}]1, 0, {2}]

{{1, 2}, {1, 3}, {1, 4}, {2, 4}, (3, 4}, {3, 5}}

f2 /. Thread[{qi, gn} » g"#] &/@%
{0, 0, 0, 0, 0, 0}

Exponent [f2, {qgi, qn}]
(15, 22}

In the following we will argue by case distinction that for any choice of integersi and n (1 <=i < n), thereis one single term that
yields the highest power of g which therefore cannot cancel away. This provesthat f2 cannot be zero for those choices of i and n.

These are the exponents of gi and g”*n that occur in f2:

Li st Pl ot [Posi tion[CoefficientList[f2, {qi, gqn}], Except [0], {2}, Heads - Fal se] -1]

20
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Since we are interested in the highest g-powers only, we take for each power product of g*i and g*n only the term with the
highest power of g. In the following list we store the corresponding exponents. If we can prove that for any integersi and n there
isasingle maximal element in thislist, we are done.
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exps = Del eteCases[Flatten[
Mapl ndexed [ (#1 + Total [{i, n} = (#2-1)]) &,
Map [Exponent [#, q] & CoefficientList[f2, {qi, qn}], {2}]1, {2}1], -Infinity]

(66 +4n, 68+5n, 66+6n, 63+7n, 58+8n, 58+9n, 56 +10n, 52+11n, 50+12n, 46 +13 n, 43 + 14 n,
39+15n, 35+16n, 31 +17n, 26 +18n, 20+19n, 12+20n, 69+i +3n, 72+i +4n, 68+i +5n,
68 +i +6n, 65+i +7n, 63+i +8n, 60+i +9n, 57+i +10n, 53+i +11n, 50+i +12n,

45 +i +13n, 43 +i +14n, 39+i +15n, 35+i +16n, 32+i +17n, 28 +i +18n, 23 +i +19n,
19+i +20n, 11 +i +21n, 72+2i +2n, 75+2i +3n, 72+2i +4n, 69+2i +5n, 68+2i +6n,
66 +2i +7n, 62+2i +8n, 61+2i +9n, 58+2i +10n, 53+2i +11n, 51 +2i +12n, 47+2i +13n,
44 +2i +14n, 40+2i +15n, 37+2i +16n, 33+2i +17n, 29+2i +18n, 25+2i +19n,

20+2i +20n, 16 +2i +21n, 7+2i +22n, 76 +3i +n, 78 +3i +2n, 75+3i +3n, 74 +3i +4n,
71+3i +5n, 69+3i +6n, 67+3i +7n, 63+3i +8n, 61+3i +9n, 59+3i +10n, 55+3i +11n,
52+3i +12n, 49+3i +13n, 45+3i +14n, 41 +3i +15n, 37+3i +16n, 34+3i +17n,

30+3i +18n, 26+3i +19n, 22+3i +20n, 16 +3i +21n, 12+3i +22n, 78+4i, 81+4i +n,
78 +4i +2n, 77+4i +3n, 74+4i +4n, 72+4i +5n, 70+4i +6n, 67+4i +7n, 64+4i +8n,
62+4i +9n, 59+4i +10n, 56+4i +11n, 51 +4i +12n, 49+4i +13n, 46 +4i +14n,

41 +4i +15n, 37+41i +16n, 34+4i +17n, 30+4i +18n, 25+4i +19n, 21 +4i +20n,

18+4i +21n, 12+4i +22n, 83 +5i, 81 +5i +n, 79+5i +2n, 75+5i +3n, 74+5i +4n,

72 +5i +5n, 70+5i +6n, 65+5i +7n, 64+5i +8n, 62+5i +9n, 59+5i +10n, 56+5i +11n,
52+5i +12n, 48+5i +13n, 46 +5i +14n, 42 +5i +15n, 37+5i +16n, 34+5i +17n,

30+5i +18n, 26 +5i +19n, 22+5i +20n, 18+5i +21n, 11+5i +22n, 83+6i, 81+6i +n,
78 +61 +2n, 76 +6i +3n, 74+61i +4n, 72+6i +5n, 69+6i +6n, 67+6i +7n, 64+6i +8n,
62+61 +9n, 59+6i +10n, 56 +6i +11n, 52+6i +12n, 48+6i +13n, 45+6i +14n,

42 +6i +15n, 38+6i +16n, 34+6i +17n, 30+6i +18n, 26 +6i +19n, 22+6i +20n,

17 +6i +21n, 11+6i +22n, 82 +7i, 80+7i +n, 78+7i +2n, 76 +7i +3n, 74+71i +4n,
72+7i +5n, 70+7i +6n, 67 +7i +7n, 65+7i +8n, 62+7i +9n, 59+7i +10n, 56 +7i +11n,
53+7i +12n, 49+7i +13n, 46+7i +14n, 42+7i +15n, 38+7i +16n, 33+7i +17n,

30+71 +18n, 25+7i +19n, 21 +7i +20n, 17+7i +21n, 11 +7i +22n, 82+8i, 80+8i +n,
78 +8i +2n, 76 +8i +3n, 74+8i +4n, 72+8i +5n, 69+8i +6n, 66+8i +7n, 64+8i +8n,
62+8i +9n, 59+8i +10n, 56 +8i +11n, 52+8i +12n, 48+8i +13n, 45+8i +14n,

42 +8i +15n, 38+8i +16n, 34+8i +17n, 30+8i +18n, 25+8i +19n, 20+8i +20n,

17 +8i +21n, 10+8i +22n, 82 +9i, 80+9i +n, 77+9i +2n, 75+9i +3n, 73+9i +4n,
70+9i +5n, 69+9i +6n, 66+9i +7n, 64+9i +8n, 61+9i +9n, 58+9i +10n, 55+9i +11n,
52+9i +12n, 48+9i +13n, 45+9i +14n, 39+9i +15n, 37+9i +16n, 33+9i +17n,

29+9i +18n, 22+9i +19n, 20+9i +20n, 16 +9i +21n, 9+9i +22n, 81 +10i, 79+10i +n,
77 +10i +2n, 75+10i +3n, 73+10i +4n, 70+10i +5n, 67 +10i +6n, 65+10i +7n,

63 +10i +8n, 60+10i +9n, 56 +10i +10n, 54 +10i +11n, 51+10i +12n, 47 +10i +13n,

43 +10i +14n, 40 +10i +15n, 37 +10i +16n, 33+10i +17n, 27 +10i +18n, 23 +10i +19n,
18 +10i +20n, 15+10i +21n, 80+11i, 78+11i +n, 76 +11i +2n, 74+11i +3n, 72+11i +4n,
70+11i +5n, 67 +11i +6n, 65+11i +7n, 62+11i +8n, 59+11i +9n, 56 +11i +10n,
53+11i +11n, 50+11i +12n, 47 +11i +13n, 43+11i +14n, 40+11i +15n, 36 +11i +16n,
32+11i +17n, 28 +11i +18n, 20+11i +19n, 17 +11i +20n, 76 +12i +n, 74 +12i +2n,
73+12i +3n, 71 +12i +4n, 68+12i +5n, 66+12i +6n, 62+12i +7n, 61+12i +8n,

58 +12i +9n, 55+12i +10n, 52+12i +11n, 49+12i +12n, 44 +12i +13n, 42 +12i +14n,
38+12i +15n, 35+12i +16n, 31 +12i +17n, 69+13i +4n, 67 +13i +5n, 64 +13i +6n,
62+13i +7n, 59+13i +8n, 57 +13i +9n, 54 +13i +10n, 51 +13i +11n, 47 +13i +12n,

44 +13i +13n, 40+13i +14n, 37+13i +15n, 33 +13i +16n, 65+14i +5n, 63 +14i +6n,
60+14i +7n, 58+14i +8n, 55+14i +9n, 52+14i +10n, 49+14i +11n, 46+14i +12n,

42 +14i +13n, 39+14i +14n, 35+14i +15n, 60+15i +6n, 58+15i +7n, 55+15i +8n,
53+15i +9n, 50+15i +10n, 47 +15i +11n, 43+15i +12n, 40+15i +13n, 36+ 15i +14n}

We sort out all elements that are obviously smaller than some other for all i>0 and n>0.

extremal = exps;
Function[expl,
cl = Fl atten[PadRi ght [Coef fi ci entList [expl, {i, n}], {2, 2}1]; extremal = Del eteCases|[
extremal , exp2_/; Wth[{c2 = Fl atten[PadRi ght [Coeffi cientList [exp2, {i, n}], {2, 2}11},
(And @@ Thread[c2 < cl]) & Total [c2] < Total [c1]]];] /@exps;
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(77 +4i +3n, 12+4i +22n, 79+5i +2n, 18+5i +21n, 83+6i, 81+6i +n, 26 +6i +19n,
22 +6i +20n, 70+7i +6n, 67+7i +7n, 65+7i +8n, 53+7i +12n, 49+7i +13n,

46 +7i +14n, 21 +7i +20n, 11 +7i +22n, 78+8i +2n, 76 +8i +3n, 74+8i +4n,

72 +8i +5n, 62+8i +9n, 59+8i +10n, 56 +8i +11n, 42+8i +15n, 38+8i +16n,

34+8i +17n, 30+8i +18n, 25+8i +19n, 17+8i +21n, 10+8i +22n, 82 +9i, 80+9i +n,
69+9i +6Nn, 66+9i +7n, 64+9i +8n, 61+9i +9n, 58+9i +10n, 55+9i +11n,

52 +9i +12n, 48+9i +13n, 45+9i +14n, 29+9i +18n, 20+9i +20n, 16+9i +21n,
9+9i +22n, 81+10i, 79+10i +n, 77 +10i +2n, 75+10i +3n, 73+10i +4n,

63 +10i +8n, 60+10i +9n, 54+10i +11n, 51 +10i +12n, 37+10i +16n, 33+10i +17n,
23+10i +19n, 18+10i +20n, 15+10i +21n, 80+11i, 78+11i +n, 76 +11i +2n,

74 +11i +3n, 72+11i +4n, 70+11i +5n, 67 +11i +6n, 65+11i +7n, 62+11i +8n,

59 +11i +9n, 56+11i +10n, 53 +11i +11n, 50+11i +12n, 47 +11i +13n, 43 +11i +14n,
40 +11i +15n, 36 +11i +16n, 32+11i +17n, 28 +11i +18n, 20+11i +19n, 17 +11i +20n,
76 +12i +n, 74 +12i +2n, 73+12i +3n, 71 +12i +4n, 68+12i +5n, 66 +12i +6n,
61+12i +8n, 58 +12i +9n, 55+12i +10n, 52+12i +11n, 49+12i +12n, 42+12i +14n,
38+12i +15n, 35+12i +16n, 31 +12i +17n, 69+13i +4n, 67 +13i +5n, 64+13i +6n,
62 +13i +7n, 59+13i +8n, 57+13i +9n, 54+13i +10n, 51 +13i +11n, 47 +13i +12n,
44 +13i +13n, 40 +13i +14n, 37+13i +15n, 33+13i +16n, 65+14i +5n, 63 +14i +6n,
60+14i +7n, 58+14i +8n, 55+14i +9n, 52+14i +10n, 49+14i +11n, 46+14i +12n,
42 +14i +13n, 39+14i +14n, 35+14i +15n, 60 +15i +6n, 58 +15i +7n, 55+15i +8n,
53+15i +9n, 50+15i +10n, 47 +15i +11n, 43+15i +12n, 40+15i +13n, 36+15i +14n}

Li st Pl ot [Coeffi ci ent [#,

{i, n}] &/eextremal ]

2 L] L] L]
F L] L] L] L]
20+ . . . . .
r L] L] L] L]
: : ° L] : L]
F L] L] L] L] L]
15 I . L] L] L] L]
r L] L] L] L] L] L] L]
i . e e e e e
F L] L] L] L] L] L] L] L]
10 I . . L] L] L] L] L]
r L] L] L] L] L] L] L] L]
i . D
F L] L] L] L] L] L] L]
5 I . L] L] L] L]
r L] L] L] L] L]
L. . . . .
L] L] L] L]
6 8 10 12 14
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We compare al terms with the same n-coefficient and figure out the minimal i0 such that the right-most term (i.e., the one with
the largest i-coefficient) always takes the biggest value among these termsfor al i > i0.

Do [

Wth[{row= Sel ect [extremal , Coefficient [#, n] ===nn&] /. n-> 0},

Print["nn =", nn, ", i > ", Max[Sol ve[# == Last [row], i ][[1, 1, 2]] &/@Mbst [row]]]; ]
(nn,

0

22}
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nn =0, i >1
nn =1, i > 2
nn =2, i >2
nn =3, i >1
nn =4, i > 2
nn =5, i >2
nn =6, i >3
nn =7, i > 2
nn =8, i >3
nn =29, i >2
nn = 10, i > 2
nn = 11, i > 2
nn =12, i > 3
nn = 13, i > 2
nn = 14, i > 3
nn = 15, i > 2

nn = 16, i > 2

nn =17, i > 1
2
nn = 18, i > —
3
nn =19, i > 3
3
nn =20, i > —
2
nn =21, i >1

nn =22, i >1

Provided that i>3 we can restrict our investigation to the following set of exponents:

extremal = Tabl e[Last [Sel ect [extrenal, Coefficient [#, n] ===nn &]], {nn, 0, 22}]

(80 +11i, 76 +12i +n, 74+12i +2n, 73+12i +3n, 69+13i +4n, 65+14i +5n,

60+15i +6n, 58 +15i +7n, 55+15i +8n, 53 +15i +9n, 50+15i +10n, 47 +15i +11n,
43 +15i +12n, 40 +15i +13n, 36 +15i +14n, 35+14i +15n, 33+13i +16n,

31+12i +17n, 28 +11i +18n, 20+11i +19n, 17 +11i +20n, 15+10i +21n, 9+9i +22n}
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Tabl eFor m[Tabl e[Posi ti on[extremal , Max[extremal 1], {i, 0, 15}, {n, 0, 15}]]

4
1 1 1 18 19 22 53 23 23 23 23 238 23 23 23 23
19
1 10 g 22
1 01 3 o1 ¥ 22 22 22 23 23 23 23 23 23 23 23
12
4 10 16 18 9o
1 1 5 11 17 19 22 22 32 23 23 23 23 238 23 23
6 12 18 22
, 6 10 14 16 -
1 3 7 11 15 17 22 22 22 32 23 23 23 23 23 23
8 12 16 18
16
10 17
16 7 g7 115 dg 9 22 22 22 53 23 23 23 23
2 7 8 X 15 15 18 23
22
2 7 ! ig 14 45 1521 5 9 22 22 53 23 23 23
8 13 15 16 22 23
7 7 I ig 14 45 95 1521 55 5y pp 22 53 93 3
g 1 15 16 22 23
7 7 ! ig 14 45 15 15 21 21 o0 22 22 22 53 3
8 13 15 22 23
7 7 1 ig 14 45 15 15 15 21 21 o0 2o 22 22 o3
g 15 22 23
7 7 ! ig 14 45 15 15 15 15 21 21 o0 2o o 22
8 13 15 22 23
7 10 44 21
7 7 11 15 15 15 15 15 21 21 22 22 22
8 1 15 22
7 10 44 21
7 7 11 15 15 15 15 15 15 21 21 22 22
8 1p 15 22
2100, 21
7 7 11 15 15 15 15 15 15 15 21 21 22
8 11 15 22
L1, 21
7 7 11 15 15 15 15 15 15 15 21 21 21
8 1o 15 22
7 10 44
7 7 11 15 15 15 15 15 15 15 15 21 21 21
8 11 15
7 10 44
7 7 b o1 1F 15 15 15 15 15 15 15 15 15 21 21
12

It isnow easy to show that for 3<i <=n-7 theterm g"9*(q"i)"9* (q*n)"22 will be the highest power of qin f2.

Ful | Sinmplify[And ee ((Last [extremal ] > #) & /@ Most [extremal 1), 3 <i sn-7]

True

We check the casesi=1, 2, 3, and i=n-6, n-5,..., n-1 separately. After plugging in the corresponding g-power for gi, we are left
with a polynomia in g and g*n only.
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M/QRoots[f2 /. gi »q, gn]
{2, 3, 4}

- gives zeros at (i,n)=(1,2),(1,3),(1,4)
M/QRoots[f2 /. gi »g”2, gn]
{2, 43

- gives zeros & (i,n)=(2,4)
M/QRoots[f2 /. gi »g”3, gn]
{4, 5}

— gives zeros at (i,nh)=(3,4),(3,5)
M/QRoots[f2 /. g - qgn/g"6, gn]
{4, 5}
M/QRoots[f2 /. gi »gn/g”"5, qn]
{2, 3, 4, 5}

MyQRoots[f2 /. gi »qn/q”4, gn]
{2, 3, 4}

M/ QRoots[f2 /. g - qgn/qg”"3, gn]
(2, 3, 4}
- givesazero at (i,n)=(1,4)
M/QRoots[f2 /. gi »qgn/qg”2, gn]
{2, 3, 4, 5}
— gives zeros a (i,n)=(1,3),(2,4),(3,5)
M/QRoots[f2 /. gi »qgn/q, qn]
(1, 2, 4}
- gives zeros at (i,n)=(1,2),(3,4)
Summarizing, the zeros of f2 are (1,2),(1,3),(1,4),(2,4),(3,4),(3,5), and these are exactly the ones found at the beginning.
= Conclusion
Support [ppl]
{sgi,q' Sqivqstzm,q' Sgi,q’ Sgn,q' Sqi, a» 1}
Support [pp2]

{sgn,q' Sqivqsczm,q' séi,q’ Sczln,q' Sqi , a» 1}
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Together with the constraints 1 <=i < n, these supports imply that we have to giveinitial valuesfor (i=1and 2<=n<=7), (i=2
and3<=n<=8), (i=3and4<=n<=9).

For i <= 3, thefirst recurrence cannot be used. The leading coefficient of pp2 does not have zeros in this area that are not already
part of theinitial conditions.

Onthelinesi=n-1, i=n-2, ..., i=n-6, the second recurrence cannot be used. The leading coefficient of ppl does not have zeros
here.

There are no common zeros of the two leading coefficients that could be relevant for the remaining area.

The situation is depicted in the picture below. Red are the points where the first recurrence can be applied, the area where the
second can be used is shown in green. The black points are the ones that have to be given asinitial conditions.

Show[G aphi cs[Join[
{Line[{{0, 0}, {13, 133}}], Text["i = n", {25/2, 23/2}]},
{Opacity[1l/3], Red, Polygon[{{4, 5}, {12, 13}, {4, 13}}1,
Green, Polygon[{{1, 8}, {6, 13}, {1, 13}}1}, {Opacity[l], Red},
Flatten[Tabl e[Di sk[{x, y}, 1/10], {x, 4, 12}, {y, x+1, 13}11,

{G een},

Flatten[Tabl e[Di sk[{x, y}, 1/10], {x, 3}, {y, x+7, 13}11,
{Brown},

Flatten[Tabl e[Di sk[{x, y}, 1/10], {x, 4, 6}, {y, x+7, 13}11,
{Bl ack},

Flatten[Tabl e[Di sk[{x, y}, 1/10], {x, 3}, {y, x+1, x+6}]]
1, Frame » True, FranelLabel - {i, n}]]

= Theright-hand side

We compute an annihilating ideal for the right-hand side and show that ppl and pp2 are contained in it.
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(* Timng for DFiniteSubstitute is 1h, for DFiniteOreAction it is 8h. =)
nm= $Nor mal i zeMet hod; $Nor nmal i zeMet hod = "gcd"; (* causes a speed-up in this instance x)
Tim ng[rhs = DFi niteOreAction[DFiniteSubstitute[annc, {j »i -1},

Al gebra » OreAl gebra[QS[gn, q~n], QS[agi, q*i 111, 1- (1+qi)+«QS[ai, q*ill;]

(» takes 63s. redl = 0. =x)
Tim ng[redl = O eReduce[ppl, rhs]; ]

(» takes 16h and 4GB of nenory. red2 = 0. x)
Tim ng[red2 = OreReduce[pp2, rhs]; ]
$Nor mal i zeMet hod = nm

We compare initial values for (i=1and 2 <=n<=7), (i=2and 3 <=n <= 8), (i=3 and 4 <= n <= 9), see the subsection on
singularities above. Again, we do not treat the case i=1 separately, instead we take the degenerate right-hand side into account
viac(n,0)=0.

Tabl e [
Sum[Functi onExpand[gq” (i +] -1) » (@Binomal [i +] -2, i -1, ql+g*QBinomal [i +]j -1, i, q])] *

cn, j1, {i, N}l =cn, i -11-(L+qg”i)c[n, il],
{n, i +1, i +6}, {i, 3}] //Sinplify

{{True, True, True}, {True, True, True}, {True, True, True},
{True, True, True}, {True, True, True}, {True, True, True}}

This completes the proof of (Soichi). Quod erat demonstrandum.

Proof of (Okada)
We rewrite the sum in (Okada) dlightly:

Tradi ti onal For m[Hol dFor m[
Sumigh" (n+j -1) * (q*(n+j)+q*n-q-1) /7 (Q"n-1) *@Binomal [n+] -2, n-1, q] *c[n, j1,
{, 1 n¥1+@"n+1)-c[n, n-1] ==b[n]/b[n-1111]

) ) n+j-2 .
qn+J—1 Qv +qn_q—1)( nil ) c(n, j)
q

n
Z +@"+D-cnn-1)=
g -1 b(n-1)

b(n)

j=1
We start by computing an annihilating ideal for the summand:

anj = Annihilator[g® (n+] -1) *» (" (n+j) +g*n-gq-1) 7/ (g"n-1) *x@Binomal [n+] -2, n-1, q],
{S[gn, g~nl, S[aj, 9*j1}]

{(-1-9+qj +gqj +an-qj*qan) Sq q+ (a+9*-gagn-aj gn-qgaj gn-g®qj gn+qj gn®+qaj > qn?),
(-1-g+gn+qan+g®qgn+qj gn-qqgn®-qaqj dn?) Sgn q +
(9+9?-9?qn-qj an-qaqj qn-g®qj gn+qagj gn? +qaj > gn?)}

(» takes about 3 hours. x)
ann = DFi ni t eTi mes [annc, anj 1;

m Singularity analysis of the annihilating ideal for the summand

We show that there are only finitely many singular points, which are additionally located close to the origin.

| cf s = Nuner at or [Toget her [
(Leadi ngCoef ficient [#] /. Thread[{qgn, qj} -» {qn, qj } / 9" Leadi ngExponent [#]]) &/@ann]];
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in21:= Leadi ngPower Pr oduct /@ann
3
out21l= {Sgj qr San.a Sqi,q- San,q Sii.qv San,q Sai.a: Sqn.q)

Onthelines n=1, 2, 3, 4 we can apply the first recurrence (except finitely many points near the origin):

in23)= MyQRoots[lcfs[[1]] /. qn »q, Q] ]
ouz3= {0, 1, 2, 3, 4, 5, 6}

n2a= MyQRoots[lcfs[[1]1] /. qn » "2, qj ]
ouza]= {1, 2, 3, 4}

inel= MyQRoots[lcfs[[1]] /. an »Qg”"3, qj ]
ouzel= {1, 2, 3, 4}

7= MyQRoots [l cfs[[1]] /. an > q"4, qj]
oufz7= {1, 2, 3, 4, 5}

Onthelines j =1, 2, 3, 4 we can apply the last recurrence (except finitely many points near the origin):

inzel= MYQRoot s [l cfs[[5]1] /. qj »q, gn]
ouzgl= {0, 1, 2, 3, 4, 5}

inol= MyQRoots[lcfs[[5]1] /. qj »qg”2, gn]
oupa= {0, 1, 2, 3, 4, 5}

nEo= MyQRoots[lcfs[[5]] /. g »q”3, gn]
ouzo= {0, 1, 2, 3, 4, 5}

nE1= M/QRoots[lcfs[[5]1] /. qj »q”"4, gn]
ous1= {0, 1, 2, 3, 4, 5, 6}

Inthe areaj > 4 and n > 4, we can safely apply recurrence 3 (no singularities here):

n33:= exps = Del et eCases [Fl att en[Mapl ndexed [ (Exponent [#1, q] + {n, j}. (#2-1)) &
CoefficientList[lcfs[[3]1], {an, qj }], {2}]1], -Infinity];

nEs)= i1 =1;
While[il <Length[exps],
Wiile[i2 <Length[exps] & Sinplify[exps[[il]] <exps[[i2]], n=25&&] 25] =t=True, i 2++];
If[i2>Length[exps], i l++, exps = Drop[exps, {i1}11;
1

In[371:= €Xps

out37)= {14 +24j +26n, 16 +23j +27n, 7+22j +32n,
5.21] +33n, 9+20j +34n, 7+19j +35n, 4+18j +36n)

|29
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3= Tabl e
- {k, [" ", Sinplify[Reduce[Sinplify[n >5&&j >5&&Andee (exps[[k]] ># &/@eDrop[exps, {k}])11,
El ement [{n, j}, Integers]]}, {k, Length[exps]}] // Tabl eForm
Out[38]//TableForm=
1 n=58&%3+j =3n

2 Fal se
3 Nn=58&&%j =2+né&&4+j <3n
4 Fal se
5 j =nN& & ((j 25& &N <7&&nN=>5) || (n=>27&&N<1+j))
6 Fal se
7 n>8&%&j =5& 3+ <n

The cases j=n+1, j+2=n, j+3=n are not contained in the above regions and have to be checked separately:

in41:= M/QRoot s [ cfs[[3]] /. aj > q=an, gn]
oua1= {0, 1, 2, 3}

in42):= MyQRoots[lcfs[[3]1]1 /. qn>qg”2=%qj, qj 1]
ou42)= {0, 1, 2}

3= MYQRoots[lcfs[[3]] /. an »qg”3xqj, qj]

ouaz= {0, 1, 2}

m Prove correctness of the certificate

) )c(n, i) . We convince ourselves that
q

We have computed a creative telescoping relation for g™i-1 (( : : -2 ) + q( n+i-1
q

-1 n
this operator indeed is in the corresponding annihilating ideal. We first load our solution and assembl e the whole operator.

ansatz = << "ansatz3. ni;

denom= << "denon8B. ni';

solution = << "sol ution3. nt';

ctrel =ansatz /. nyDen[al__]1[a2_] = (denom[[al]] /. ] - a2) /. solution;

This time, the reduction is more involved (more reduction steps have to be done). Our first attempt was interrupted by a com-
puter crash, after one week, when it consumed about 33GB and was halfway through the reduction.

Therefore we thought of a different strategy that finally was successful. The ideais to avoid any summation that occurs during
the reduction, by considering each term in a polynomia separately. Assume we start with the polynomial p; we perform one
reduction step on LT(p), the leading term of p (and later aso for each of the remaing terms). The result is in general again a
polynomial p' consisting of several terms; we proceed as before by treating them all separately. Note that no addition of rational
functions has to be done, only multiplications. Of course, this recursive branching yields an exponential number of termsin the
end, and therefore is not a good ideain general, but in our example it is feasible: we obtain about 30 rational functions for each
monomial under the stairs, which finaly have to be added together. Since there are 10 monomials under the stairs, we have
divided the problem into 10 smaller subproblems.

This strategy is implemented in the procedure MyReduce; it stores the intermediate results in the given directory.
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M/Reduce [pol y_OrePol ynom al, annl_List, dir_String] : =
Modul e[ {ann, | ann, | pps, t, al gebra, order, uts, fcount, todo, pos, red},
uts = Under TheSt ai r case [Leadi ngExponent /@annl];
ann = Sort By [annl, ByteCount ];
I ann = Lengt h[ann];
| pps = Leadi ngExponent /@ ann;
al gebra = Toget her [Or eAl gebraf[ann]]; order = Monomi al Order [ann[[1]]];
t = OrePol ynom al [{#}, al gebra, order] &/epoly[[1l]];
fcount =1; todo = {};

(» store all ternms of the input in order to treat themlater. =)

While[t =t={}, Put [First[t], dir <>"nyred" <>ToString[fcount] <>".nl'];
I f [Not [Menber Q[uts, Leadi ngExponent [First [t]]1]], AppendTo[todo, fcount]];
f count ++;
t = Rest [t];

I;

Wil e[todo =t= {3},
t =Get [dir <>"nmyred" <>ToString[First [todo]] <>".n'];
t odo = Rest [todo];
pos = 1;
Whi | e[pos =< | ann & Not [And @e Thread [l pps[[pos]] =< Leadi ngExponent [t ]]], pOS ++1;
red = OeTinmes[
O ePol ynom al [{{1, Leadi ngExponent [t] -] pps[[pos]]1}}, al gebra, order], ann[[pos]]];
t = Toget her [-Leadi ngCoefficient [t] /Leadi ngCoefficient [red]];
t = O ePol ynom al [{{Together [t *®#[[1]1]], ®#[[2]]}}, algebra, order] &/@Rest [First [red]];

Wiilef[t =t={}, Put [First[t], dir <>"nyred" <>ToString[fcount] <>".nl'];
| f [Not [Menber Q[ut s, Leadi ngExponent [First [t]]1]], AppendTo[todo, fcount]];
fcount ++;
t =Rest [t];

I
I
1

The following command produces 360 files (altogether about 5GB).

M/Reduce[ctrel, ann, ""]

Since the polynomials under consideration are partially factored, a tremendous speed-up can be achieved by using special
purpose procedures for certain polynomial operations.

MyExponent [poly_, var_] : =
| f [Head [poly] =!= Ti nes, Exponent [poly, var], Total [Exponent [#, var] &/@ (Li st eepoly)]1;
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(» returns {gcd(pll, p21), pll/gcd, p21l/gcd}. =)
(» The strategy is to conpute the gcd pairwise for all factors. =)
MyPol ynom al GCD[p1l_, p21_] : =
Modul e[ {al, a2, pl = pl1, p2 =p21, g, i, j, exl, ex2, gcd, todo, vars},
vars = Vari abl es[{pl, p2}1;
pl = | f [Head[pl] === Ti nes, List eepl, {pl}l;
p2 = | f [Head[p2] === Ti nes, List eep2, {p2}];
gcd = I ntersection[pl, p2];
pl = Conpl enent [pl, gcdl;
p2 = Conpl enent [p2, gcd];
gcd = Ti nes ee gcd;
exl = Tot al [WExponent [#, vars]] &/epl;
ex2 = Tot al [WExponent [#, vars]] &/ep2;
todo = Sort By [
Flatten[Table[{i, j, exQ1[[i1] +ex2[[j 11}, (i, Length[pl]l}, {j, Length[p2]}], 1], Last];
Wi |l e[todo =!= {},
{i, ]} =Take[First [todo], 2];
t odo = Rest [todo];
g = Pol ynom al GCD[p1[[i 1], p2[[i111;
If[g=t=1, gcd %= g;
PLI[i 11 = Together [p1[[i1]/9l; p2[[j 11 = Together [p2[[j 1] /9I;

I f [pl[[i]1] ===1, todo = Del eteCases[todo, {i, _, _}11;
I f[p2[[j 1] === 1, todo = Del eteCases[todo, {_, j, _}11;
ex1l = Tot al [WExponent [g, vars]];
todo =
SortBy[todo /. {i, al_, a2_} = {i, al, a2-ex1} /. {al_, j, a2_} = {al, j, a2 -ex1}, Last];

1
1
turn[{gcd, Tineseepl, Tineseep2}];
1

(» takes a list of rational functions, and conputes their sumin togethered form =)
(* In the option Replace a |ist of
substitutions can be given (for nobdul ar conputations). =x)
Options[Toget her Total 1 = {Repl ace » {{}}, NornmalizeVector - True};
Toget her Total [pl 1_List, opts: ((_Rule | _RuleDelayed)...)]:=
Modul e[{i, pl =pl 1, replace, normalize, repl, pl0, pol ynod,
pli, vars, subs, plnod, pairs, gcd, pl, p2, max, t, prinme, result},
{repl ace, normalize} = {Repl ace, NormalizeVector} /. {opts} /. Options[Toget herTotal ];

(» if not otherw se stated,
we multiply by the common denoninator, and renbve content. =x)
I f [normalize === True,
gcd = Pol ynom al LCMee Denoni nat or [pl ];
If[gcd =t=1, pl = Toget her [gcd »pl ]11;
gcd = Fol d[Pol ynom al GCD, Fi rst [#], Rest [#]] &[SortBy[pl, ByteCount]7;
If[ged =t1=1, pl =Toget her [pl /gcd]];
I

result = {};

pl 0 = pl;
Dor



pI' =pl0 /. rep

(*+ By nodul ar
of pol ynom al

lace[[repl 11;

conputations we try to find out which pairs
s have the largest gcd (those will be treated first). =)

vars = Vari abl es[pl ];
subs = Tabl e[Next Prime[19, 3%i], {i, Length[vars] -1}1;

prime = Next Pr

i me [Devel oper * $MaxMachi nel nt eger, -11;

pol ynmod = Function[poly, |If [Head[poly] === Ti nmes,

Pol ynomi al

Mod [#, prine] &/epoly, Pol ynom al Mod[poly, prinmelll;

pl nod = pol ynod [pl /. Thread[Conpl ement [vars, {#}] -» subs]] &/evars;

(» List of indices which entries in pl are valid. %)

pli = Range[Le

ngthipl 11;

pairs = Function[pair, t = Sum[Exponent [Pol ynom al GCDee

Append[pl mod[[i, pair]], Modulus -» prine], vars[[i]1]], {i, Length[vars]}];

{pair, t}]

(+ Now we add
add the rest,
Wil e[pairs =!
max = Max [#[ [

/@Subsets[pli, {2}1;

the polynomials pairwi se: first renove the gcd,
and multiply again be the gcd. x)

= {},

2]1]1 &/epairs];

{pl, p2} =First [pairs[[Position[pairs, {_, max}1[[1, 111111;

gcd = MyPol yn
pl [[p1l1] = Fi

om al GD[p! [[p1]], p! [[P2]11;
rst [gcd] » Expand[Tot al [Rest [gcd]]1];

(» Update nodul ar data and |ist of pairs and indices. =)
Do[pl mod[[i, pl]] = polynod[pl [[pl]] /. Thread[Conpl ement [vars, {vars[[i]]}] -» subs]];,
{i, Length[vars]}];

pairs = Del et

eCases[pairs, {{pl, _} | {_, p1} | {p2, _} | {_, P2}, _}];

pli = Conpl enent [pli, {p2}1;

If[pl [[pl]] === 0,

pli = Conple
, pairs =Joi

{pair,
1

ment [pli, {pl}];

n[pairs, Function[pair, t = Sum[Exponent [Pol ynoni al GCCDee Append [
pl mod[[i, pair]], Modulus -» prinme], vars[[i1]], {i, Length[vars]}];
t}] /e ({pl, #} &/@Conplenent [pli, {pl}]1)];

1;
AppendTo[result, Total [pl [[pli]]11];

, {repl, Lengt

hireplacel}]; (* end of Do =*)

C ear [pl, pl 0, subs];

Returnfresult];
1
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Now we are equipped with everything that is needed. We demonstrate for one monomial (viz. QS[gn,qn]*3) how to proceed.
The remaining ones can be treated in the same fashion, athough they take longer. For the bigger cases the modular approach is

highly preferable.
rats = {};
Do [
t = Get ["nyred" <>ToString[nn] <>".m'];
| f [Leadi ngExponent [t] === {3, 0}, AppendTo[rats, Leadi ngCoefficient[t]]];
, {nn, 360}1;

Length[rats]

30

(» takes about 6 hours. =x)
Toget her Tot al [rats]

{0}
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Alternatively, we can do it for several values of one of the variables (according to the degree w.r.t. this variable).
Wefirst clear denominators and remove content manually.

Tim ng[rats = Toget her [rats » (Pol ynoni al LCMee Denomi nator [rats])]; ]

(6106. 22, Null}

Timng[
rats = Toget her [rats / (Fol d[Pol ynom al GCD, First [#], Rest [#]] &[SortBy[rats, ByteCount]1)1; ]
{3508.98, Null}

Max [MyExponent [#, gj ] &/erats]
67

(» takes 3-4 min per case x)
Toget her Tot al [rats, NornmalizeVector -» Fal se, Replace » Tabl e[{g] - k}, {k, -33, 34}1]

{0, 0, 0,000 0000000000000 000000000000 0000,
6¢02902¢00900000000000000000000000000.00 0}

m Conclude the proof

We now assemble only the principal part (recurrence of order 7) of this creative telescoping relation. For the same reasons as in
(Soichi), the sum has natural boundaries and hence is annihilated by the principa part.

ansatz = << "ansatz3.nm'; solution =<<"solution3.nl;
pp = OrePol ynoni al Substitute[ansatz, {q[__] - 0}] /.
myDen[al__][a2_] = (denom[[al]] /. gj - a2) /. sol ution;

Support [pp]

st

S8 qan, g1 Sgn:Q‘ Sgn,q« Sqan' 1}

6
S qan, g1

{87 qan, q»

qan, q°

Byt eCount [pp]

13680928

In order to obtain a recurrence for the (Okada)-sum, we have to "add" (closure property) the recurrence for
@A+ghen,n-cn,n-1)=2+d)-c(n, n-1)

We first need arecurrence for c(n,n-1), i.e., arecurrence that is valid on the diagonal j=n-1. We find an operator whose support
consists of power products with QS[qj,0"j] and QS[gn,g™n] having the same power, and in whose coefficients gj has been
replaced by gn/q.

(» takes 10h and needs 3GB of nmenory. =)

rechi agl = Fi ndRel ati on[annc, O ePol ynom al Substitute -» {qj » qn/q},
Support - Tabl e[QS[qj, g*j 1™ »QS[an, g*n]1”i, {i, 0, 7}11;

recDi agl = Nornal i zeCoefficients /erecDi agl;

Omitting the shiftsin j now gives a univariate recurrence that is valid on the diagonal j=n-1.
rechi agl =
O ePol ynom al Substitute([recD agl, {Q@[qj, q*j] » 1}, Algebra -» OeAl gebra[QS[gn, q*n]]];

Now we perform the closure property "plus' and obtain a recurrence for the whole (Okada)-sum
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Tradi tional For m[Hol dFor m[Sum[a[n, jlc[n, j1, {j, 1, n}] ==
Sumig® (n+j -1) »x (Binomal [n+] -2, n-1, q] +g*@inomal [n+j -1, n, gq]) *xc[n, j1,
.1, ny1+(1+g”n)-c[n, n-111]

n n . .
dam, jom, j =Zq“”"1(( T (MY )c(n, D+ @) - cn n-1)
=1 =1 a a

(* This conmputation takes 108h and needs about 3GB of menory. =)

nm= $Nor nal i zeMet hod; $Nor nal i zeMet hod = "gcd";

recPlus = DFi nitePlus[{Expand[pp]}, Anni hilator [1+q”n, QS[gn, q~n]], recDi agl];
$Nor mal i zeMet hod = nm

Byt eCount [recPl us]

420829424

Support [recPl us]

{{Séﬁ, . Sll SlO

5
qn, q@ ~aqn, q» S

6
S qn, g»

7
S qan, q»

8
S qan, q°

9
S qn, g1

qn, g» Sgn,qv Sgn,qv Sgn,qv Sqn,qv l}}

Now, after we have computed a recurrence for the left-hand side, we care about the right-hand side.

b[n_Integer]:=
Product [((1L-g"N( +] +k-1)) /7 (1-g" (@ +] +k=-2)))"2, {i, n}, {j, i, n}, {k, j, n}]

By simple hand calculations we found:
b[n] /b[n-1] == QPochhanmer [g" (2n), g, n]1~2 / Qochhanmmer [g"n, g2, n]1"2

b[n] QPochhammer [g2", q, n]2

bi-1+n] QPochhaner [q", q2, n}z

Functi onExpand[Tabl e[%, {n, 10}]1]

{True, True, True, True, True, True, True, True, True, True}
Hence we get the following second-order recurrence for the right-hand side:

annb = Toget her [Factor [
Anni hi | at or [QPochhanmer [g” (2n), q, n]"*2 / QPochhamrer [q*n, q*2, n]*2, Q@S[gn, g*n]]]11]

{(1+qn)2 (1+qqn)? (71+qqn2)2 (71+q3qn2)zsﬁnyqf (L+aqgn+q? qnz)2 (71+qqn3)2 (71+q5qn3)2}
The following computation proves that recPlus is aleft multiple of the recurrence for b[n]/b[n-1]:

Ti m ng[reduce = Or eReduce[First [recPlus], annbl; ]

(2521. 63, Null}

reduce

0
We investigate the leading coefficient of the recurrence recPlus:
| coef f = Leadi ngCoefficient [recPl us];
Sel ect [First /@FactorlList[lcoeff], Exponent [#, gqn] === 1 &]

{1+9"an, 1+q¢®qn, 1+q°qgn, 1+q®qgn, 1+g**gn}

|35
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— The recurrence has no singularities for positive n. Alternatively, this fact can be shown as follows (avoiding the costly factoriza
tion). Considering Icoeff as a polynomia in g™n, we find that the g-degree of the leading coefficient is maximal among the g-
degrees of all coefficients. This proves that for positive n, the polynomial cannot become zero.

Coef ficient [| coeff, gqn”Exponent [l coeff, qn]]

q1554 ) ql555 _ ql556 ~19 q1557 _65 q1558 - 143 q1559 239 q1560 _ 316 q1561 _1331 q1562 _ 256 q1563 _95 q1564 N
112 ql565 +310 q1566 + 451 q1567 +511 q1568 + 496 q1569 1422 q1570 +308 ql57l + 166 q1572 +9 q1573 _
137 q1574 _ 243 q1575 _284 q1576 _ 260 q1577 _194 q1578 _ 118 q1579 _58 q1580 _22 q1581 -6 q1582 _ q1583

Max [Exponent [#, q] & /@ CoefficientList [l coeff, gn]]
1583

Hence we have to compare 12 initial valuesfor n=1, ..., 12:

Tabl e[Toget her [Sum[a[n, j1*c[n, j1, {j, n}]1-b[n]/b[n-111, {n, 12}]

{0, 0, 0,0 0,0 0,0 0, 0,0, 0}

This completes the proof of (Okada). Quod erat demonstrandum.



