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I Suppose you suspect that an can be written as

an = rat(n, Hn, H(2)
n , H(3)

n ),

for some rational function rat.

I How could you discover such a rational function?

I Make an ansatz!
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(3)
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By plugging in n = 1, . . . , 10 we get a dense linear system:
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c1 + · · · + c15nHnH

(2)
n + · · · + c30n

2(H
(3)
n )2

c31 + · · · + c45nHnH
(2)
n + · · · + c60n2(H

(3)
n )2

.

This leads to a system of size 60 × 60.
This system has a solution that corresponds to the closed form

an =
(

(n + 3)H2
n + (2n + 3)Hn + (3n − 2)H(2)

n Hn

+ (2n − 5)H(2)
n + (n2 + n − 3)H(3)

n

+ (2n + 17)H(2)
n H(3)

n

)/(

3nH2
n + (5n − 3)(H(2)

n )2

+ (6n + 5)(H(3)
n )2 + (2n + 3)H(2)

n + (7n − 5)H(3)
n + 1

)

.
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If there had not been a closed form at this point, we would have
included cubic terms.

The corresponding system would have been of size 160 × 160.

The ugliest coefficient in this system would have been
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Example

If there had not been a closed form at this point, we would have
included cubic terms.

The corresponding system would have been of size 160 × 160.

The total size of the system would have been 7.5 Megabytes.

And this was only a toy example. . .
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This can be done with Gaussian elimination.
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800000

But this is very slow. . .

Observation:

This seems to be exponential.

Ex: expected runtime for solving a 300 × 300 system: 1033 years.
(If you are 100 000 times faster, you still have to wait 1027 years.)
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Solution: (11
40 ,−48

35 , 117
56 ,−1)

Ugliest intermediate coefficient: 1
186376544704350
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Problem

Why is this? Gaussian elimination should run in polynomial time.

Indeed it does, if numbers could be multiplied in constant time.

But in Q, this time depends on the bitsize of the number.

The bitsize of the coefficients doubles at each elimination step.

Therefore, we have

I exponential “bit complexity” despite of the

I polynomial “arithmetic complexity”.

What to do? Goal: Find ways to avoid expression swell.
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a1,1 a1,2 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 a1,1a2,2 − a1,2a2,1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗













Thm. All elements in the remaining matrix are divisible by a1,1.
Ex. ∗ ∗ ∗ = a1,1(−a1,4a2,2a4,1 + a1,2a2,4a4,1 + a1,4a2,1a4,2

− a1,1a2,4a4,2 − a1,2a2,1a4,4 + a1,1a2,2a4,4)
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This is applicable to integer matrices.

Let A = ((ai,j)) be such a matrix.

In general, all entries in the submatrix of step i are divisible by the
pivot of step i − 2.

Keep on dividing out the old pivots!

This division takes some time, but the resulting reduction in expres-
sion swell is worth it.

In fact, the resulting algorithm as only polynomial bit complexity.
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Gauss-Bareiss Elimination

This is applicable to integer matrices.

Let A = ((ai,j)) be such a matrix.

This technique is useless for rational matrices.

Given a matrix over Q, we could clear denominators to obtain a
matrix over Z.

But this will lead to an explosion in the bitsize of the coefficients.

We need another idea here.
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Idea: Perform the computation in an algebraic domain where all
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Let p be a prime number, e.g., p = 7 or p = 2147483647.

Let Zp := {0, 1, 2, 3, . . . , p − 1}.

Define + and · on Zp via

a + b := (a + b) mod p a · b := (a · b) mod p (a, b ∈ Zp)

Example: 4 + 5 = 2 and 4 · 5 = 6 in Z7.

The algebraic domain Zp is called a finite field of characteristic p.



Homomorphic Images

The domains Z and Zp are closely related:



Homomorphic Images

The domains Z and Zp are closely related:

Let m : Z → Zp be the map a 7→ a mod p.



Homomorphic Images

The domains Z and Zp are closely related:

Let m : Z → Zp be the map a 7→ a mod p.

Then

m(a + b) = m(a) + m(b), m(a · b) = m(a) · m(b) (a, b ∈ Z).



Homomorphic Images

The domains Z and Zp are closely related:

Let m : Z → Zp be the map a 7→ a mod p.

Then

m(a + b) = m(a) + m(b), m(a · b) = m(a) · m(b) (a, b ∈ Z).

The map m is called a homomorphism.



Homomorphic Images

The domains Z and Zp are closely related:

Let m : Z → Zp be the map a 7→ a mod p.

Then

m(a + b) = m(a) + m(b), m(a · b) = m(a) · m(b) (a, b ∈ Z).

The map m is called a homomorphism.

We can extend m from Z to rational numbers by mapping
u/v ∈ Q to the solution of m(v) · x = m(u) in Zp.



Homomorphic Images

The domains Z and Zp are closely related:

Let m : Z → Zp be the map a 7→ a mod p.

Then

m(a + b) = m(a) + m(b), m(a · b) = m(a) · m(b) (a, b ∈ Z).

The map m is called a homomorphism.

We can extend m from Z to rational numbers by mapping
u/v ∈ Q to the solution of m(v) · x = m(u) in Zp.

This will be possible whenever p - v (otherwise m(v) = 0.)



Homomorphic Images

The domains Z and Zp are closely related:

Let m : Z → Zp be the map a 7→ a mod p.

Then

m(a + b) = m(a) + m(b), m(a · b) = m(a) · m(b) (a, b ∈ Z).

The map m is called a homomorphism.

We can extend m from Z to rational numbers by mapping
u/v ∈ Q to the solution of m(v) · x = m(u) in Zp.

This will be possible whenever p - v (otherwise m(v) = 0.)

Example: m(4/3) = 6 in Z7, because 3 · 6 = 4 in Z7.
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I To do: Given a ∈ Zp, find u/v ∈ Q with m(u/v) = a.

I One possible solution is a/1.
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I Problem: m is not invertible. How to “lift” m(x) to x?

I To do: Given a ∈ Zp, find u/v ∈ Q with m(u/v) = a.

I One possible solution is a/1.

I We want the solution u/v where max(|u|, |v|) is minimal.

I Example: For a = 3, p = 7, we want to obtain −1/2.

I Example: For a = 209510601, p = 2147483647, we want to
obtain 53/41.

I There is an efficient way to compute u, v for given a, p with a
modified version of the Euclidean algorithm.

I This is called rational reconstruction.
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Theorem. This works.

More precisely:

Theorem. If A ∈ Qn×n and p is a sufficiently large prime, then the
rational reconstruction x of a solution m(x) of m(A) in Zp is a
solution of A in Q.

What means “sufficiently large”?

The prime p has to be about twice as large as the largest
numerator or denominator in the solution vector x ∈ Qn.

This might be too large to be efficient. We prefer to compute with
small primes.
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Then we get several homomorphic images, m1(x), . . . , mk(x) of
the solution x, one image for each of the primes.

There is a simple way to combine these images to one (big) image
m(x) in Zp1p2···pk

, called Chinese Remaindering:

If gcd(p, q) = 1 then we can find s, t with sp + tq = 1.
Let a ∈ Zp, b ∈ Zq.
Consider c = a + (b − a)sp = a + (b − a)(1 − tq).
Then c = a mod p and c = b mod q.
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Idea: Instead of one big prime p, compute with several small
primes p1, p2, . . . , pk.

Then we get several homomorphic images, m1(x), . . . , mk(x) of
the solution x, one image for each of the primes.

There is a simple way to combine these images to one (big) image
m(x) in Zp1p2···pk

, called Chinese Remaindering:

Example: If a = 3 in Z7 and b = 4 in Z11,
then (−3) · 7 + 2 · 11 = 1
and c = 3 + (4 − 3)(−3)7 = −18 = 59 in Z77.
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Algorithm: For primes pk = p1, p2, p3, . . . do

I Solve the system Ax = 0 in Zpk
, obtaining an image mk(x).

I Combine all images m1(x), . . . , mk(x) to a big image m(x).

I Apply rational reconstruction to recover a preimage x
from m(x).

I If Ax = 0 in Q, stop.

I Otherwise, proceed with the next prime.

Cool: The images m1(x), . . . , mk(x) can be computed
independently in parallel, each prime on a seperate processor.
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In total, we get a bit complexity of dn2 + dn3/N with

I n the size of the matrix,

I d the length of the output,

I N the number of processors.

This allows to crack much
larger systems in a reason-
able time, even on a single
processor machine.
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Feature: This technique extends to linear systems with polynomial

coefficients:

A ∈ Q[t]n×n x ∈ Q[t]n

↑

↓
m(A) ∈ Zp[t]

n×n m(x) ∈ Zp[t]
n

↑

↓

M(m(A)) ∈ Zn×n
p

Gauss in Zp
−−−−−−−−−→ M(m(x)) ∈ Zn

p
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Concluding Remarks

I Linear systems can be solved in polynomial time. Seriously.

I Matrix sizes of up to 2000 × 2000 are feasible on a laptop, at
least if the solution has a reasonable bitsize.

I The algorithms presented in this talk are known since long.

I Modern algorithms are even faster than this. (But also more
difficult.)

I In applications, special knowledge about a matrix should
always be taken into account (sparsity, structure, . . . ) before
a general purpose algorithm is applied.


