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Preconditions and Postconditions.
Total Correctness

Given the triple
{I}F{O} (Input condition, Function definition, Output condition)

Total Correctness Formula
(vn:I[n]) (F[n] | AO[n, F[n]])

Example
{xeRANEN}

pow[x,n] = If n=0then 1 else x « pow[x,n — 1]
{x" = pow(x, n]}

(Vx : R)(Vn: N) (pow[x,n] | A X" = pow|[x, n])
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Building up Correct Programs

Basic Functions e.g. +, -, *, etc.

New Functions in Terms of Already Known Functions

» Input and output predicates;
» Prove total correctness;

Modularity. After proving correctness, use only the specification.
{x € R A n e N} Input condition

pow[x,n] =...

{x" = pow|x, n]} Output condition
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Coherence

Appropriate values for the auxiliary functions

No input condition of an auxiliary function will be violated

Example
F[x] = If Q[x] then H[x] else G[x]

> (Vx o Ie[x]) (Q[X] = Inlx])
> (Vx o IF[X]) (-Q[X] = lglx])

We call these programs Coherent
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Coherent Recursive Programs

Double (Multiple) Recursion Program Scheme
Flx] = If Q[x] then S[x] else C|x, F[R:[x]], F[R=z[x]]]

Conditions for coherence
> (Vx o Ie[x]) (Q[x] = Is[x])

> (vx: X)) (~Qlx] = E[RiIx]])
> (vx: IFlx]) (~Qlx] = [E[Relx]])

> (Y e[X]) (-QIX] = Ia [X])
> (Vx: IF[X]) (-Q[X] = Ir,[X])

>

> (Vx,y, 2 If[x]) (~QIXIAOF[R1[X], yIAOF[Re[x], 2] = lc[x, ¥, 2])



Coherent Recursive Programs

Double (Multiple) Recursion Program Scheme
F[x] = If Q[x] then S[x] else C|x, F[R[x]], F[R=z[x]]]

Conditions for Partial Correctness
> (Vx: Ir[x]) (Q[x] = OFlx, S[x]])

» (Vx,y,z: Ie[x]) (—Q[x] A Of[Ri[x],y] A Of|Rz[x], 2] =
OF[X’ C[X,y,Z]])
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Coherent Recursive Programs

Double (Multiple) Recursion Program Scheme
F[x] = If Q[x] then S[x] else C|x, F[R[x]], F[R=z[x]]]

Condition for Termination
> (Vx: Ig[x]) (F'[X]=T)
» where:

F'[x] = If Q[x] then T else F'[Ri[x]] A F'[Rz[X]]
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Fact (Vn:N) (Fact[n] = n!)

Fact[n] = If n= 0 then 1
else n« Fact[n —1].
is partially correct if
» (vn:N)(n=0 =1=n!)
» (Vnm:N)(n#0Am=(n—1) =n+m=n!)
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Example Factorial

Fact (Vn:N) (Fact[n] = n!)

Factln]= Ifn=0then1
else nx Fact[n —1].
terminates if

» (vn:N) (Fact'[n] =T)
» where:

Fact'[nj]= W n=0thenT
else Fact'[n—1].
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Example Sum

Sum (vn:N) (Sum[n] = 221)

Sum[n|= IHfn=0thenO
else n+ Sum[n—1].

is partially correct if
> (Vn:N) (n=0 = 0= 22H))

> (Vn,m:N)(n#O/\m:W :n_i_m:w)
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Example Sum

Sum (vn:N) (Sum[n] = 221)

Sum[n] = K n=0thenO0
else n+ Sum[n —1].

terminates if
» (Vn:N) (Sum'[n] =T)
» where:

Sum'[nj= HKn=0thenT
else Sum'[n —1].
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Neville’s Algorithm

Specification
Given afield K, two non-empty tuples x, a over K of same length
n, st (Vi,j))(i,j=1,....,nNi#]= X # X))

Find a polynomial p € P[K], s.t. deg[p] < n—1and
(Vi)(i=1,...,n= Evallp,x] = a)

Algorithm

p[x,al = If |a|| < 1 then First[q]

(X — First[x])(p[Tail[x], Tail[a]]) — (X — Last[x])(p[Bgn|x], Bgn[a]])
Last[x] — First[x]

else
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Neville’s Algorithm

is coherent if
» (Vx,a)(IsTuple[a] A IsTuple[x] A ||a|| > 1A

(Vi) =1 llal| AT #j = xi # x)Allal <1 = IsTuple[a]Al|al] > 1)
» (Vx, a)(IsTuple[a] A IsTuple[x] A ||a]] > 1A
(Vi) j=1..lalrni#]=x#x)A-(lal <1) =

IsTuple| Tail[x]|A\IsTuple[ Tail|a]|A|| Tail[a]|| = || Tail[x]||A|| Tail[a]|| > 1
ANV =1.. || Tailla]|| AT # j = Tail[x]; # Tail[x];)



Neville’s Algorithm

is partially correct if and only if



Neville’s Algorithm

is partially correct if and only if

X —First[x])p1 — (X —Last[x])p2 ]

» --- A IsPoly[ps] A IsPoly|p2] = lsPon[( Tasti]—Frsip]

> AN =1...||Taillx]||)(Evallp1, Tail[x]}]) = Tailla];
AV =1...||Bgn[x]||)(Evallpz, Bgn[x]i]) = Tailla];

L (i)(i= 1. | al)(Evar Y = FrstXDp — (X ~ Lastix]))pe

Last[x] — First[x] Xl = a)
> - deglpy] < | Tailal]| 1 A deglp] < ||Bgnlal] ~ 1
= degl e g < lal 1
» 2N
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terminates if and only if

» (Vx,a: IsTuple[a] A IsTuple[x] A ||a|| = |Ix]|) P'[x,a=T



Neville’s Algorithm

terminates if and only if
» (Vx,a: IsTuple[a] A IsTuple[x] A ||a|| = |Ix]|) P'[x,a=T
» Where:

plx,a= Ija|<1thenT
else p'[Tail[x], Tailla]] A p'[Bgn|x], Bgn|a]].
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Further Work

v

Implementation;

v

Test on many examples;

v

Special induction provers for the termination conditions;

Use of other termination results.

v
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