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Abstract

Suppose G is the reduced Grobner basis of an ideal I ¢ R = K[z1,--- ,x,] with respect
to the lexicographic monomial order. In this paper, we present and implement an algorithm
to find expressions for any f € R in terms of the generators of G. Among examples, exact
forms of the expressions of the defining polynomials of cyclic n-roots for n = 8,9,12, 16, are
presented. Cyclic 16-roots is an unknown system for which we exhibit one of its prime ideals

in its primary decomposition and in turn an expression of a defining polynomial of the system.

1 Introduction

Let K be an algebraically closed field and R = K[y, ,x,] be the ring of polynomials in n

variables 1, - - - ,x, with coefficients in K. As usual, denote a monomial by m = x% = z{' - - x'r €
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R, where o = (i1, -+ , i) € ZZ is the multi-index of m and deg(x®) = 4;+- - - +1,, is the total degree
of m. Denote by M(R), the set of all monomials in R. For a polynomial f = ), a,x* € R, define
supp(f) = {x* : a, # 0} and we call it the support of f. In this paper, we fix a lexicographic (lex)
monomial order > Z,. The initial monomial of each f € R, denoted

or <, withz; >_ - >

X X lex

by in, (f), is the biggest element in supp(f). If n € M(R) and f € R, then deg, (f) is the degree of
[ as an element in R[n]. For example, if f = z 2323 + 252303 — x5 € R and ) = z3x3 € M(R), then
deg, (f) = 2. We may rewrite f as f = 2179° + 20zon — x5 € R[n]. Notice that, if we consider the
above order, then in_ (f) = 2}z3x3. For an ideal I in R, a finite set G = {g1,--- , g,} of elements
of I is the reduced Grobner basis of I if (a) the ideal ({in_(f) : 0 # f € I}) is generated by
in, (g1), - ,in, (g,) (b) each g; is monic and (c) for ¢ # j, none of the monomials of supp(g;) is
divisible by in__(g;). For more information and proof of uniqueness see [11] page 32.

Throughout the paper, G = {g, - - , g-} stands for the reduced Grébner basis of I with respect to
the above lex monomial order. With the notation above, for f € R, we write f = figi+-- -+ fr9.+ [,
where fi,---, f., f' € R and call it an ezpression of f in terms of g;’s. We also refer (fi,---, f,) as
an expression of f. Expressions are the outputs of division (or reduction) algorithms. In [9] page
334, it is properly established that, there are two types of division algorithms, determinate and
indeterminate. A determinate division algorithm is the one that gives rise to a unique expression
with certain algebraic characteristics. Another version of standard (determinate) division algorithm
is of the form given in [1] page 28.

Remark 1. (Why do we need an algorithm to evaluate expressions?) At the time of derivation of
the primary ideals of positive dimension in primary decomposition of cyclic 12-roots in [12] (in this
case, it is proved that those ideals in [12] are prime), the author encountered the following problem:
Suppose an ideal I := {(hy,--- , h,y with exact form of generators hy,--- , hy, is
given. By exact we mean a polynomial that has no approximate coefficient. Also,

let I =gy, -, g,y be another ideal with the computed exact generators (output
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of an algorithm). We want to test that whether I is one of the ideals in primary
decomposition of I or not. Since we must have I = I n --- , at least we must be
able to prove that I < I, or in turn for all 1 <i <n, h; € I.

This means that we have a type of ideal membership problem. A straightforward method to
deal with this problem is to use a computer algebra software (CAS) like MAPLE and specifically
the command normalf in its built-in Grobner basis package. For the examples that are given is
section 3, an attempt to use a CAS was failed. Another method is to exploit a version of the
usual division algorithm (given in [1] page 28). This approach may easily get complicated in cases
where the number of monomials in the support of the current h; that is divisible by the current
in,, (gx)'s is big. And this happens for the case of large scale cyclic n-roots problem. However,
this paper presents an algorithm that reduces the number of algebraic (symbolic) operations in the
usual division algorithm.

The main algorithm is presented in section 2 and section 3 and appendix are devoted to main

examples.

2 Main algorithm

Fix n € M(R) and define R, = {f € R : Vm € supp(f);n t m} and let nR = {nf : f € R} = (n)
be the principle ideal generated by n in R. Clearly, f € R, if and only if deg, (f) = 0. The next

lemma expresses a very simple and straightforward fact about a representation of f € R[n].

Lemma 1 With the above notation, if f € R, then there exists an integer r = 0 and fo, fi, -+, f, €

R, such that f = anfz + fo.

i1
Proof: Given a m € M(R), let ¢ be the maximal power of 1 that divides m, so m = m/n’, where

m’ € R,. Since any polynomial is a sum of constants times monomials, the lemma follows easily.[]
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Now let g =n+ A e R with n = in_ (¢g) and hence A € R,).

Theorem 1 With the above notation, for f € R with nn | in, (f), there is f, € R such that

fred = f - (fg)g € Rﬁ'
Proof: As a consequence of lemma 1, we set fL, = f = Z N+ fo = 772 0" fl + fy where fls

are given as in lemma 1. Define f; = Z n" ' f} and f2, and consider as

Jrea = frea = (F)g =02 0 FE+ fo =+ M) D0 = = D0 A S + s
i=1 i=1 =1

Now for i = 1,--- ,n, for all X € supp(A) and for all m; € supp(f}), since A <__n, we have Am; <

lex
nm; and in turn A\y"'m; <, n'm;. Since in,_ (f%,) is a monomial of the form and Ap*~'m; and

in, (f~,) is a monomial of the form n'm;, the former inequality shows that in_ (f2,) <.. in,_ (fL,)

2

2 = Zni ff + fg with appropriate nonnegative integer ro and

By lemma 1, we express f2; as

red
i=1
fe, fi.-+ . A € R,. We repeat the above reduction process and we find f2 = an 1f2 and f3,
such that in 3 ) < in . We continue this process and obtain sequences of polynomials
lex red lex lex red p q p y
i—1 ] 9 . . . . ] . 2
fi= and f] s with strictly decreasing sequence --- < in,_ (flg) <. **° <o M (fild) <ix

in,, (fleq) = i, (f). Since n | in, (f), then for some integer k > 0, we reach deg,(f%,;) = 0. This

means [, € Ry. In this situation, we let fy = fj +--- + f¥~'. Therefore,

fred red = red (fk 1)
red. — (fg 29— (fg g = Fred’ — (5 2+ 15 g

= red (fl fk 1) f (fg)

as desired. []
Example 1. Let K = C and n = 2125 € M(R), f,g € R = Clxy, z9, x3] with g = z120+ 23 =n+ A
1= =zim9(2} + zox3) — 1173 = nfll + f(} where A = x3, fll = 22 + wyx3 and fol = —T123.

and

Let f) = 2% + 213 = f{ and
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7“26d = ﬁed_(f;)g:nfll+f()1_(77+A)flla
= —Afi+ fo,

= —xir3— 1173 — ZL’2$§ € R,.

Example 2. Let K = C and 1 = 23z, € M(R), f,g € R = C[zy, 72, 3] with g = 231y — 2129 +

zory =n+ A and fl, = f = 2wy (2 — 23 + x123) — ;17973 = f] + f) where A = —x179 + 2273,
fi =2} — 2t + 2125 and fj = —z12915. Let f; = a2 — 2] + 2125 and

RS SRS |

red red (fg)g

_ (5 4 3
= (2xe — 21T + T{XoT3 — T1Xo3)—

(23 — 22 + 2y23) (2309 — 2179 + ToT3),

= alwy — 3wows — 231y + 203003 — 12072 — 3103,

= 2229(2? — 1113 — 1 + 203) — T1ToTE — T1W0T3.

This evidently results that unlike ffe 4S5

1
lex Jred*

As we see, deg, (f7.4) = deg, (f.q) = 1 while f2, <

red red

J

7 4)'s does not constitute a strictly decreasing one. The reader should

the integer sequence deg, (
notice that, eventually and according to the proof of the Theorem 2.2, the sequence deg,( ged)’s
tends to zero. We continue by setting f2 = 2?2 — zyx3 — 1 + 223, f2 = —212902 — 210973 and
ra =0T+ f3. Let f§ = 2?2 — 1123 — 11 + 213 = f7, then
vd = fra— (f;)g = frea— (fgl)g - (f;)g = fred — (fg1 + ng)g
= nfi +f5 =+ Nff =AM+ f3,
2 _

= (229 — wow3) (2] — 123 — 21 + 223) — T X973,

= 2iry(wy — 223 — 1) + 2112973 + Tox3T) — 27073,

We continue by taking f? = zy — 223 — 1 as:
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ved = foa—(F)9=Fra— (F))g— (g —(fg=f—(fy + 7+ [y
= n(zy —2w3 — 1) + 2217923 + 22371 — 22923 — (n + A) (21 — 223 — 1)
= —A(xy —2w3 — 1) + 2212973 + Toxiz) — 27973,
= (2179 — Tox3) (1 — 273 — 1) + 2210973 + Toxix) — 27073
= X2To + T1TT3 — T1ToT3 — T 1Ty + Tol3

= n+ x1x2x§ — T1T9T3 — T1T9 + ToX3.

We continue by taking f, = 1 as:
ed = fed—(f;)gzf—(f;+fgz+f§’+f;)9
= N+ T1ToT: — T T3 — Ty + Towz — (N + A)
= — A+ 117972 — 117973 — T 119 + ToT3,

= 12973 — 112073 € R,

Therefore, by taking fy = fi + f7 + f2 + f; and frea = 212225 — 212925 we have frea = f — (fg)g-

Algorithm 1 (REDUCTION)

Input: f,ge R, g :=n+ A withn =in_(g) and n | in,_ (f).

Output: f; € R and the reduced form of f as freq := f — (fy)g such that
M (Fred) <vo i1 (F) and i (F) = i, ((Fy)9).

Step 0: Initialize freq := f and fg := 0. Set F' := {m € supp(freq) : 0 | m}.

Step 1: REPEAT

Step 1.1: Update f, := f, + 2 (%), fred == freda — (fg)g and

meF
F={m € supp(frea) : n | m}.

UNTIL F = &.

Step 2: Output (fred, fg)-
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Algorithm 2 (MAIN)

Input: The reduced Grébuer basis G = {g1,- -+, ¢,} of an ideal I and f € R. Also let
ni =1in, (gi), i =1,---,r.
Output: Unique expression (fi,--- , fr) with unique remainder f' € R, n---n R,
Step 0: Initialize the expression (f1,---, fr) := (0,---,0), f':=0, freq := f and
Ind_Set := {k : 1 < k < r such that in_ (gx) | in, (fred)}-
Step 1: REPEAT
Step 1.1: Let 1 <1 < r be such that
in, (91) = max_ {in_ (gr) : Ik € Ind_Set}.
Step 1.2: Let (freq, f51) =REDUCTION(fyeq, ).
(Notice that freq in the argument of REDUCTION is different from
freqa on the left hand side.)
Step 1.3: Update f; = f; + f4, and in turn (f1,---, fr). Update f = freq
and Ind_Set := {k : 1 < k < r such that in_ (gx) | in, (fred)}
UNTIL Ind_Set = @
Step 2: Set ' = freq-

Step 3: Output (f1,---, fr) and f’.

Theorem 2 With the notation given in the algorithm 2, it terminates in finitely many steps and

is correct. Moreover, the expression f = figi + -+ frgr + f' is unique and f' e Ry, n--- N R, .

Proof. For a fixed 1 < k < r, according to the proof of Theorem 1, the initial monomial of the
current f,.q, on reduction with respect to 7, reduces until degnk (frea) = 0. This process holds for
every k with 1 < k < r. Since the number of k£’s and the number of stages of the processes are
finite, the algorithm stops at a point where none of the monomials in supp( f,eq) is divisible by any

of g := in(gx)’s. Therefore the termination follows. At this stage, we exit the REPEAT-UNTIL
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loop and we set f' = fr.q € Ry, n---n R, . The correctness of the algorithm is the result of (1)
in the proof of the Theorem 1. The classical methodology for the uniqueness of the output of such
algorithms is given once in [9] page 335 (third paragraph). Similar reasoning holds in our case, in
the sense that Step 1.1 gives rise to a unique [ and in turn f,.q will be uniquely determined (by the
procedure outlined in the proof of the Theorem 1) as the output of REDUCTION. Therefore the

expression in the ouput is unique and the algorithm is a determinate one.

3 Cyclic n-roots n =8,9,12, 16

For n > 3, cyclic n-roots is a series of benchmark notorious polynomial systems [6]. The general

form of cyclic n-roots polynomial system is H' = 0,--- ,H] ; =0, H = n where for 1 <1 < n,

n j+i—1
n
Hy =2, |
Jj=1 k=j

and also identify x,,,1 = ©1, X420 = X9, --. In this section we need the constant w =

=

z—

The research on cyclic n-roots problem has been initiated by pioneering works of G. Bjorck, R.
Froberg and J. Backelin. They partially used a computer algebra software to find concise lists of
solutions of cyclic n-roots for n < 7, [5, 7]. Cyclic 8-roots was studied by G. Bjorck and R. Fréberg
in [8]. They ended up with a characterization of the solution set of cyclic 8-roots which consists
of 16 components, eight of which are of degree 16 and eight of degree 2 and 1152 isolated roots.
With an extensive use of computer algebra softwares, in 2001, J. C. Faugere [10] determined the
solution set of cyclic 9-roots, which has 6 components of dimension 2 and degree 3 plus 6642 isolated
roots. Currently, two numerical-symbolic approaches deal with the problem of symbolic-numerical
identification of higher dimensional solution variety of cyclic n-roots polynomial system. (a) The
novel method in [12] that is directly aimed to exact identification of the defining polynomials of all

prime ideals of positive dimension in primary decomposition of cyclic 12-roots. This method starts

with an initial set of true witness points (after removal of so-called junk points) on each components
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and continues to produce more sample points on the irreducible component. The extra sample points
make a numerical rank-deficient generic matrix, for each type of generators of a given degree, i.e,
linear, quadratic etc. At this stage of the method almost everything is considered numerically. By
finding a so-called deficiency pattern of these matrices, one can retrieve good approximations of
the exact form of the coefficients of the defining polynomials of the prime ideal. (b) In a series of
publications [2, 3, 4, 13], Jan Verschelde and a research team under his leadership extensively use
the concept of tropism to identify the solution set of cyclic n-roots system for various integers n. As
an example, they exploit a symmetry in these systems to conclude that the space curves of cyclic
12-roots are quadrics. Also, coefficients of the corresponding puiseux series expansions are found.
Remark 2. The following set of examples discusses cyclic n-roots for n = 8,9,12,16. Only
the case n = 12 is extensively studied via a symbolic-numerical algorithm in [12]. The complete
identification for n = 9 in [10] is purely symbolic. To some extent, the same is true for n = 8
(please see [8]). It turns out that the problem of identification of cyclic n-roots for n = 8,9 by a
symbolic-numerical algorithm (as the one given in [12]) has special considerations. This problem
for n = 16 is of somewhat different nature. They are all in the list of current research of the
author. By this time, the form of the ideals involved in these cases are identified. Adding the
discussion about the derivation of all ideals for each case of n = 8,9 or n = 16 may easily make
the size of this work to double or even triple of the current size. Beside, the exposition of the
derivations and the problems involved are of different type in comparison with the problem in this
work. Thus, to continue our discussion in this paper, we select the following ideal for the case n = 8:
I = (1 + 26, 22 + T5, 73 + T3, T4 + T7,q, U, D),

where ¢ = —22129 + X103 — X104 — ToX3 + Toky — 20324, U = T122T324+ 1 and p = T123T4 — ToX3T4 —
x3 + x4, and the following ideal for n = 16:

ICie = {x1 + x5, X9 + 16, T3 + IT7, T4 + iTg, X1 + Tg, To + T10, T3 + T11, T4 + T12,

Ty — 1013, T2 — 1X14,X3 — 1T15, T4 — 116, L1X2X3L4 — 1>-
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From the following list of six ideals of dimension 2 for n = 9:

I = {x1+ @7, 1 + Wy, To + DT, T + WT5, T3 + WTo, T3 + WTe, T1T2T3 + W),
I, = {x1+wz7, 21 + Wy, To + WTs, T + WT5, T3 + WTo, Ty + WTe, T1T2T3 + W),
I; = {1+ wx7, 11 + Wy, Ty + OTs, To + WT5, T3 + WTg, T3 + WTe, T1T2T3 — 1),
Iy = {x1+wrr, x + Oy, To + WTg, To + WT5, T3 + WTo, T3 + OTe, T1T2T3 + W),
Is = {(r1 +wzr,x1 + 04, To + WTs, T + WT5, T3 + WTo, Ty + W, T1T2T3 + W),
Is = {1+ wx7,x1 + W0T4, Ty + WTs, To + WT5, T3 + WTg, T3 + WTe, T1T2T3 — 1),
we select I€® := ;. For n = 12 we pick the following ideal from the list given in [12]. For the

notation IZH please see [12].
IC2 .= IZH = (T] — Wx3, Ty — WT4, T1 + W5, Ta — Tg, T1 + T7,To + Tg, T1 + WTo,
To + WT1g, T1 — WT11, Ty + T1, T1To + W).
All expressions given in this series of examples, including many others are saved in several
MAPLE files. For symbolic verification of the expressions they are available upon request.

(1) n = 8. Let I = (x; + 26, 12 + 5, T3 + T8, T4 + 77, ¢, u, p), be defined as in the above remark.

With the lex order z¢ > x5 > s > 27 > 21 >, T2 >, T3 > T4, using MAPLE, the

Grobner (not reduced) basis of 1€8 is Gg = {q1, - , q12}, where
@1 = T+ T1; @2 =T5+ T2; (3= Tg+ T3; Q4 = Ty + Ty
qs = 2T1T9 — T1x3 + T1T4 + Tok3 — ToTy + 22374
6 = T+ 1103 + 201 — 2ox% — 1o — 2wy — 2231y + 2w37% — 223 + 214
g7 = T1T3T4 — T2T3T4 — T3 + T4
gs = xle’l + 21124 — xQxi — 21974 + 2$3xi — X3x4 + xi -2
qo = X572 + 2312 + 203 4 2w0x37y — 270w373 + 21973 — 2T9Ty + 22374 + 2
qio = x%xgm 4+ XoT3 — Xoxy + 1
Qi = 2T + 2031y — 2001375 + ToT3Ty — ToT3 + 2T + 2T377 — T3 + 214
qu2 = 22373 — a3 + 2w3w4 — T3 — 2.

10
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In the reduction process of this nonreduced Grobner basis case, we must take care of the leading
coefficients of ¢5 and ¢15. We write

Hff = Tled = mﬁ(x3x4x5 + T4T5T7 + T5X8T7 + a77x8m1) + T1T9X3T4 + ToT3T4T5

TX7XT1 T2 + TL1T23.
Since in,_ (q1) = wg let f, = 32425 + T4x507 + T5T327 + T7T877, then

2 _ 1
red fred - (fm)(h
= x5(x2x3x4 — X3X4T1 — T4T7T1 — x7x8x1) + T1T9T3T4 + T7T3T1 T2

2
+TT1 X293 — T7ARTT.

Similarly, with in_ (g2) = 5, in_ (q3) = xs and in_ (qs) = x7, we have

feo = To3T4 — T3T4T) — T4T7T) — T7TRT1,
_ 2
fos = 2x7m129 + 17073 — X727,
2
foo = T1T2T4 — 2217073 + XiT3.

At this stage to the end, the general feature of the Do-While in algorithm 2 shows up. Set

5 _ 1
red T fred - (flhql + fq2q? + fQBQ3 + fQ4q4)’
2 _ 2 4 _ 2 _ .2
= T1T3T4 T1T2Ty + 4T X232 X122y ToX3T4,

_ 2 2 2
= 212304(4T9 — 1) — T ToT5 — T TaT; — TZX3T4.

Notice that in,(f2,) = x3x31z,4 is divisible by in,_ (g7) = x12374. So far, members of the basis that

constitute a so-called chain of reduction ¢ — ¢2 — q3 — q4 — q7 evidently are q1, q2, q3, q4, q7- Let

O:

o = 412 — 11 and

Zed = fv?ed_(fq7)Q7a

= 21To(—13 — w374 — T2) — 2123 + 1174 + 3050374 + dWox3 — AT0Ty.

Now in,_(f ;) = z1z923 is divisible only by in,_(gs5) = z1z2. Set

fos = 2(—23 — z324 — 23) and calculate

11
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TBed = red (fqo)(k)a
= —0.52123 — x123 + 0.52173 + 2104 + 3v32374 + 052203 + 42073
3

—0. 5$2x4 4roxy + x3x4 + :L’3x4 + z37y.
The subsequent reduction
9
red fred (qu)QGa

= 0.5x1x3xi + O.lexi + 124 + 3x%x3x4 — O.5I21’3ﬂfi + 3313 — O.5mga:i

—4xomy + 20372 — 22 + 1373 + w374,
holds with fg; = —0.5z5. Let f, = 0.5z4. Then

10 9 1
red = Jred ” (fq7)q77

= 0. 5x1x4 + T2 + 3x2x3x4 + 3zox3 — 0. 5x2x4 4roxy + 2:1:3x4 - x§
+x375 + 152374 — 0.522.

We continue by setting f,, = 0.5 and

= 19— (fu)as = 3x33314 + 3973 — Bwowy + 20505 — 25 + 22374 — 25 + 1.

For f,, = 3 we have

v = Jrea—= (o) do = 20525 — wf + 2wy — ] — 2.
At last, f,,, = 1results f13, = f12, — (f,,)q12 = 0. Therefore,
Hf = red (f(ho)qw 2$3(E4 - ZE3 + 2w374 — I4 —2.

Using any computer algebra system, the above process can be verified symbolically. One may verify

that

HY = foi+ fote+ fu03 + fats + fots + fots + (fo + fo,)ar + fosts

+fQ1oCI10 + fQ12Q12>

12
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is indeed an expression of Hf. The so-called chain of reduction in this process would be ¢, — ¢2 —

q3 = q4 — 47 = G5 = 46 — g7 — ¢g — G10 — (12-

(i) n = 9.  We implement algorithm 2 on I€® and we find the expression corresponding to HY.

With respect to the lex order x; > _ +++ > g, the reduced Grébner basis of I€® is:

le:
G = {91 = 11 + w7, g2 = Ty + Wi, g3 = T3 + WTy, g4 = T4 + D7,
g5 = T5 + WTs, g = T + Wy, h = T7TgTy + w}.
We start by setting:

1

red = Hff = X1T2T3%4 + T2X3X4T5 + T3T4T5L6 + T4T5LeL7 + T5LeT7 T8

+x6T7r8T9 + T7TIX9T1 + TYL9L1T2 + T9X1T2T3,
= xl(xgxgm + ToX3T9 + ToXgTg + x8x7x9) + XoX3T4T5 + T3XL4XT5T6

+X4T5T6T7 + T5TXL7Tg + TL7XgTy.

Let fy, = TaT3Ty + T223Tg + ToZsTo + TsT7xg and f2, = fL, — (f,,)g91. Then we have

7“26d = rled - (fgl)gl
= xo(w3x4x5 — w(x3247 + T3T7T9 + TT7Ty))

+X3T4T5T6 + T4T5T6T7 + T5TeX7Ty + TgX7TgLg — wx%xgxg.

Then we let f,, = xsr4xs — w(r3wsT7 + T3T709 + TsT7Tg9) and we continue the process to find

3 4
red’ J red’

--+. We have the following:

fg3 = X5TeT4 — WT4T508 — WT4T7Ly — WI7XLLy,
foo = Xsxex7 — WT5TeT9 — WT5T8T9 + T7T3To,
fos = —WITeT2 + TeT7Ty + TeT7Ty — WITTTeTo,
fos = —WI2Ty — WITTTE + WTTTTy.

It can be verified that (fy,, fo, foss fass fass Jae, 0) 1S an expression for HY.

13
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(#4%) n = 12. We implement the algorithm 2 on I€12 and we find an expression for H3? as a member

of I€12 which follows:

H212 = —(D(Zﬂg + x4)g1 + (W$1 — (IJ:UE,)QQ + ((I)l’ﬁ — w$2)g3 + (@xl — $7)g4
+($2 + $8)g5 + (379 — ZEl)QG + @(:Elo — {L‘Q)g7 + (@1311 + wxl)gs
— (W12 + wra) gy + (% + %5)3319107

= 21T9 + ToX3 + T3Tyg + T4T5 + T5Xg + TX7 + T7Tg + TgTg + T9x1g

+Z10211 + 11212 + L1277,

where ¢ := 71 — w3, g2 1= Ty — WT4, g3 := T1 + WT5, g4 := Ta — T, 5 := T1 + T,
g6 = T2 + Ty, g7 = T1 + WXy, g '= T2 + WT10, g9 := T1 — W11, J1o ‘= T2 + T12,
g11 ‘= T1T2 + W.
(v) n = 16. The expression for Hi® as a memeber of I can be treated as in the previous cases.

We have

HY® = (—i(w3wy + x627 + 2476) )1 + (w471 + 2127 — PT778) Do,
+(—ix3Tg + Toxg + ix1w9) hy + (T3w9 — iT9X 10 + 1T273) Ny,
+(—x324 + T10T11 + 1T4T10) hs + (X11212 — 12124 — T1211) D,
+ (2129 — X221 + T12T13) Ry + (X203 — T3X13 + T13T14) R,
+i(214215 + X384 — Tax14)ho + (1215 — T421 + 1T15216) P,
+(l’2$16 - ifElIQ + ixlxlﬁ)hll + (—iZEQI‘g + il’ﬂ[’g + l‘lfL'g)hlg
= T1X2T3 + T2X3T4 + T3T4T5 + T4T5Tg + T5Tel7 + TeX7Xyg + T7XgTg+
TgT9T10 + T9T10T11 + T10T11T12 + T11T12T13 + T12T13T14 + T13T14T15

+214215%16 + L15T162L1 + T1621T2.

hy := x1 + 1x5, ho := 1o + 126, h3 1= x5 + ix7, hy := x4 + i3, hs := 1 + T9,
he := x2 + X190, hy := X3 + T11, hg 1= T4 + T12, hg 1= T1 — 113, hig := T2 — 1T14,

hiy := x3 — 1215, hig = T4 — 1216, b3 1= X1 X22374 — 1.
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